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PREFACE 


1 book was described in the original preface as an attempt 
| to teach those portions of the Calculus which are of primary 
importance in the applications of the subject. The general 
arrangement of the work was, at the time, somewhat unusual, but | 
appears to have been found convenient. | 

The present edition has been revised throughout, and a number 
of changes have been made. Apart from minor alterations and 
rearrangements, there are one or two points which call for remark. 

A special chapter is devoted to the exponential and allied 
_fanctions, the exponential function being now defined as the 
standard solution of the equation 


It is to this property, entirely, that the function owes its im- 
portance in Mathematics, and it seems therefore most natural 
to take this as the starting-point. No theory of the exponential 
series which has any pretensions to be rigorous can be said to be 
altogether elementary, but it is claimed that the method here 
followed is, from the standpoint of the Calculus, no more difficult 
than any other, whilst there can be no question as to its being the 
most appropriate. | 
Another considerable change is in the treatment of infinite 
series, their differentiation and integration. In previous editions — 
these questions were discussed in a general manner, by the light 
* of the theory of uniform convergence. There was perhaps some 
justification for including this theory, at a time when it was 
hardly accessible in any English manual, but it was’ out of 


vil ᾿ PREFACE 


| perspective with the rest of the book, and is now omitted. Ib is 


replaced by a discussion restricted to power-series only, which are 
the only type which the student is likely to be concerned with 
until he reaches a more advanced stage. 3 

Finally, some sections on mass-centres, quadratic moments, 
and the like, have been condensed or omitted. They have in 
the meantime been transferred, for the most part, to other books 
by the author. 
- HORACE LAMB. 


_ dune 1919. 
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CHAPTER I 
CONTINUITY 


ον, Continuous Variation. 

In every problem of the Infinitesimal Calculus we have to deal 
with a number of magnitudes, or quantities, some of which may be 
eonstant, whilst others are regarded as variable, and (moreover) 
88. ΤΕ of continuous variation. 


" ‘Thus in the applications to Geometry, the magnitudes in question 
may be lengths, angles, areas, volumes, &c.; in ynexnics they may 
be masses, times, velocities, forces, ὅσο. 


Algebraically, any such magnitude is represented by : a letter, 
such as a or a, denoting the ratio which it bears to some standard 
or ‘unit’ ‘magnitude of its own kind. This ratio may be integral, 
or fractional, or it may be ‘incommensurable,’ 2.e. 1t may not admit 
of being exactly represented by any fraction whose numerator and 
denominator are finite integers. Its symbol will in any case be 
‘subject to the ordinary rules of Algebra. 


A ‘constant’ magnitude, in any given process, is one. which 
does not change its value. A magnitude to which, in the course 
of: any given process, different values are assigned, is said to be 
‘variable.’ The earlier letters a, ὃ, 6, ... of the alphabet are generally 
‘used to denote constant, and the later letters . Uy U, W, 2, Y, Ζ tO 
denote variable magnitudes. | 


Some kinds of magnitude, as for instance lengths, masses, den-_ 
sities, do not admit of variety of sign. Others, such as altitudes, 
rotations, velocities, may be either positive or negative. When 
we wish to designate the ‘absolute’ value of a magnitude of this 
latter class, without reference to sign, we enclose the representa- 
tive symbol between two short vertical lines, thus 


\e|, [sin α], log | a. 
It is } important to notice that, if a and 6 have the same sign, 
ja+b|=|a/+||, 
whilst, if they have opposite signs, 
Ια Ὁ} «]α{: 6} β 
L. 1 6. ; 7 
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The Infinitesimal Calculus had its origin in problems of Geo- 
metry, such as drawing tangents to curves, finding areas and lengths 
of curves, volumes of solids, and so on. It is therefore natural, and 
from the point of view of most applications even necessary, to adopt 
as a basis the geometrical none of magnitude, with the various 
familiar assumptions, express or implied, which this involves. 


A geometrical representation of any class of magnitudes is ob- 
tained by taking an unlimited straight line X’X, and in it a fixed 
origin O, and by measuring lengths OM proportional on any con- 
venient scale to the various magnitudes considered. In the case 
of sign-less magnitudes (such as masses), these lengths are to be 
measured on one side only of O; in cases where there is a variety 
of sign, OM must be drawn to the right or left of O according as 
the magnitude to be represented is positive or negative. To each 
magnitude of the kind in question will then correspond a definite 
point in the line X’X. | 


x’. re) M x 
Fig. 1. 


When we say that a magnitude admits of ‘continuous’ variation, 
we mean that the point M may occupy any position whatever in 
the line X’X within (it may be) a certain range. 


It will be observed that two things are postulated with respect 
to the magnitudes of the particular kind under consideration, viz. 
that every possible magnitude of the kind is represented by some 
point or other of the line X Α΄, and (conversely) that to every point 
on the line, within a certain range, there corresponds some mag- 
nitude of the kind. These conditions are fulfilled by all the kin 
of magnitude with which we meet, either in Geometry, or in Mathe- 
matical Physics. It will be found on examination that these all 
involve in their specification a reference, direct or indirect, to linear 
magnitude. Thus an area may be represented by the altitude 
of an equivalent rectangle constructed ona given (unit) base; a 
velocity is represented by the length described in unit time, and 
SO On. 


2. Upper or Lower Limit of a Sequence. - 


The conception of a ‘ limit,’ or ‘limiting value,’ occurs in various 
forms throughout the Calculus, and is of fundamental importance, 
In its primary form, now to be considered, it will be already more 
or less familiar to the student, 
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Suppose we have an endless ascending sequence of magnitudes 
of the same kind 


γ, Wg) ἃς, his Bg esi. φονονων οὐ νους τὰν (1) 
t.e. each is greater than the preceding, so that the differences © 


ὥς — Ly, ὥς τ’ La, 000, Ly το Uny, oe. 


are all positive. Suppose, further, that the magnitudes (1) are 
known to be all less than some fixed finite quantity a. The sequence 
will in this case have an ‘upper limit,’ .6. there will exist a certain 
quantity μ, greater than any one of the magnitudes (1), but such 
that if we proceed far enough in the sequence its members will 
ultimately exceed any assigned magnitude which is less than μ. 
In other words, it is impossible to interpose a barrier between the 
members of the sequence and the quantity yu. a 


In the geometrical representation the magnitudes (1) are repre- 
sented by a sequence of points 


Μ,, MiMi: νρρννμνννννννον .....(2) 


each to the right of the preceding, but all lying to the left of some 
fixed point A. Hence every point on the line X’X, without ex- 
ception, belongs to one or other of two mutually exclusive categories. 


ο Mi M, MsM,A x 
Fig. 2. 


Either it has points of the sequence (2) to the right of it, or it has 
not. Moreover, every point in the former category lies to the left of 
every point of the latter. Hence there must be some point M, say, 
such that all points on the left of M belong to the former category 
and all points on the right of it to the latter. Hence if we put 
w= OM, μ fulfils the definition of an ‘upper limit’ above given. 


In a similar manner we can shew that if we have an endless 
descending sequence of magnitudes _ | 


Dy». Way My ctng: nadsahentlatenaiededans (3) 


4.6. each 15 less than the preceding, so that the differences 
DH το Xe, Ly — Xy,..., Ly. τ By, 
are all positive, whilst the magnitudes all exceed some finite 
quantity ὦ, there will be a lower limit ν, such that every magnitude 
in the sequence is greater than ν, whilst the members of the se- 
quence ultimately become less than any assigned magnitude which 
is greater than ν. | 
1--4 
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- The above argument would evidently apply if, ΠΡ ἩΓΕ ΕΝ 
or more successive members of the sequence were equal. In that 
case the sequences are still usually styled ‘ascending’ or ‘de- 
scending, respectively, although the terms ‘non-decreasing’ and 

‘non-increasing ’ wou d be more setae fi sacs ha . 


ἔα. 1, The pean 


1 2 ὃ ne 
9° 8’ 4᾽ ort ee ee fee . (4) 
is ascending with the upper limit 1, For 
m iy 1 
n+l .5:]1’ 


᾿ς which can τ made as nearly equal to 1 as we please by taking n great 
j ee 


"Kx, 2. If x be a positive quantity less than unity, the quantities — 
1 Wg gO teh. “eeeaaeeds esbavanverae(O) 


fort a descending sequence, with ae lower limit 0. For since 1/2 is is 
greater than unity we may write 


| ] [a= 1+ Y 
where y is positive. Then 
(l/a)*=(1+y=liny+..+y%, 
by the Binomial Theorem. Hence | 
1/a*> 1 + ny, 
' and can therefore be made as great as we please by. Ores, n στραὺ 
enough. Τὺ follows that x" can be made as small ‘as we please. 


“Ba. 3. Consider the sequence defined by . 
= he a! a, = 1, n= ΝᾺ + Wy). saves χς ἐὺ δ ουον τος (6). 
Since gy — gpm gay ὐομμνμμνοΝ eel 


uy, Will be greater. than a, if a, is greater than z,_,. But x, is ob- 
viously greater than a,. The sequence is therefore an ascending one. 
Again 


« τας ς Li oun 5. 1 | (8) 
| ie Cae a1 2? > ς΄ ca a eee 


Since 2,,,> 1 it follows that x,,, <2, for all values of m. The sequence 
has therefore an upper limit. Denoting this by p, it appears from (6) 
that #3 is | the positive | root of the equation. _ 


Pe eee ciee age cuetea et eteee (9) 


' © In-reeent times the term ‘monotonic’ has been invented to include pet 
aS of sequence. 
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By actual calculation from (6) the first few members are found to 
be, to four figures, we κε σὲ : 


1, 1.414, 1.854, 1.698, 1.612, 1-618. 


᾿ The number last written is the accurate 
value of », to the degree of approximation - 
aimed at. , - % . 


The matter may be illustrated graphi- 
cally by tracing the loci Ὧ Z 


y=a4+l, yaar ......(10) 


The figure shews how the successive values 

of x, obtained from (6) converge towards 

the value of « at the intersection. A por-— 
tion only of the graph is shewn. 


Evidently, the same result is arrived at 
if we start with any positive value of x, 
instead of 1. Only, if 2, is greater than the. 
positive root of (9) the sequence would be a ᾿ 
descending one. 


This graphical method has a wide appli- 
cation tothe numerical solution of equations, ᾿ : es 
both algebraic and transcendental. Fig. 8. 


3. Application to Infinite Series. Series with positive 
terms. i i ae 

The above has been called the fundamental theorem of the 
Calculus. An important illustration is furnished by the theory of 
infinite series whose terms are all of the same sign. In strictness, 
there is no such thing as the ‘sum’ of an infinite series of terms, 
since the operations indicated could never be completed, but under 
a certain condition the series may be taken as defining a particular 
magnitude. = | | | | 

Consider a series” | | | 
Uy Hg tg tee Fly Hoes eseeecesteceesene(E) 


whose terms are all positive, and let 


δι Ξε Uy, 8g = Uy + Ug, «0.6. Sn th + ty to. + Un. χ νὰν (2) 
These quantities are called the ‘partial sums.’ If the sequence 
eer aera ΓΤ a) ..(8) 


has an upper limit S, the series (1) is said to be ‘ convergent,’ and 
the quantity S is, by convention, called its ‘sum.’ — 
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Again, if (1) be a series of positive terms which is known to be 
convergent, and if 


Uy) Ἔν A tly Po Bin hee νννονοννοννννον (4) 


be a series of positive terms which are respectively less than the 
corresponding terms in (1), 1.6. un <u» for all values of n, then (4) 
is also convergent. For if s,’ be the sum of the first n terms in (4), 
we have s, « 8,, and since the magnitudes s, have by hypothesis 
an upper limit, the magnitudes s, will have one ὦ fortiori. 


Hix. 1. The series 
1+4$444234... 
converges to the sum 2. - For if in Fig. 2 (p. 3) we make OM, =1, OA =2, 
and bisect 27,4. in M,, M,A in M,, and so on, the points I, M,, M,, ... 
will represent the magnitudes 8), 8, 8, ..... And since these points all 
lie to the left of A, whilst 1/4 =1/2"-! and can therefore be made as 
small as we please by taking τὸ large enough, it appears that the sequence 
has the upper limit OA, = 2. 


The case of any geometric progression whose common ratio is positive 
and less than unity may be illustrated in a similar manner. 
Ex, ἃ. Consider the series 
| ἘΠ. ee 
1.2 2.3 °" m(m+1) °°" 


If we write this in the form 


ne ay ae +(5- =aq)t 

(: os Ὁ + (ξ “8 eee n 7 n+ 1 4609 

we see that | ἐς (een ae 
n+1 

which has the upper limit 1. 


ἕω. 3. Farther illustrations are supplied by every arithmetical 
process in which the digits of a non-terminating decimal are obtained 
in succession, For example, the ordinary process of extracting the 
square root of 2 gives the series 

1:414213... 
1 4 + 1 ΚΙ + < + 1 + 3 + 

= * 10 * To#* To * 104 * ΟΡ 106 + 
Since s, is always less than 1:5, there is an upper limit. 


Ex. 4. The terms of the series 


eo ees : 
| δ] ait eee τ τὸν 
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are (after the first three) respectively less than those of the series 


1+ fe: + na +...+ : + 
9 93 eos gn-i eooe | 
The latter series is convergent and has the sum 3. Hence the former 


is also convergent, and its sum is less than 3. 


4. Limiting Value in a Sequence. 
Suppose that we have an endless series of magnitudes - 


Di Ohl eas δ) τω δῶν ἀφ de ἐτῶν aims (1) 


arranged in a definite order. Suppose, further, that whatever  ¢ , ΐ 
quantity « we choose to fix upon, however small, there will always ai a 
be a point in the sequence beyond which every member of νει συν 
differs from some fixed quantity μ᾽ by a quantity less in absolute ~:~... 
value than ε. The sequence is then said to be ‘convergent,’ and ~ 

to have the ‘limiting value’ ». Statements of this kind occur 80 
frequently in the present subject that it is convenient to have a 

condensed expression for them. We write 


Pigs gee fs ἀπ ρυῦ νὰ ἐς υὐνονὐδιυλον νὸν (2) 
We have had particular cases of the above relation in the 
Ἢ upper and lower limits discussed in Art. 2, but in the present wider 
definition it is not implied that the members of the sequence are 
arranged in order of magnitude, or that they are all greater or all 
less than the limiting value μ. 


The hypothesis is that a value of n can be found such that the 
members of the sequence which follow ap, viz. : 


: . ὕμ.χ» en+2, Tn+3 eee) 
all lie between the values μ -- ε and w+e. The value of n which 
is necessary to secure the fulfilment of this condition will be greater 
the smaller the value of ε, but it is implied that, however small e 
be taken, such a value exists. | 


Ex. 1. The sequence 
1 38 2 4 1 ] 
9” 3” 3°? 3? ey] ——7, I+-, "οὐ = eH Oe Be eee ees (3) 
has obviously the limiting value 1. 


Ex. 2. In the sequence | 
sin 2a sin 3a sin 2x 
᾿ (4) 


ῷ 51} 2, Ν» 4 3 9 5"5ουγ n 9 ν᾽. S*2eeeeosesor 


the numerator lies always between + 1, whilst the denominator increases 
indefinitely. The sequence has therefore the limiting value 0. 
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It is sometimes possible, as in the examples just given, to shew 
that a given sequence has a certain known quantity as its limit, 
and is therefore convergent. The question to be resolved is, how- 
ever, in general less simple, and a criterion is required as to whether 
& proposed sequence has or has not a definite limiting value. There 
are in fact many important mathematical quantities which can only 
be defined as limits, and it is therefore necessary in such a case to — 
satisfy ourselves that the limit exists. 


It is obvious in the first place that if the sequence (1) has a 
limit, a value of n can always be found such that the members of 
the sequence which follow 2, V1Z. Yn41, aya, +++» Ongy, «+, Will all 
differ. from 2, by quantities not exceeding ε, where e may be any 
assigned quantity, however small. Conversely, if this condition is 
fulfilled, the sequence has a definite limit. | 

To shew this let us construct in the first place a descending sequence 
of positive quantities ¢,, ἐὰν» 45» ... whose limit is 0. Such a sequence 
may be formed, for instance, by making each member one-half of the 
preceding one. By hypothesis, a number n, can be found such that all 
the members of the sequence which follow ας, lie between the values 


αι © and Ln, + Εἰ) 
and will therefore have a lower limit (a,) and an upper limit (,), such 


that 
By — α > 2e, 


Similarly, a number n,(> n,) can be found such that the members which 
follow x,, have a lower limit (a,) and an upper limit (β,), such that 


B,- a, > 2ε,, 
and so on. The quantities a,, 0,, a;, ... form an ascending sequence, 
and, since they are all less than £,, they have an upper limit p, say. 
Similarly, the quantities β,, 8,, 8, form a descending sequence, with a 
lower limit v. Moreover, since | 


| Va B< By— αρ < 26, 
which may be as small as we please, these limits « and » cannot be 


different. Under the condition stated, the sequence (1) has the com- 
mon value of » and ν as its limit, : 


δα. 3, An illustration is furnished by any arithmetical process in 
which successive approximations to a result are obtained, provided 
these are adjusted in the usual manner, the last significant figure being 
increased by unity whenever the next following digit is 5 or any greater 
number. Thus the operation of finding the square root of 6 gives 


᾿ 2°6457513.... | 
The successive approximations, adjusted as above, are 
2, 2°6, 2°65, 2°646, 2°6458, 2°64575, 2°645751, ..., 


forming a sequence of the kind now under discussion. The numbers 
which follow the first differ from it by less than °5; those which follow 
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the second differ from it by less than ‘05; those which follow the third 
differ from it by less than ‘005; and so on. The sequence has there- 
fore a definite limit. . 


Ex, 4. Consider the sequence in which 


a y= 1, tat ΕΝ SP Ey ery οννν (5) 


The members are all positive, and (after the first) less than unity. It 
follows that all members after the second are greater than ἡ. Again, 
we have 


τοῖος 
l + Cnr 1 + ‘Be, 4 
ὥρμα Teer il 
or ἘΠ π΄ We IIraP Sen Ce 6 
| Wn — Byer (1 + aq) (1 + Sng) oe) 
Each member of the sequence is therefore alternately greater and less: 
than the one preceding it. Moreover, since the above ratio is, for 
n>, leas than ¢, the intervals between successive members diminish 
indefinitely. It easily follows that the sequence must converge to a 
definite limit, which is obviously the positive root of 
“ WL. ccc ccc cceececeeseoscncores (7) 
By actual calculation from (5) we find in succession 
1, -5, 6667, 6, -625, -6154, -6190, 6176, -6182, | 
the latter number. being the correct value of the root in question, to four 
figures. ; 8 
The character of the sequence may be illustrated graphically by 
means Of the loci | | 


La+2 — Tae = 


Fig. 4. . 
The figure shews the essential part of the graph. | 
In this Example, and in Art, 2, Ex. 3, we have simple illustrations 
of a method of approximating to the intersection of two curves which 
is often useful. ‘The convergence is however slow if the curves haye 
nearly the same inclination (in the same or in opposite senses) to the 
axis of @. 
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5. Application to Infinite Series. 
Ifin the infinite series 


My Ἔ τῶ Ἔ... bt Ugg TH nncy covcseccccccscccccccs (1) 


: whose terms are no. longer restricted to be all of the same sign, we 
write | 


$= %, So = Un + Up, eden ϑη = Uy + Ugt ... + Un,-.. «(2) 


and if the sequence 


ΕΠ ΤΟΝ (3) 


has a limiting value S, the series is said to be ‘ convergent,’ and S 
᾿ 1Β called its ‘sum.’ | 


It follows from Art. 4 that the necessary and sufficient con- 
dition for the convergence of (1) is that it should be possible to 
find a number n such that the partial suM8 841, Snta, ...») Snepr->- 
all differ from s, by less than ε, where ε may be any assigned 
quantity, however small. 


An important theorem in the present connection is that if the 
series | 
[|| us| +... +] ual +..., ςοονοδιοουφοφοδθ (4) 


_ formed by ae the absolute values of the several terms of (1); 


be convergent, the series (1) will be convergent. 


For if (4) be convergent, the positive terms of (1) must ἃ fortiori 
form a convergent series, and so also must the negative terms. Let the 
sum of the positive terms be p and that of the negative terms be —g. 
Also, let s,,,,, the sum of the first m+n terms of (1), consist of m 
positive terms whose sum is p,,, and πὸ negative terms whose sum is ~ gp. 
We have, then, : 


(»-- 9) -- 8nan = (Ὁ -- 4) — (ρα -- Gn) 
Ξε (Pp -- Pn) -- (ᾳ -- φ,). ἘΠ (Ὁ 


If m Ἐπὶ be sufficiently great, p —p,, and ¢—q,, will both be less than ε, 
where ε is any assigned magnitude, however small; and the difference 
of these positive quantities will be ἃ fortiori less than ¢ in absolute 
value. Hence ,,,,, has the limiting value » — φ. 


When the series (4), composed of the absolute values of the 
several terms of (1), is convergent, the series (1) is said to be 
‘absolutely,’ or ‘ essentially,’ or ‘ unconditionally ’ convergent. 


It is possible, however, for a series to be convergent, whilst the 
series formed by taking the absolute values of the terms has no 
upper limit. In this case, the convergence of the given series is 
sald to be ‘ accidental,’ or ‘ conditional.’ 
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The following very useful theorem holds whether the series 
considered be essentially or only accidentally convergent : ἘΣ «ΟὟ οὐ 


If the terms of a series are alternately positive and negative, 
and continually diminish in absolute value, and moreover tend 
ultimately to the limit zero, the series is convergent, and its sum 
is intermediate between the sum of any finite odd number of terms 
and that of any finite even number, counting in each case from 
the beginning. 


The proof will be familiar to the student, but as it is a good 
example of the kind of argument employed in the preceding Art., it is 
here repeated. 

Let the series be 7 

αι — Og + ας — Og Ἔ ray ccccccccccccccccccces cos (6) 


. where, by hypothesis, 


αι,» Ag > Ag> ...6 
In the figure, let 


OM,=%, U,M,=2,, M,M,=0,, M,M,=%,.... 


ο ΜΜΙΜΙΜ MMs My x 
Fig. 5. 
It is plain that the points M,, M,, V,, ... form a descending sequence, 
and that the points U,, M,, M,,... form an ascending sequence. Also 
that every point of the former sequence lies to the right of every point 
of the latter. Hence each sequence has a limiting point, and since 
MU, anon ts = Canis 
and therefore is ultimately less than any assignable magnitude, these 
two limiting points must coincide, say in M. Then ΟἿ represents the 
sum of the given series (6). 
Ex, The series ᾿ 
1-$+}-1+... 
converges to a limit between 1 and 1 — $. 
This series belongs to the ‘accidentally’ convergent class. It will 
be shewn later (Art. 175) that the sum of terms of the series 
ἘΝ 
can be made as great as we please by taking n great enough. 


It cannot be too carefully remembered that the word ‘sum,’ as 
applied to an infinite series, is used in a purely conventional sense, 
and that we are not at liberty to assume, without examination, 
that we may deal with such a series as if it were an expression 
consisting of ἃ finite number of terms. For example, we may not 


\ 
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assume that the sum is unaltered by any rearrangement of the 
terms. In the case of an essentially convergent series this assump- 
tion can be justified, but an accidentally convergent series can 
made to converge to any limit we please by a suitable adjustment 
of the order in which the terms succeed one another. For the 
proofs of these theorems we must refer to books on Algebra ; they 
are hardly required in the present treatise. — 


The following simple theorems will, however, occasionally be 
referred to. | 


1°. If ta aA tg ids cheeiiebanieiiad: (7) 
be a convergent series whose sum is 8, the series" 
Cy, + tly Hos. Olin + ose, coseccccccessacees (8) 


obtained by multiplying the terms of (7) by a factor a, will con- 
verge to the sum aS. This hardly needs proof. 


95. If «AA es es ey cies ee) 
and Uy BU Ἔ... Ὁ μ΄ hone ἐονονννννννννσονον (10) 


be two convergent series whose sums are S and S’, respectively, 
the series | 

ὯΝ (ὦ, £ ty’) Ὁ (Us Ἑ ta) + ... + (Un Un’) tee, 211) 
composed of the sums, or the differences, of corresponding’ terms 
in (9) and (10), will converge to the sum S+S’. This is easily 
proved. If s,, s,’ denote the sums of the first n terms of (9) 
and (10) respectively, the sum of the first n terms of (11) will be 
δ. 8,. Now | | | | 
(S +S’) — (9, £ 8) =(S— 8) 1 (S’ — Bn). «..... (12) 
By hypothesis, if ε be any assigned magnitude, however small, we 
can find a value of » such that for this and for all higher values 
we shall have | 
| |S—s,|< $e, and |S’ —s, |< de, .........(18) 
and therefore 1S 5 5) — (8, £ 8,.,,),] «εἰ. . 2000. eeeee (14) 
which is the condition that 8, + 8, should have the limiting value 
gS + Ss’. | 
8° On the same hypothesis the series” 

(att, + by’) + (Gitly + brig’) + ... - (Gy + btn’) +... (15) | 


will converge to the sum aS+06S’. This follows easily from the 
two preceding theorems. | 
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6. General Definition of a Function. 7 - 

One variable quantity is said to be a ‘function’ of another 
when, other things remaining the same, if the value of the latter © 
be fixed that of the former becomes determinate. fe 


The two quantities thus related are distinguished as the 
‘dependent’ and the ‘independent’ variable respectively. — 7 


The notion of a function οὗ 4 variable quantity is one which pre- 
sents itself in various branches of Mathematics. Thus, in Arithmetic, 
the number of permutations of n objects is a function of n; the number 
of balls in a square or a triangular pile of shot is a function of the 
~ number contained ..in each side of the base; the sum (s,) of the first n 
terms of any given series is a function of the number ”; and 80 on. 
In some of these cases there are definite mathematical formule for the 
functions in question, but it is to be noticed that the idea of function- 
ality does not necessarily require this; for example, the sum of the 
first » terms of the series 

beak 24 
7a + ὃ, + 83 + 1: + vee 


is a definite function of n, although no exact mathematical expression 
exists for it. So, again, the number of primes not exceeding a given 
integer n is a definite function of n, although it cannot be represented 
by a formula. | i : ; oP 

In these examples, the independent variable, from its nature, can. 
only change by finite steps. The Infinitesimal Calculus, on the other 
hand, deals specially with cases where the independent variable is 
continuous, in the sense of Art..1. For instance, in Geometry the area 
of a circle, or the volume of a sphere, is a function of the radius; in 
theoretical Physics the altitude, or the velocity, of a falling particle is 
regarded as a function of the time; the period of oscillation of a given 
pendulum as a function of the amplitude ; the pressure of a given gas . 
at a given temperature as a function of the density ; the pressure of 
saturated steam as a function of the temperature; and soon. Here, 
again, the existence or non-existence of a mathematical expression 
for the function is not material ; all that is necessary to establish a 
functional relation between two variables is that, when other things 

are unaltered, the value of one shall determine that of the other. 


᾿ς In general investigations it is usual to denote the independent 
variable by ὦ, and the dependent variable by y. The relation 
between them is often expressed in such a form as 


το CO ITO BO a ae 

the symbol ¢ (a), for instance, meaning ‘some particular function 
' "When a quantity: varies from one value to another, the amount 
(positive or negative) by which the:new value. exceeds the. former 
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value is called the ‘increment’ of the quantity. This increment 
is often denoted by prefixing ὃ or A (regarded as a symbol of 
operation) to the symbol which represents the variable magnitude. 
Thus we speak of the independent variable changing from @ to 
a + 52, and of the dependent variable consequently changing from 
y to y + ὃν. 7 


Hence if πω 2) Rn eR re Poe (1) 
we must have y + dy = φ (ὦ + 82), ...... ΠΕ (2) 
and therefore | dy =  (@ + δα) — φ (ὦ). ..««ονὐννννέννννος (3) 


_ At present there is no implication that dz or dy is small; the 
increments may have any values subject to the relation (2). 


Hz. 1. If y=a?, then if «= 100, δὼ =1, we have | 
ὃν = (101)? — (100)? = 30301. 
He. 2. Ify=sinz’, then if α -- 60, δὰ -- 1, we have 
dy = ‘87462 — 86603 = 00859, 
within a certain degree of accuracy. | 


7, Geometrical Representation of Functions. 


We construct a graphical representation of the relation be- 
tween two variables x, y, one of which is a function of the other, 
by taking rectangular coordinate axes OX, OY. If we measure 
OM along OX, to represent any particular value of the independent 
variable z,and ON along OY to represent the corresponding value 
of the function y, and if we complete the rectangle OMPN, the 


Fig. 6. 


position of the point P will indicate the values of both the 
associated variables, | 

Since, by hypothesis, M may occupy any position on OX, 
between (it may be) certain fixed termini, we obtain in this way 
an infinite assemblage of points P. 


6-8] = CONTINUITY | το 18 


A question arises as to the nature of this assemblage; whether, 
or in what sense, the points constituting 1t can be regarded as 
lying on a curve. In many cases, of course, there is no hesitation 
about the answer. .For example, if, to represent the relation 
between the area of a circle and its radius, we make OM pro- 
portional to the radius, and PM proportional to the area, then 
PM « OM?, and the points P lie on a parabola. The same curve 
_ will represent the relation between the space (8) described by a 
falling body and the time (¢) from rest, since varies as ἐδ, 


The general question must, however, be answered in the 
negative. The definition of a function given at the beginning of 
Art. 6 stipulates that for each value of 2 there shall be a definite 
value of y; but there is no necessary relation between the values 
of y corresponding to different values of x, however close together 
these may be. 


Without some further qualification the definition referred to 
is indeed far too wide for our present purposes, the functions 
ordinarily contemplated in the Calculus being subject to certain 
very important restrictions. | 

The first- of these restrictions is that of ‘continuity.’ This 
implies that, as M ranges over any finite portion AB of the line OX, 
N ranges over a finite portion HK of the line OY, 1.e. N occupies 
once at least every position between H and K. Further, that if 
the range AB be continually contracted, the range HK will also 
contract, and can be made as small as we please by taking AB 
~ small enough. | 


It will be seen presently (Art. 8) that the second of these 
properties includes the former. The formal definition which we 
proceed to give is slightly different, although, as will be seen, 
equivalent. 


8. Definition of a Continuous Function. 


Let 2, y be any two corresponding values of the independent 
variable and the function. If, a, a,...,%,,.-. being any arbitrary 
sequence of admissible values of the independent variable, having 
@ for its limit, the sequence 4%, Ys,...,Yn,--. of corresponding 
values of the function converges always to the limit y, the function 
is said to be ‘continuous’ for the particular value x of the in- 
dependent variable. i 

It follows that if δὼ denote an increment of #, and dy the corre- 
sponding increment of y, we can always find a positive quantity ε, 
different from zero, such that, for all admissible* values of dx 


* The restriction to ‘admissible’ values of δ means that 2+ δὰ must be within 
the range of values of the independent variable for which the function is defined. _- 
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which are less in absolute value than ε, the value of ὃν will be 
less in absolute value than o, where ¢ is any prescribed quantity, 
however small. This is often taken as the formal definition. If 
the condition which it involves were violated, that involved in 
the former definition could not be fulfilled. Hence the two 
definitions are really equivalent. 


The second definition is sometimes summed up briefly, but 
- imperfectly, in the statement that an infinitely small change in | 
the independent variable produces an infinitely small change in the 
function. This means that if ¢(a) be the function, it must be 
possible to find a quantity ¢ such that , , 


[ φ( Ὁ ἃ) -- φ ()} « σ, 


for all admissible values of A such that [ὁ «ες The value of ε 
will in general depend upon that of o, but 1t is implied that the 
condition can always be satisfied by some value of e, however small 
σ᾽ may be. : 


9. Property of a Continuous Function. 


If $ (x) be a function which is continuous from =a to «= 6, 
inclusively, and if ¢(a), φ (ὃ) have opposite signs, there must be 
at least one value of « between a and ὦ for which ¢ (x) = 0. 


_ In the annexed figure it is assumed for definiteness that ¢ (a) is 
positive and (6) negative. The points of the line X’X for which x =a, 
a= ὁ are denoted by A, B, respectively, and the corresponding values _ 
of the function are represented by AH, BK. The proof consists in 
shewing that a series of diminishing intervals of lengths 

AB, = AB, 5:48, "Ἢ > 48, "- 


Fig. 7. 
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can be found, each forming part of the preceding, and each containing 
points at which ¢ (2) is positive and points at which it is negative. 

Let AB be supposed bisected at 2. If d(x) =0 at M4,, the theorem 
is established fgr this particular case. We may therefore exclude this 
and similar contingencies in the sequel. If ¢(x) does ποῦ vanish at 
M,, then in one at least of the intervals 4J/,, M,B the function will 
have both positive and negative values. If the statement applies to 
only one of the intervals, we select that one; if to both, the selection 
may be made arbitrarily. The selected interval is next supposed bisected 
in M,. Excluding the case where ὁ (x) =0 at M,, one at least of the 
halves into which the selected interval has been divided will contain 
points at which ¢ (x) is positive and points at which it is negative. The 
process may be continued indefinitely, and since <x 
ΔΜ... AB 


grt ’ 
it follows by Art. 4 that the sequence of dividing points 
M,, My, My, ..., My, νος 
thus obtained has a definite limiting position, denoted, say, by C. 


Moreover, the value of ¢(a) at C must be zero. For if it were 
positive there would, in virtue of the assumed continuity of ¢ (x), be a 
finite range on each side of C throughout which ¢ (x) would be positive. 
This would be inconsistent with the result just proved. Similarly if 
the value of ¢ (a) at C were negative. 


We may express the above theorem shortly by saying that a 
continuous function cannot change sign except by passing through 
the value zero. | 


It follows that if ᾧ (4) be a function which is continuous from 
«=a to «=6 inclusive, and if ¢(a), Φ (Ὁ) be unequal, there must 
be some value of a between a and ὦ, such that ¢ (x)=, where 8 
may be any quantity intermediate in value to g(a) and ¢ (6). 


For, let 
J (@)= $(@)— 8B; 


since β is a constant, f(«) also will be continuous. By hypothesis, 


| . φ (α)-- βὶ and φ.() -- β 


have opposite signs, and therefore / (a) and f(b) have opposite 
signs. Hence, by the above theorem, there 1s some value of z 
between a and ὦ for which f(x) =0, or (a) = 8. | 


In other words, a continuous function cannot pass from one 
value to another without assuming once (at least) every inter- 
mediate value, : 


L. 1. 0. " 2 
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10. Graph of a Continuous Function. 


It follows from what precedes that the assemblage of points 
which represents, in the manner explained in Art. 7, any continuous 
. function is a ‘connected’ assemblage. By this it is meant that a 
line cannot be drawn across the assemblage without passing 
through some point of it. For, denoting the function by ¢(2#),. 
and the ordinate of any line by f(a), then if φ (ὦ) and f(a) are 
both continuous the difference | 


(x) — f(a) | 
will be continuous (Art. 12), and therefore cannot change sign 
without passing through the value zero. 


The question whether any connected assemblage of points is 
to be regarded as lying on a curve is to some extent a verbal one, 
the answer depending upon what properties are held to be con- 
noted by the term ‘curve.’ It is, however, obvious that a good 
representation of the general course or ‘march’ of any given 
continuous function can be obtained by actually plotting on paper 
the positions of a sufficient number of points belonging to the 
assemblage, and drawing a line through them with a free hand. 
A figure constructed in this way is called a ‘graph’ of the function. 


The construction of graphs of functions of the types 
y=Aat+B, y=Axt Bat Ὁ, 


and their use to elucidate the theory of simple and quadratic 
equations, will be familiar to the reader. 


᾿ The graphical method will be freely used in this book (as in other 
elementary treatises) for purposes of illustration. It may be worth 
while, however, to point out that, as applied to mathematical functions, _ 
it has certain limitations. In the first place, it is obvious that no finite. 
number of isolated values can determine the function completely; and, 
indeed, unless some judgment is exercised in the choice of the values of 
x for which the function is calculated, the result may be seriously mis- 
leading. Again, the streak of ink, or graphite, by which we represent 
the course of the function, has (unlike the ideal mathematical line) a 
certain breadth, and the same is true of the streak which represents the 
axis of «; the distance between these streaks is therefore affected by a 
certain amount of vagueness. For the same reason, we cannot reproduce 
details of more than a certain degree of minuteness; the method is 
therefore intrinsically inadequate in the case. of functions (such as can 
be proved to exist) in which new details reveal themselves ad infinitum 
_as the scale is magnified*. Functions of this latter clase are, however, 
seldom encountered in the ordinary applications of the Calculus. 


* An instance is furnished by the function zsin(1/x) in the neighbourhood of 
the origin. 
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The method of graphical representation is often used in practice 
when the mathematical form of the function is unknown ; a certain 
number of corresponding values of the dependent and independent 
variables being found by observation.. The vagueness due to the breadth 
of the lines is then usually less serious than that due to the imper- 
fections of our senses, errors of observation, and the like. 


The reader may be reminded of the meteorological charts which 
exhibit the height of the barometer or thermometer as a function of the 
time. 

The substratum of fact underlying a graph constructed in the above 
manner is of course no more than is contained in. a numerical table 
giving a series of pairs of corresponding values of the variables, but the 
graphical form appeals far more effectively to the mind, by helping us 
to supply in imagination the intermediate values of the function. 


Il. Discontinuity. 


Although the functions ordinarily met with in Mathematics are 
on the whole definite and continuous over the range of the inde- 
pendent variable considered, exceptions to this statement may occur 
at isolated points. | 


Thus it may happen that the original definition of the function 


fails to give a meaning for particular values of the independent 
variable. | 


Take, for instance, the function 


sin 2 

ae | 
For any value of «, other than 0, the numerator and denominator have 
certain values, and the quotient exists. But when ὦ = 0, the fraction 
assumes the indeterminate form 0/0. It is true that the value 1 is then | 
usually attributed to it, but this is a matter of convention, and is not 
implied in the original definition. Many such instances will present 
themselves in the sequel. : | | 

2 


Again, a function ᾧ (2) may become ‘infinite’ for some particular 
value a, of x. The meaning of this is that by taking « sufficiently 
nearly equal to 2, the value of the function can be made to exceed 
(in absolute value) any magnitude which we please’ to assign, how- 
ever great. This is usually expressed by the formula . 


limy >a, (a) =o. 


The above is the only meaning which the word ‘infinite’ has in 
Mathematics, and the only legitimate use of the symbol oo is in 
condensed statements of the above kind. . 

. δ ἢ 2—~2 
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Examples are furnished by the function 1/x, which becomes infinite 
for ὦ -> 0, and tan x, which becomes infinite for 7» $2, &c. See Fig. 15, 
p. 28. | 

Again, in Mechanics, the period of oscillation of a pendulum, re- 
garded as a function of the amplitude (a), becomes infinite for α --»- 7. 


Again, a function, though finite, may be discontinuous for a 
particular value a, of δ᾿, 1.6. 1ts values for r= a2,—e and =2,+e 
may be unequal, however small ε may be. In that case the original 
definition may or may not assign a definite value for «= a. 


An illustration from Mechanics is furnished by the velocity of a 
particle which at a given instant receives a sudden impulse in the 
direction of motion. In this case the ‘velocity’ at the precise instant of 
the impulse is undefined, although it has a meaning immediately before 
and immediately after. | . 


Velocities 


Times 


Fig. 8. 


Other more general types of discontinuity are imaginable, but 
are not met with in the ordinary applications of the subject. 


12. Theorems relating to Continuous Functions. 

We may now proceed to investigate the continuity, or other- 
wise, of various functions which have'an explicit mathematical 
definition, and to examine the character of their graphical repre- 
sentations. | 

For this purpose the following preliminary theorems are neces- 
sary : 

1°, The swum of any finite number of continuous functions is 
itself a continuous function. | 


First suppose we have two functions u, v of the independent variable 
we Then | 
3 'δίω -- 0) =(wt+ dutrv+ dv) -- (ὼ τ Ὁ) 

= δὼ + dv. 
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From the definition of continuity it follows that, whatever the value 
of o, we can find a quantity « such that for |52|<e we shall have 
[δὼ] «ἐσ and |8v| « ἐσ, and therefore 

| de + dv| «σ. 
Hence the function u« + is continuous. 


Next, if we have three continuous functions τὸ, v, w, then «+ is 
continuous, as we have just seen, and consequently (wu +v) + is con- 
tinuous. In this way the theorem may be extended, step by step, to 
the case of any finite number of functions. 

2°, The product of any finite number of continuous functions 
is itself a continuous function. | 


First, take the case of two functions u, v. We have 
"8 (we) = (ὼ + du) (Ὁ + bv) — ὧὖῦ 
= vou + udv + dude. | a 


By hypothesis we can, by taking | δα | small enough, make | διὸ] and | Sv| 
less than any assigned quantity, however small. Hence, since u and v 


are finite, | vdu| and | wdv| can be made less than any assigned quantity, 


however small. The same is evidently true of | Sudv|. Hence, also, the 
a 


value of 
: | dee + udv + Sedo | 


can be made less than“any assigned quantity, however small. That is, 
‘wv is a continuous function. 


Next, suppose we have three continuous functions u,v, τυ. We have 


seen that w is continuous; hence also (wv)w is continuous. And so: 


on for the product of any finite number of continuous functions. 


3°. The quotient of two continuous functions is a continuous 
function, except for those values (if any) of the independent variable 
for which the divisor vanishes. 


We have | ὃ (=) ΞΞ u δὼ oe 
: v v+dv0 ὦ 

_ vdu — udv 

~ φψ(υ τ δυ) 


By hypothesis v+0; there is therefore a lower limit M, different from 
zero, to the absolute magnitude of v(v+ dv). This makes 


8G) 


Since v/M and u/M are finite, we can, by taking δὰ small enough, make 
|v/M. du| and |u/M.dv| less: than any assigned magnitude, however 


Vv vA 
wy Bol 


< 


small. The same will therefore be true of [3(u/v)|; ie. the quotient. 


u/v is continuous. 
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4°, If y be a continuous function of u, where τ is a continuous 
function of a, then y is a continuous function of ὦ. 


For let δὰ; be any increment of a, du the consequent increment of 
u, and dy the consequent increment of y. Since y is a continuous 
function of u, we can find a quantity < such that if 


|du|<«’, then |dy|<o, 


where o may be any assigned quantity, however small. And since u is 


ἢ continuous function of ὦ, we can find a quantity ε, such that if 


, | 8a|<«, then | δω] « ε΄. 
Hence if | δὼ |<<, we have | dy|<a, 


which is the condition of continuity of y, considered as a function of x. 


13. Algebraic Functions. Rational Integral Functions. 


An ‘algebraic’ function is one which 15 obtained by performing 
with the variable and known constants any finite number of opera- 
tions of addition, subtraction, multiplication, division, and extraction 
of integral ‘roots. 

All other functions are classed as ‘transcendental’; they in- 
volve, in one form or another, the notion of a ‘limiting value’ 


(Arts. 4, 19). 


A ‘rational’ algebraic function is one which is formed in like 
manner by operations of addition, subtraction, multiplication, and 
division, enly. Any such function can be reduced to the form 


F(2) 
Fe) 


where the numerator and denominator are rational ‘integral’ func- 


tions; 1.6. each of them is of the type | 
Aga + Ang 2" + Ag 09+ 00+ A,a+ Ag, ....-(1) 


where n is a positive integer, and the coefficients are constants. 
Such an expression, when it consists of more than one term, is often 
more briefly referred to as a ‘polynomial,’ the algebraic character 

being understood. | | | 


A rational integral function is finite and continuous for all 
finite values of the variable. For a, being the product of a finite 
number (m) of continuous functions (each equal to 2), 1s finite and 
continuous. Hence also Aa™ is -finite and continuous; and the 
sum of any finite number of such terms is finite and continuous 
(Art. 12). Sg 


s- 
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A rational integral function becomes infinite for «> +0, 
Writing the function (1) in the form 


Ages. A A, A 
a(n + we et tah εξ), 


we see that by taking 2 great enough (in absolute value) we can 
make the first factor (#") as great as we please, whilst the second 
factor can be made as nearly equal to A, as we please. Hence 
the product can be made as great as we please. Moreover, if # be 
positive the sign of the product will be the same as that of A,, 
whilst if a be negative the sign will be the same as that of An, ΟΡ 
the reverse, according as n is even or odd. | 


It follows that in the graphical representation of a rational 
integral function y=/(«) the curve is everywhere at a finite dis- 
tance from the axis of x, but recedes from it without limit as δ is 
continually increased, whether positively or negatively. In actually 
constructing the curve, it is convenient if possible to solve the 
᾿ equation f(z) =0, as this gives the intersections of the curve with 

the axis of ὦ. 


Ex. To trace the curve 
y =a (a? — 1). 


This cuts the axis of a at the points a=0,+1. Since, when x —> 0, 2? 
becomes infinitely small compared with x, the curve approximates near 
. the origin to the straight line y=—~«, which is in fact the tangent 
there, | | 

Since y changes sign with ὦ, we need only calculate the ordinates 


for positive values of a. We easily construct the following table, where 
only two significant figures are retained. | oe 
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14. Rational Fractions. 
A function Y HN corte sew eveenees eer (1) 


which is rational but not integral, is finite and continuous for all 
finite values of # except those which make f(#)=0*. For the 
rational integral functions F'(«#) and f(#) have been proved to be 
finite and continuous; and it follows, by Art. 12, that the quotient 
will be finite and continuous except when the denominator vanishes. 


The curve represented by (1) will cut the axis of in the points ᾿ 
(if any) for which F'(x)=0. It will have asymptotes parallel to y 
wherever f (5) = 0, whilst, for all other finite values of x, y will be 
finite and continuous. The values of y for 2 > +0 will depend on 
the relative order of magnitude of F(x) and f(x). If F(a) be of 
higher degree than f(x) the ordinates become infinite ; if of lower 
degree the ordinates diminish indefinitely, the axis of # being an 
asymptote; if the degrees are the same, there is an asymptote 
parallel to a. 


In cases where the degree of the numerator is not less than 
that of the denominator, it is convenient to perform the division 
indicated until the remainder is of lower degree than the divisor, 
and so express y as the sum of an integral function and a ‘ proper’ 
fraction. 


The following examples are chosen to illustrate some of the 
more important points which may arise. 


* It is assumed that the fraction has been reduced to its lowest terms. 
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_ This makes y = 0 for x=1, and y > +0 forw-»-0. Also y is positive 
for 1» 5» 0, and negative outside this interval. From the second form 
of y it appears that for «-»+00 we have y=—4. We further find, as 
corresponding values of # and y: , | 


Γ᾿ -88ὃ, =2 +1, —5, 0, ὅ, 1 
y=—°5, —67, -τῦ, = 1, - 155, +O, δ, 0, — ‘25, — 33, - ὅ. 


“The figure shews the curve. 


γι : 
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y’ 
Fig. 10. 
_ 2 ᾳ - ἡ 2 


® 

Ex. ate y= l+a is τ᾿ | 
Here y = 0 for x=0 and x=1, andy > +0 forx—-—1. Also y changes 
sign as x passes through each of these values. For numerically large 
values of x, whether positive or negative, the curve approximates to the 
straight line | 
y=—x+2, 


lying beneath this line for x ++, and above it ἔογ ὦ -ο- --οὐ. Fig. 11 
on p. 26 shews the curve, 
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Υ 


Υ 
Fig. 11. 
: 2. 
Ex. 3. 9 Ξ τ" | 
Here y vanishes for x= 0, and for 2 >+ 00, and becomes infinite for 
gz—-+1. Again, y is positive for 1 >a>0 and negative for «> 1. Also, 
y changes sign with 2. 


220 ay Ἐπν nee o@ ob (σι ow ee ree & κδαν. yb a ED CPD GPP EP GPE GS Cp ae aw aw ae ἐπῆν ED 
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: Om 
Ex, 4, y= 1+ at . a 

As in the preceding Ex., y vanishes for «=0 and x—»+o, and 
changes sign with x. But the denominator does not vanish for any real 
value of x, so that y is always finite. | 


Υ! 
Fig. 18. 


156. The Circular Functions. 
The general definitions of the ‘circular’ functions 
7 sin σ,. cosa, tang, &c., 
are given in books on Trigonometry. 
The function sin ἃ; is continuous for all values of # For 
δ (sin x) = sin (x +82) — sin & 
= 2 sin$dz.cos(x+ $dx). 


The last factor is always finite, and the product of the remaining 
factors can be made as small as we please by taking δὰ; small 
enough. 


‘In the same way we may shew that cos « is continuous. This 
result is. however, included in the former, since 


- cos δ; = sin (ὦ + ὁ πὶ. 
Again, since | 


the continuity of sin ὦ and cosa involves (Art. 12) that of tan a, 
except for those values of 2 which make cosa=0. These are given 
by 2 = (n + 4) 7, where n is integral. 


In the same way we might treat the cases of sec a, cosec #, 
cot a ἮΝ 


ἈΠ 
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The annexed figures shew the graphs of sin and tana. The 
reader should observe how immediately such relations as . 
sin(—#)=—singw, sin(w—2#)=sing, 
sin(#@+7)=—singw, tan(a@+7)=tane 
can be read off from the symmetries of the curves. ~ 
Y 
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16. Inverse Functions. 


If y be a continuous function of «, then under certain conditions 
x will be a continuous function of y. This will be the case when- 
ever the range of 2 admits ot being divided into portions (not 
infinitely small) such that within each the function y steadily in- 
creases, or steadily decreases, as x increases. . 


Let us suppose that as « increases from ὦ to ὃ the value of y 
steadily increases from a to 8. Then corresponding to any given 
value of y between a and 8 there will be one and only one value of 
z between a and b, Hence if we restrict ourselves to values of ὦ 


v 


Fig. 16. 


within this interval, # will be a single-valued function of y. It is 
also easily seen to be a continuous function of y. ; 


For, if we give any positive increment ¢ to x, within the above in- 
terval, y will have a certain finite increment o, and for all values of dy 
less than o, we shall have d6a<e. A similar argument holds if the in- 
crement of ᾧ be negative, Hence we can find a positive quantity o such 
that, « being any assigned positive quantity, however small, | da|<e for 
all values of dy such that |éy|<o. But this is the condition for the 
continuity of x regarded as a function of y (Art. 8). 


The same conclusion obviously holds 1f y steadily diminishes in 
the interval from «=a to 2=b, | 


If we do not limit ourselves to a range of # within which the 
function steadily increases, or steadily diminishes, then to any given 
value of y there may correspond more than one value of x; the 
inverse function is then said to be ‘many-valued.’ Again, it may 
(and in general will) happen that through some ranges of y there 
are no corresponding values of «, z.¢. the inverse function does not 

exist. | 


If y =f (a), Bre, τ ποιή εἰν ον aces (1) 


the inverse functional relation is sometimes expressed by 


ὦ τα aC) eee nee .....(8) 


¢ 
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We then have Si fA («}} =S ἡ) Ξε  ψ, ..«νν νον, pana ieastes (3) 


t.€. the functional symbols f and f— cancel one another. This is 
the reason of the notation (2). 


_ The graph of any inverse function is derived from that of the 
direct function by mere transposition of # and γ. 


ἔα. 1. Let γ-αῇ, This is a continuous function of x, and, if x be 
positive, continuously increases with a. Hence a, = /y, is a continuous 
function of y. If 2 be unrestricted as to sign, we have two values of x 
for every positive value of y; these are usually denoted by + ,/y. If 
y be negative, the inverse function ,/y does not exist. | 


Ha. ἃ. The ‘goniometric’ or ‘inverse circular’ functions 
| sin-?g, cos"!a, tana, &. 
are many-valued. 


The functions sin-' x, cos~! exist for values of x ranging from — 1 
to + 1, but not for values outside these limits. 7 


The function tan™z exists for all values of x, It is many-valued, the 
values forming an arithmetical progression with the common difference -r, 


The curves for sin“ « and tan™! are shewn in Figs, 21, 22, pp. 60, 
62. 


17. Upper or Lower Limit of an Assemblage. 


Before proceeding further with ‘the theory of continuous 
functions it is convenient to extend the definitions of the terms 
‘upper’ and ‘lower’ limit, and ‘limiting value,’ given in Arts. 2 
and4, | 

Consider, in the first place, any assemblage of magnitudes, 
infinite in number, but all less than some finite magnitude 8. 
The assemblage may be defined in any way; all that is necessary 
is that there should be some criterion by which it can be deter- 
mined whether a given magnitude belongs to the assemblage or 
not. For instance, the assemblage may consist of the values 
which a given function (continuous or not) assumes as the inde- 
pendent variable ranges over any finite or infinite interval. 


In such an assemblage there may or may not be contained a 
‘greatest magnitude, 4.6. one not exceeded by any of the, rest; 
but there will in any case be an ‘upper limit’ to the magnitudes 
of the assemblage, 1.9. there will exist a certain magnitude μ such 
that no magnitude in the assemblage exceeds μι, whilst one (at 
least) can be found exceeding any magnitude whatever which is ᾽ 
less than ». And if w be not itself one of the magnitudes of the 
assemblage, then an infinite number of these magnitudes can be 
found exceeding any magnitude which is less than yp, 
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The proof of these statements follows, as in Art. 2, by means 
of the geometrical representation. | . 


In the same way, if we have an infinite assemblage of magni- 
tudes, all greater than some finite quantity a, there may or may 
not be a ‘least’ magnitude in the assemblage; but there will in 
any case be a ‘lower limit’ » such that no magnitude in the 
assemblage falls below ν, whilst one (at least) can be found below 
| any ee ‘whatever which is greater than ν. And if ν be 

not itself one of the magnitudes of the assemblage, an infinite 
number of thése magnitudes can be found less than any magnitude ~ 
‘ which is greater than ν. | 


An important example occurs in the definition of the ‘ perimeter’ 
of a circle. 


If we have any number of points on the circumference of a given 
circle, then by joining them in order we obtain an inscribed polygon, 
and by drawing tangents at the points we obtain a circumscribed 
polygon. It is easily proved that the perimeter of any inscribed 
polygon formed in this way is less than that of any circumscribed 
polygon. Hence, considering the whole assemblage of possible inscribed 
polygons, their perimeters will have a definite upper limit. Similarly 
the perimeters of all possible circumscribed polygons will have a lower 

Moreover, these two limits must be identical. For, let PQ be a 
side of one of the inscribed polygons of the assemblage, PZ’ and QZ’ 


δεν 


Fig. 17. 


the tangénts at P and Q; let O be the centre, and let PQ meet O7' 
in Δ. Then PZ and Q7 will be portions of sides of a circumscribed 
polygon, and if = be a sign of summation extending round the polygons 
the ratio of the perimeters of thé two polygons will be a Ἂς 


(PQ) Σ(Ρ δὴ 
ΟΣ ΟΡ ΤΟΣ 3(PT)’ 
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Hence, by a known theorem, the ratio in question will be intermediate 
in value between the greatest and least of the ratios | 


PN ON 

PT * OP’ 
which would occur in the complete figure. But when the angles POQ 
are taken sufficiently small, the number of sides in the polygons being: 
correspondingly increased, each of the ratios ON/OP can be made as 
nearly equal to unity as we please. Hence the upper and lower limits 
above mentioned must be the same. 


This definite limit to which the perimeter of an inscribed (or 
circumscribed) polygon tends, as the angles which the sides subtend at 
the centre are indefinitely diminished, is adopted by definition as the 
‘perimeter’ of the circle. The proof that the ratio (7) which this limit 
bears to the diameter of the circle is the same for all circles will be 
found in most books on Trigonometry. 


The length of any arc of a circle less than the whole perimeter 
may be defined, and shewn to be unique, in a similar manner. 


18. A Continuous Function has a Greatest and a Least 
Value. | 


An important property of a continuous function is that in any 
finite range of the independent variable the function has both a 
greatest and a least value. 


More precisely, if y be a function which is continuous from 
a=a to =), inclusively, and if « be the upper limit of the 
values which y assumes in this range, there will be some value ~ 
of x in the range for which y=y. Similarly for the lower limit. 


The theorem is self-evident in the case of a function which 
steadily increases, or steadily decreases, throughout the range in 
question, greatest and least values obviously occurring at the 
extremities of the range. It is therefore true, further, when the 
function is such that the range can be divided into a finite number 
᾿ of intervals in each of which the function either steadily increases 
or steadily decreases. 


The functions ordinarily met with in the applications of the 
subject ,are, as a matter of fact, found to be all of this character, 
but the general tests by which in any given case we ascertain 
this are established by reasoning which assumes the truth of the 
theorem of the present Art. See Art. 48. It is therefore desirable 
as a matter of logic to have a proof which shall assume nothing 
eoncerning the function considered except that it is continuous, 
according to the definition of Art. 8. 
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The following is an outline of such a demonstration. In the 


geometrical representation, let OA =a, OB=b,. If at A the value of y. 
is not equal to the upper limit μ, it will be less than μι; let us denote it 


by y. We can form, in an infinite number of ways, an ascending 
sequence of magnitudes. 


Yos Yi» Yay «o> 


whose upper limit is ». «ΕὟΡ example, we may take y, equal to the 
arithmetic mean.of y, and p, y, equal to the arithmetic mean of y, and 
p,and soon. Since, within the range AJ, the value of y varies from 
y, to any quantity short of μ, there will (Art. 9) be at least one value 
of « for which y assumes the intermediate value y,. Let a, denote 
this value, or (if there be more than one) the least of such values, of x. 


Similarly, let x, be the least value of x for which y=y,, and so on. 
It is easily seen that the quantities 


ἐν Ξ Lis Xa; ἃς, eee 


(which are represented by the points ,, J/,, M;,... in the figure*) 
must form an ascending sequence; let MW represent the upper limit of 
this sequence. Since any range, however short, extending to the left 
of M contains points at which y differs from μ by less than any assign- 
able magnitude, it follows from the continuity of the function that the 
value of y at the point ¥ itself cannot be other than μι. 


* The diagram is intended to be merely illustrative, and is not essential to the 
proof. It is of course evident that any function which can be adequately repre- 
sented by a graph is necessarily of the special character above referred to, for which 
the present demonstration is superfluous. 

In the figure, OK=p, OH=yg, ON, =y,, ONg=Y2,... ; and, in the mode of 
fovniing the ppanenee 


Yor Yi> Y2> --- 


which is suggested (as a particular case) in the text, N, bisects HK, Ng bisects 
NK, Ng bisects Ng K, and so on. 


L, 1. Ὁ, ; 3 


: ? 
34 INFINITESIMAL CALCULUS (cH. ΚΕ 


To see that the above theorem is not generally true of discontinuous 

functions, consider a function defined as follows. For values of x other 
than 0 let the value of the function be (sin x)/x, and: for «=0 let the 
function have the value 0. This function has the upper limit 1, to 
which it can be made to approach as closely as we please by taking | a | 
small enough ; but. it never actually attains this limit. 


19. Limiting Value of a Function. 

Consider the whole assemblage of values which a function y 
(continuous or not) assumes as the independent variable « ranges 
over some interval extending on one side of a fixed value a,. Let 
us suppose that, as 2 approaches the value a,, y approaches a 
certain fixed magnitude A in such a-way that by taking | #— | 
sufficiently small we can ensure that for this and for all smaller 
values of αὶ — αὐ] the value of | y— | shall be less than o, where 
ao may be any assigned magnitude however small. Under these 
conditions, ἃ is said to be the ‘limiting value’ of y as # appoaches 
the value a, from the side in question. | 


The relation is often expressed thus: 
limg +2, ¥ =A, 


but in strictness the side from which x approaches the value a, 
should be specified. 


If we compare with the above the definition of Art. 8 we se 
that in the case of a continuous function we have | 


limg—ma, P(L) = ᾧ (H.), cccecesvseescecenceee (1) 


or the ‘limiting value’ ‘of the function coincides with the, value 
of the functiori itself, and that if a, lie within the range of the 
independent variable this holds from whichever side # approaches 
αι. If, on the other hand, 2, coincides with either terminus of the 
range, ὦ must be supposed to approach ἄχ from within the range. 


Conversely, a function is not continuous unless the condition 
(1) be satisfied. : 


Let us next take the case of a function the range of whose 
independent variable is unlimited on the side of « positive. If as 
x is continually increased, y tends to a fixed value ἃ in such a way 
that by taking « sufficiently great we can ensure that for this and 
for all greater values of 2 we shall have | y — | less than o, where 
o may be any assigned positive quantity, however small, then A is 
called the limiting value of y for 2 > οὐ, and we write 


lim» Y =r 
There is a similar definition of 
lume» ὦ Y 
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when it exists, in the case of an independent variable which is 
unlimited on the side ofa negative. 


20. General Theorems relating to Limiting Values. 


1°, The limiting value of the sum of any finite number of 
functions is equal to the sum of the limiting values of the several - 
functions, provided these limiting values be all finite. 


2°. The limiting value of the product of any finite number of 
functions is equal to the product of the limiting values of the 
several functions, provided these limiting values bé all finite. 


3°. The limiting value of the quotient of two functions 
is equal to the quotient of the limiting values of the separate 
functions, provided these limiting values be finite, and that the 
limiting value of the divisor 18 not zero. 


The proof is by the same method as in Art. 12, the theorems of 
which are in fact particular cases of the above. 


Thus, let u, ἡ be two functions of x, and let us suppose that as x 
approaches the value x,, these tend to the limiting values w,, »,, 


respectively. If, then, we write 


. U=UW+a, v=v, +8, | 
a and 8 will be functions of « whose limiting values are zero. Now 
(u+0)—(+%)=a+ fp, — 
UV — UV, = av, + Bu, + af, 
UU, av,— Bu, 


--- eee 


And, as in Art. 12, it-appears that by making sufficiently nearly 
equal to 2, we can, under the conditions stated, make the right-hand 
sides less in absolute value than any assigned magnitude however 
small. ΕΣ 


21. Illustrations. | 

We have seen in Art. 19 that the limiting value of a continuous 
function for any value a, of the independent variable a, for which 
the function exists, is simply the value of the function itself for 
Ξε 1. It may, however, happen that for certain isolated or extreme 
values of the variable the function does not exist, or is undefined, 


‘whilst it is defined for values of x differing infinitely little from 


these. It is in such cases that the conception of a ‘limiting value’ 
becomes of special importance. 


Ex. 1. Take the function : 
| 1- /(L-#) 
a ® 
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The algebraical operations here prescribed can all be performed for any 
value of x between + 1, except the value 0, which gives to the fraction 
the’ form 0/0, Now the definition of a quotient a/b is that it is a 
quantity which, multiplied by 6, gives the result a, Since any finite 
quantity, when multiplied by 0, gives the result 0, it is evident that the 
quotient 0/0 may have any value whatever. It is therefore said to be 
‘indeterminate.’ Pes 


We may, however, multiplying numerator and denominator of the 
given fraction by 1+,/(1 —x*), put the function in the equivalent form 


x 
a? {1+ /(1 —a*)}’ 
and for all values of « between +1, other than 0, this is equal to 
] ᾿ a 
| 1+ /(1-2*) | 3 | 
Since this function is continuous, and exists for x = 0, its limiting value 
for x-»>0 is }. | | 


Ex. ἃ. Consider the function 


ν{(1 +2) — fm. 


As x is continually increased this tends to assume the indeterminate | 
form 0o—o. But, writing the expression in the equivalent form 


1 
ν (1 +2) + Ja’ 
we see that its limiting value for x > is 0. 


Hau. 3. The period of oscillation of a given pendulum, regarded as 
a function of the amplitude a, has a definite value for all values of a 
” between Ὁ and z, but it does not exist, in any strict sense, for the ex- 
treme values Ὁ and zw. There is, however, a definite limiting value to 
which the period tends as a approaches the value zero. “This limiting 
᾿ς value is known in Dynamics as the ‘time of oscillation in an infinitely 
smal] arc.’ 3 : 


22. Some Special Limiting Values. | 


The following examples are of special importance in the Differ- 
ential Calculus. 


1°, To prove that 


for all rational values of m. 


ame: 
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If m be a positive integer, we have 


ὥ-τ 


— m—1 
= MA ; 


ty ae Cri) ) τὰ 
limy» a = lim,» (am 14 aa™—AL bt gm ig + αὖτ 


since, the number (m) of terms being finite, the limiting value of 
the sum is equal to the sum of the limiting values’ of the several 
terms (Art. 20). 


If m be a rational fraction, = p/q, say, we put 


z=y1, a=bf, 
and therefore 
. “m—am™ ym —bmt yp — bP 
στα - γι--ἰὰ γμε-- $9" 


This fraction is equal to 


The limiting value of the numerator is pb? and that of the de- 
nominator 1s bt, by the preceding case. Hence the required 
limit is 
Poet, =P ape, — mam, 

ἣν | 


| q 
as before. | 
If m be negative, = — ἢ, say, we have - ‘a 
ΟἿ" - αὐ «a*—a 1] «a"—a®* 
4; --- a. ὥῶ-- αὶ ama®’ α- αὖ 


If n be rational, the limiting value of this is 


by the preceding cases. 
2°, To prove that 


lime», _ =1, lim,., fane ΣΝ ee (2) 


If we recall the definition of the ‘length’ of a circular arc 
(Art. 17) these statements are seen to be little more than truisms. 
If, m Fig. 17, Ὁ. 81, the angle POQ be 1/nth of four right angles, 
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then n. PQ will be the perimeter of an inscribed regular polygon 
of n sides, and n(7’P+7Q) will be the perimeter of the corre- 
sponding circumscribed polygon. Now, if 
θ-- ΦΊΡΟΑ -- πι|η, 
we shall have 
chord PQ PN _ sind 
-arePQ arcPA θ᾽ 


and 


<a s 


~ 


Hence the fractions 
sin θ q tan θ eo. 
τ and | 
denote the ratios which the perimeters of the above-mentioned 
polygons respectively bear to the perimeter of the circle. Hence, 
as m is continually increased, each fraction tends to the limiting 
value unity (Art. 17). : 


In the above argument, it is assumed that 6 is a submultiple 
of 7. But, whatever the value of the angle POQ in the figure, 
we have : 


chord PQ < arc PQ, and TP+T7Q> are PQ; 


1.6. (sin θ),θ0 < 1, and (tan 6)/@>1. Hence these fractions ‘must. 
have respectively an upper and a lower limit; and it follows from 
the preceding that neither of these limits can be other than unity. 


The following numerical table illustrates the way in which the 
above functions approach their common limiting value as @ is con- 
tinually diminished. 


(sin 6)/6 (tan 6)/0 


e 
90032 | 1-27324 
93549 | 1-15633 
98363 | 1.03425 
99589 | 1-00831 
99897 | 1-00206 
100000 | 1-09900 


The third and fourth columns give the ratios which the perimeters 
of the inscribed and circumscribed regular polygons of τ sides respec- 
tively bear to the perimeter of the circle. 
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28. Infinitesimals. 


A variable quantity which in any process tends to the limiting 
value zero is said ultimately to vanish, or to be ‘ infinitely small.’ 


Two infinitely small quantities are said to be ultimately equal 
when the limiting value of the ratio of one to the other is unity. 
Thus, when @ tends to the limit 0, sin@ and .θ are ultimately 
equal, by Art. 22 (2). : 


1018. sometimes convenient to distinguish between different 
orders of infinitely small quantities. Thus if ὦ, v are twoquantities 
which tend simultaneously to the limit zero, and if the limit of 
the ratio v/u be finite and not zero, then v is said to be an 
infinitely small quantity of the same order as u. But, if the limit 
of the ratio v/u be zero, then is said to be an infinitely small 
quantity of a higher order than uw. More particularly, if the limit 
of v/u™ be finite and not zero, v is said to be an infinitesimal of 


the mth order, the standard being w. 


_ Ha. 1. When, in Fig. 17, p. 31, the angle POQ is’ indefinitely 
diminished, VA and 47' are ultimately equal, For, by similar triangles, 


OP oT 
ON OP’ 
OP-~ON OT-OP 
and therefore ON = “ΟΡ : 
| ΔΑ ΟἿ, 
ἢ AE ΟΡ’ 


and the limiting value of the ratio ΟΔΊ ΟΡ is unity. | 


Again, V7' is an infinitesimal of the second order, if the standard 
be PN. For ; 


_ PN?=O0N.NT, 
whence Swi = 97» =Gq in the limit, 
Ex, 2. We have | 
1 —cos 0 = 2 sin™ 40 = ΣΎ. ΝΣ (1) 


When 6-0 the limit of the first factor is unity. Hence 1 — cos θ 15 
_ an infinitesimal of the second order, the standard being 06. _ 


Again 


‘ 4 
tan @— sing = (22 a) cos 46 


πες ener Ce 


cos @ 


--- 
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When 6 +0, the first two fractions tend each to the limit 1. Hence. 
tan 6 — sin Θ is an infinitesimal of the third order. This is equivalent 
to the statement that in the figure referred to PZ’— PN is ultimately 
of the third order, the standard being PJ. 


The following principle enables. us to abbreviate many argu- 
ments, especially in the applications of the Calculus to Geometry 
and Mechanics: : 


If a and β be two infinitesimals of the same order, and if a’ 
and §’ be other infinitesimals which are ultimately equal to a and 


B respectively, then | 
lim (2) = lim (5): <atustieassicsetevs®) 


For τ  μρεβ ἰζᾶὴ 


and the limits of the first two fractions on the right-hand are 
unity, by hypothesis. The result follows by Art. 20*. 


A quantity which in any process finally exceeds any assignable 
magnitude is said to be ‘infinitely great.’ Andif one such quantity 
u be taken as a standard, any other τ is said to be infinitely great 
of the mth order when the limit of v/u™ is finite and not zero, . 


EXAMPLES, I. 
(Algebraic Functions.) 


1. Draw on the same diagram the graphs of a” for the cases 
| n=l, 2, 3, }, 3, 
for values of ὦ; ranging from 0 to 1.2 f. 
2. Draw graphs of : 
(1) (a—1)(#-2), a?-—«+1. 
(2). a(l—a@)*, a? (1 —x)?. 
1 


| 1 
(3) at a 


ὶ I 

* A good example of the application of this principle will be found in Art. 63. 

+ The curves should be drawn carefully to scale ; for this purpose paper ruled 
into small squares is useful. The numerical tables of squares, square-roots, and 
reciprocals, given in the Appendix (Tables A, B, C), will occasionally help to shorten 
the arithmetical work. 


EXAMPLES 


(4) να -- ὦ", “aR 


6) fen Ie 9), (7 — ὦ -- 8) 


ω -- 2 
a a 
τ Σ ες. 
1- ας +2? 
ere. 


®) i= ae 


8. Prove that the equation 
2a? + Sa?-Ba—-3=0 © 


has a root between —o and -- 1, another between ~1 and 0, and a 
third between 1 and 2. 


4, Prove that the equation 


2a + Ta? 85 --ὅ =0 


has three real roots, and find roughly their situations, 


5. Hind roughly the situations of the roots of 


202 — 32? — 362+ 10 = 0. 


EXAMPLES. II. 
(Circular Functions.) 


1, . Draw graphs of the following functions: 


(1) cosecz, cots, cota+ tana 
(2) sin?a, cos’a, tan?s. 
(3) sina+sin2x, sina+cos 22, 


(4) sing, sin,/a, sin 


2. Prove that the equation 


sinz—2cosa=0 


has a root between π and on. 


‘ 


41 


6. Prove that every algebraic equation of odd degree has at least 
one real root; and that every equation of even degree, whose first and 
last coefficients have opposite signs, has at least two real roots, one 
positive and one negative. 
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EXAMPLES. III. 
(Sequences.) 


1, Find the upper and lower limits of the magnitudes 
2n 
| n+]? 
where | m=1, 2, 3,.... 
2. If, in the sequence 
ay, Aq; Q3, Seed: an, 59.9.2 
; ἀρ εχ = MQ, + Ὁ, 
where m and σ are positive, and m <1, the sequence has the limit 


c/(1 —-m) whatever the value of a,. 


3. The quantities. 


“8, “Μ - 22), ψίδ ει 8 ESN 7) ee 
where ; Anyi = J (2 + Ay); 


fi 
form an ascending sequence whose limit is 2. 


4. If Anyi = Mk + Gn), 


where a, and & are positive, the sequence is ascending or descending, 
according as a, is less or greater than the positive root of a?=a +k, 
and has in either case this root as its limit. | 


5. Examine the character of the sequence where . 


& 


Om ταν 
n 


k& being positive. Prove that if a, be positive it has as a limit the 
positive root of αὐ + a=, 7 


6. Find a sequence of quantities approximating to the positive 
root of the equation | 
αὐτεα Ἐ1. : 


7. Prove that the sequence formed according to the law 
| ἄραι = tan™ By 
where x, lies between 1 and 2, has for its limit the least positive root 
of the equation tan a =a. 


8. If Geis, 5,,, are respectively the arithmetic and harmonic 
means between a, and 6,, and a,, 6, be positive, the sequences whose 
nth terms are a, and ὃ, respectively have the common limit ,/(a,),). 
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9. If Oats = £ (α, ἘΣ δ.) bay = ν (Gn Bn), 


and a,, ὃ. are positive, the sequences whose nth terms are a,, b, con- 
verge to a common limit. 


(This limit is called the ‘arithmo-geometric mean’ between a, 
and 0,.) 


EXAMPLES. IV. 
(Limiting Values of Functions.) 


1. Find the limiting values, for ὦ > 0, of 
| | βίῃ αὐὰ tanaz 
x’ ΠΝ 

2. Find the limiting values, for ὦ --- Ο, of 


sin? a ἃ tana | 


8. Trace the curves 


4. Prove that 
lim, +4, (sec # — tan x) = 0. 


5. Prove that 


ing ο VE 8)= «1 τα), 1, 


6. Prove that 
limy»o {/(2?7+24¢1)—2} = 4. 


. Regular polygons are inscribed and circumscribed to a given 
circle. Prove that when n is large the difference between the areas of 
_ the in- and circumscribed polygons of 2n sides is one-fourth the differ- 
ence between the areas of the in- and circumscribed polygons of n 
sides. 


8. A straight line 4B moves so that the sum of its intercepts 
OA, OB on two fixed straight lines OX, OY is constant. If P be the 
ultimate intersection of two consecutive positions of AS, and @ the 
point where AB is met by the bisector of the angle XOY, then 
AP = QB. | 


9. Through a point A on a circle a chord AP is drawn, and on 
the tangent at A a point 7 is taken such that AJ=AP. If 7P 
produced meet the diameter through A in Q, the limiting value of AQ _ 
when P moves up to A is double the diameter of the circle. | 
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10. A straight line 4B moves so as to include with two fixed 
straight lines OX, OY a triangle AOB of constant area. Prove that 
the limiting position of the intersection of two consecutive positions of 
AB is the middle point of AB. , 


11. A straight line AB of constant length moves with its ex- 
tremities on two fixed straight lines OX, OY which are at right angles 
to one another. Prove that if P be the ultimate intersection of two _ 
consecutive positions of AB, and W the foot of the perpendicular from 
O on AB, then AP = NB. 


12, Tangents are drawn to a circular arc at its middle point and 
at ‘its extremities; prove that the area of the triangle contained b 
the three tangents is ultimately one-half that of the triangle whose 
vertices are the three points of contact. . 


13, If PCP’ be any fixed diameter of an ellipse, and QV any 
ordinate to this diameter ; and if the tangent at Q meet CP produced 
in 7’, the limiting value of the ratio ΤΡ: PV, when PV is infinitely 
small, is unity. | 


CHAPTER II 
DERIVED FUNCTIONS 


24. Introduction. Geometrical Illustrations. 


The Differential Calculus originated in the problem of finding 
the direction of the tangent-line to a given curve at any given 
point. , | 


Let P and Q be adjacent points on a continuous curve 
Y= φ(α), creerreeeee. ee eee (1) 
and PM, QN their ordinates, and let PR be drawn parallel to 
ΟΣ. Let the chord PQ meet the axis of cin S. If the point P 


Fig. 19. 


be fixed, whilst Q is made to approach P, this chord will, in the 
case of any ordinary geometrical curve, tend to assume, except 
possibly at one or more isolated points, a definite limiting position 
PT, which is adopted as the definition of the ‘tangent-line’ at P. 


The direction of the tangent-line is determined by the angle 
which 7’P makes with OX, 1.6. by the limiting value of the angle . 
PSX in the figure. If we put | 


OM=a, PM=y, ON=a+52, QN=y+%, 
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we have 
> _PM QR ὃν 
tan PSX = T= pps Σ᾿ ΩΣ (2) 
The problem is therefore to find the limiting value of the ratio 
δ δὼ as δὼ tends to the limit zero. This limiting value is 
denoted by 
ai 


St Megat bae acess, (3) 


This is to be regarded as a single symbol, the fractional appear- 
ance being preserved merely in order to remind us how the limit 
is approached. 


Analytically, the same thing is denoted by φ' (4), which is 
called the ‘derived function’ of ¢ (2). 


It is convenient to have a geometrical name to denote the 
property of a curve which is indicated by the symbol (3). We 
shall use the term ‘gradient’ in this sense. If from any point P 
on the curve we draw the tangent-line to the right, the gradient is 
the trigonometrical tangent of the angle which the direction of 
this line makes with the positive direction of the axis of # If 
this angle is negative, the gradient is negative; if the tangent- 
line is parallel to O.X, the gradient vanishes. See Fig. 20. 


In most cases with which we have to deal the gradient is 
itself a continuous function of #, except that it may occasionally 
become infinite at isolated points, where the tangent is perpen- 
dicular to OX. The figure includes the case of an isolated dis- 
continuity of finite amount in the gradient. 


Y 


=. 2 ew Swe eae κα 
“σον τίντα. - - 


Fig. 20. | 


25. General Definition of the Derived Function. 

As the notion of the derived function is important in almost 
all branches of Mathematics, we proceed to define it in a more © 
formal manner, without special reference to Geometry. 
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Let y be a function which is continuous over a certain range 
of the independent variable 2; let δὰ be any increment of x such 
that «+ δὰ lies within the above range, and let dy be the con- 
sequent increment of y. Then, # being regarded as fixed, the 
ratio | 


will be a function of dz If as δὼ (and consequently also dy) 
assumes any series of values having zero as its limit, this ratio 
tends to a definite and unique limiting value, the value thus 
arrived at is called the ‘derived function, or the ‘derivative, 
or the ‘differential coefficient,’ of y with respect to a, and is 
denoted by the symbol | 


More concisely, the derived function (when it exists) is the — 
limiting value of the ratio of the increment of the function to the 
increment of the independent. variable, when both increments are 
indefinitely diminished. | 


It is to be carefully noticed that in the above definition we 
speak of the limiting value of a certain ratio, and not of the ratio | 
of the limiting values of dy, dx. ‘he latter ratio is indeter- 
minate, being of the form 0/0. 


When we say that the ratio dy/5x tends to a unique limiting 
value, it is implied. that (when @ lies within the range of the 
independent variable) this value is the same whether dx approach 
the value 0 from the positive or from the negative side. It may 
happen that there is one limiting value when dz approaches 0 
from the positive, and another when δὰ approaches Ὁ from the 
negative side. In this case we may say that there is a ‘right- 
derivative, and a ‘left-derivative, but no proper ‘derivative’ in 
the sense of the above definition. See Fig. 20. | 


The question whether the ratio dy/dx really has a determinate 
limiting value depends on the nature of the original function y. 
Functions for which the limit is determinate and unique (save 
- for isolated values of x) are said to be ‘differentiable,’ All other 

functions are excluded ab initio from the scope of the Differential 
Calculus. | 


A differentiable function is necessarily continuous, but the 
converse statement is now known not.to be correct. Functions 
which are.continuous without being differentiable are, however, 
of very rare occurrence in Mathematics. 
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There are various other notations for the derived function, 
m place of dy/dx. The derived function is often indicated by 
attaching an accent to the symbol denoting the original function. 


Thus if 
y= φ (2), gibcmiein a hee onl eee φίοϊφὼ bijntodedine (3) 


the derived function may be denoted by y’ or, as already stated, — 


by ¢ (2). a ᾿ 
Since ὃν φί Ὁ Ou) — Φ() 
we have, writing h for δῶ, 


φ΄ (x) = limo 


ule ee) 


This formula is often used in the sequel. 


The operation of finding the differential coefficient of a given 
function is ealled ‘differentiating. If « be the independent 
variable, we may look upon d/dx as a symbdl denoting this 
operation. It is often convenient to replace this by the single 
letter D; thus we may write, indifferently, 


d d | 
72: da” Dy, 


for the differential coefficient of y with respect to Ge 


26. Physical Illustrations. 


The importance of the derived function in the various appli- 
cations of the subject rests on the fact that 16 gives us a measure 
of the rate of increase of the original function, per unit increase 
of the independent variable. 


To illustrate this, we may consider, first, the rectilinear motion of 
a point. The distance 8 of the point from some fixed origin in the 
line of motion will be a function of the time ¢ reckoned from some 
fixed epoch. The relation between these variables is often exhibited 
graphically by a ‘curve of positions,’ in which the abscisse are pro-. 
portional to ¢ and the ordinates to 8. If in the interval δέ the space 
$s is described, the ratio δ δέ is called the ‘mean velocity’ during the 
interval δέ; 1.6. a point moving with a constant velocity equal to this 
would accomplish the same space és in the same time δέ. In the limit, 
when δέ (and consequently also 6s) is indefinitely diminished, the 
limiting value to which this mean velocity tends is adopted, by -de- 
finition, as the méasure of the ‘velocity at the instant ¢.’ In the 
notation of the Calculus, therefore, this velocity v is given by the 
formula ; 


aaa ἢ ; sevce ance ‘eo ecccosces (1) 
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In the graphical representation aforesaid, v is the gradient of the 
curve of positions. ᾿ 


Again, the velocity w is itself a function of ὁ. The curve repre- 
senting this relation is called the ‘curve of velocities.’ If Sv be the 
increase of velocity in the interval δέ, then 5v/d¢ is called the ‘mean 
rate of increase of velocity,’ or the ‘mean acceleration’ in this interval. 
The limiting value to which the mean acceleration tends when δὲ is 
indefinitely diminished is called the ‘acceleration at the instant ¢.’ 
If this acceleration be denoted by a, we have — | 


In the graphical representation, a is the gradient of the curve of 
velocities. 


In the case of a rigid body revolving about a fixed axis, if 6 be 
the angle through which the body has revolved from some standard 
position, the ‘mean angular velocity’ in any interval δέ is denoted by 
δθ δέ, and the ‘angular velocity at the instant ¢’ by 


Again, if w denote this angular velocity, the ‘mean angular accele- 
ration’ in the interval δὲ is denoted by 5w/3¢, and the ‘angular 
acceleration ’ at the instant ὁ by | 


Again, the length of a bar of given material is a function of the 
temperature (9). If a be the length at temperature 6 of g bar whose 
length at some standard temperature (say 0°) is unity, then 62/80 
represents the mean coefficient of (linear) expansion from temperature 
@ to temperature 6+ 66, and dx/d@ represents the coefficient of ex- 
pansion at temperature 6, | 


| 4s another example, suppose we have a fluid which is free to 
assume a series of states such that the pressure’(p) is a definite 
function df the volume (v) of unit mass, If the volume change from 
v to v + dy, the fraction —dv/v measures the ratio of the diminution of 
volume to the original volume, and gives therefore what is called the 
‘compression.’ The ratio of the increment of pressure Sp required 
to produce this compression, to the compression, is ~vdp/Sv. The 
limiting value of this when $v is infinitely small, viz. — vdp/dv, is 
defined to be the ‘elasticity of volume’ of the fluid under the given 
conditions. ΝΕ. ' 


27. Differentiations ab initio. 


Before investigating general rules for calculating the derivatives 
of given analytical functions, we may discuss a few examples 
independently from first principles, 


LL@ 4 


-wehave , ὃν τ- J (a+h)— J/e= 
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Hel, If y=2, we have dy -- δα, and therefore 


by | dy 
| ‘= 1, whence Pi 1, os 
Ex. 2. Let PAU, SossccwiascSesncdev tere causnn (1) 
We have, writing A for da, 
| ὃν (ath) --α 
aca may eee = 2a +h, 


Proceeding to the limit (4-» 0), we find 


apo PCO CCH COR OOH or eee seesetenereters (2) 
Fx. 8. Let | y=.. secsnecse Bet adie: si csecti$) 
: | 1 1 λ 
ener ary erry oe y 
ὃν 1 


and therefore 2s TES Vi 7 


dy : 1. 1 
Hence i Hin 90 4h) Serer rrerer ry (4) 
The negative sign is due to the fact that y diminishes as a increases. 
2. 4, Τῇ Gig cece τ κοινυτυύ τον νι τ. esac (5) 
h 


(x +h) + fx’ 
1 
δὲ (a+h) + Ja’ 


Proceeding to the limit (A -~ 0), we find 


and 


de 5.7 ἘΣΎ ΗΠ ΤΕΥ (6) 
28. Differentiation of Standard Functions. 
1°, If het eee ee ὙΠ (1) 
ects Pc) τ- 
(a+ da)—a@ 


It has been shewn in Art. 22, 1°, that, for all rational values of m, 
the limiting value of this fraction when δὼ — 0 is ma™}, Hence 


dy —1 δ 
de ον ως νὰ (2) 
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Ex. If m=2, dy/da=%; if m=}, ἀν! -- ζω - ὃ, Of. Art, 27. | 
2°. If | Of = SIND Soc asin ee iaccevsicsuiuearss (3) 
we have, writing ὦ for da, — | 
ἐν = Snot) sine SF cos (04 Hh), 
If the angles be expressed in ‘circular measure,’ we have - 
in $h | 
lim A->0 a )= 1, 


by ‘Art. 22, 2°; and the limiting value of the second factor is 
cosz. Hence 


dy _ 
Gap 205. seresccererene δόν ἐω οι τίς (4). 


The student should refer to the graph of sine on p. 28, and 
notice how the gradient of the curve varies in accordance with 
this formula. 


8. if Y= COS, ssessessessesceccceeceeese(B) 
wehave PW 8 (@+h) cose 
| δα - 
~- “BP cin (0+ 44); 


the limiting value of which is, on the same understanding as 
before, | 


4. If -- YH TAD A,  ..crececcccsccssscssseensee(Z) 
we have 


by tan(@+h)—tang _ sin(#+h)cosx—cos(«#+h)sing 
δα h 7 h cos @ cos (a +h) 

sin ἢ 1 , | 
he ° cos xcos(@+h)" 


Hence, in the limit, 


This shews that the gradient of the curve y= tan z, between - 
the points of discontinuity, is always positive; see Fig. 15, p. 28. 


4—2 
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29. Rules for differentiating combinations of simple 
types. Differentiation of a Sum. 


1°, Let: UAH), acateusiciucusenenhtonanse (1) 


where u is a known function of 2, and Cis a constant. We have 


ψ dy =ut out Ο, 


and therefore dy = du, 
| by _ ou 
da 6a’ 
: sooth dy du 
or, in the limit, ΟΞ PE (2) 


This fact, that an additive constant disappears on differ- 
entiation, obvious as it is, is very important. ‘The geometrical 
meaning is that shifting a curve bodily parallel to the axis of y 
does not alter the gradient. | 


2°, Let ἡ πω Ἔν, veeveees ΠῚ (3) 
where τι, v are given functions of a. As in Art. 12, we find 
Sy = du + dv, 
| ὃν δὼ du 
and therefore τ; 3a δ᾽ 


Hence, since the limiting value of a sum is the sum of the limiting 
values of the several terms, 


1 πω ee (4) 

Again, if YUU W, ..{0ννενον νον εν κε κεν τον (5) 
| dy ἃ dw 
we have - se ag 5 
du. dv. dw 

= ae t diag? τας τὸ δ ΤΣ δ τς ΣΝ (6) 


by a double application of the preceding result. In this way we 
can prove, step by step, that the derived function of the sum 
of any finite number of given functions is the sum of the derivatives 
of the separate functions. 
Ex. The derived function of 
Aya + Ayo} + 20. + Ami t+ Am 
is mA, x”! + (m—1) Aya"? +... + Aw 
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30. Differentiation of a Product. | 
1; If SOU; ciornauveaweeidtwae See eints (1) 

_ where C is a constant, and uo function of z, we have 

y+ dy=C (wt du), 


and therefore ὃν = 0 δι, ᾿ 
| | by δὲ 
Hence oe σ 52’ 


and, proceeding to the limit, 


Hence a constant factor remains attached after the differentiation. 


The geometrical meaning of this result is that if all the 
ordinates of a curve be altered in a given ratio, the gradient is 
altered in the same ratio. Cf Fig. 27, p. 84. 


2°, Let Y HUW, coeceerserccrssssmecasceresee(B) 
where u, v are both functions of As in Art. 12, 
dy =(u + du) (v + dv) — uv 
= vdu + udu + dudv, 


by Bu Su 
and therefore Se Set (u + du) Στ’ 


Hence, proceeding to the limit, and making use of the principle 
that the limit of a product is the product of the limits, we have 


dy du adv 
do de ae: eee ere cccercscccvesece (4) 


If we divide both sides of this equation by y, = uv, we obtain 
the form “ἝΝ 
ldy ldu 1 ἀν 
y da udev da’ 
This result is easily extended; thus if y=uvw, we have, writing 
y =2w, where z = wv, ὶ | 
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by a double application of the preceding result. And so on for 
any finite number of factors. , 


_ If we multiply both sides by y, = wvw..., the generalized form 
of the last result becomes - 


ἂν du dv — dw 
de da ae ae ὙὙΑθὸν ἐπῶν νύν (6) 


or, ἴῃ words: 


The derived function of a product is found by differentiating 
with respect to 2 so far as it is involved in each factor separately, 
the other factors being treated as constants, and adding the 
results. . 


fix. 1. TE y=u.uu seaues to m factors =U™,  .........06. (7) 
| ldy ldw 1 du m du 
we have _y de udatu a to m terms =— 7 
whence dy = ees seic(S) 
Ζ: ΜΉΝ 


_ A general proof of this result, free from the restriction that m is 
ἃ positive integer, is given in Art, 32. : | 


Κα. 2, Hf © YF BING COBH, ......ὁἐονονννοννενκενεννεῦν (9) 
weave: $Y « c08 0 © (ain 2) +6in 2" (coe 2) 


= COS ὦ). CO8%—sIn @. Sin & 


= 008" — sin? 7 = 608 365. .....ssseesesseeseseee(10) 
Ha, 3. If BO? GID, is ον γον sce ἐν ρου νοῦν οκῤςυυος (11) 
δ... . ἃ 
we have oY 2 dg Hn) εἶα 7) | 
- 00° COB B+ 26 510). BW ........cccccesencecs .....(Α1.2) 


81. Differentiation of a Quotient. 
Let | y=, ide nia θαμὰ alate deeeccuees (1) 


where u, v are given functions of a ΑΒ in Art. 12, we find 


w+du ὦ vdu—udv 
ὃν = v+du Ὁ v(u+év)’ 

| Ou du 

ὃν δα δα 

δὰ νψ(υ + By) | 


᾿ς whence 
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Hence, in the limit, 


υ3 


In words: To find the derived function of a quotient, from the 
. product of the denominator into the derived function of the 
numerator subtract the product of the numerator into the derived 
function of the denominator, and divide the result by the square 

of the denominator. | | 


The particular case ΗΝ (3) 
is worthy of separate notice. We then have 
Bea FU. 
I~ y+ 800 v (v+ dv)’ 
δυ 
δι. be 

da οσυ(υ- δυ)᾽ 

ὧν 1 dv 

ἂς wv dx” Φονοοφοοοονδοδοοουοοοφοοσοφδυουενοσοθθ (4) < 


This might of course have been deduced by putting u = 1, du/da τε 
in the general formula (2). ἡ | 


Bul, It” y= frets aed Siete nscale (5) 
we have ot 1428, w= — 1424, : 
ee ὧν _(i+ 22) ᾳ--α τ : Ὁ (ταῦ 2%) : 
=; oe Dae ἐπ τό semen eoeee te (6) 
χω... Te γε, sige δλε πων δεν τὴν εκ ϑντὐλιτοΣ ΤΠ 


u 


; ly 
1 
.m —— τὶ 
ax 7 ints dc 


Δ 
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The formula of this Art..may also be deduced from Art. 30-(4). 
If y=u/v, we have u= vy, and therefore 


udz vda y aa’ Pe eeesnccccereseees (9) 
ldy ldu ldv. 
whence y He Gi ew de sede rertecestocere (10) 
this is equivalent to (2) above. : 
The following examples are important: — 
1°, If ' y= απ στε τ, ΠΤ eel) 
| ἂν 908 ΕΣ (sin 2) — βίῃ ὦ £ (cos 2) 
᾿ς we find “F : - 
dx cos? @ 
3 in2 
= = BOC Wis. ον oes veduewsas oo (12) 
This agrees with Art. 28, 4°, 
. Similarly, if Y= COG M, «ὐνννννννονννννννννεννονν .(18) 
we find OY = — C0800". νννννννονς ἐρεθ το ζεν (14) 
2°, If y= seo = —, οὐ ἀφο ὠν νου ουουν (15) 
dy 1 da, ._ sing 
we have He. eoska ig Or ΤῸ ete ceccceen (16) 
_ Similarly, if = COBLE By Sy ιονουςῦςι νχνιδον acid (17) 
we find αἰὲν ee eeeeeeeeeceeeesereeeeee(18) 


dx sin? 2° 


If, as explained in Art. 25, we employ the symbol D to denote 
the operation of differentiating with respect to a, the results of 
Arts. 29—-31 may be summed up as follows: 


D(u+t)= Dut Dy, ..νννννννννννς weee(19) 
D (uv) = 0 Du + u DY, ...ονννννννννννννςν (20) 


D(#) = 7e= soe ἀπηπημο 
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(32) Differentiation of a Function of a Function. 


If | | ΞΕ Κ᾽ (ὯΝ; ἐῤονὸν νος θυ ραν deeaieawenaen (1) 
where FO). του ονυλε ποι δορρ ον λεῖς (2) 
the symbols δ᾽, f denoting given functions, then 

dy dy d , , 
a =F’ (u).f ὌΠ (3) 

For, if 2, dy, du be simultaneous increments, we have 

by ὃ δὰ 
δ» δι᾽ ba’ 


. identically ; and therefore, since the limit of a product is the product 
οὗ the limits, 7 
dy ὧν wu 
: dz du‘ dx’ 
A useful application of the formula (3) occurs in the theory of recti- 
linear motion. Thus if, as in Art. 26, we denote by v and a the velocity 
and the acceleration, respectively, of a moving point, we have 


ds dv 
Ura! απ ὦ" ees “δον οι ἐν Pore (4) 
~ Hence.if » be regarded as a function of the space described (8), we have 
| dvds __dw | 
a= da ai =v ds ΠΕ (5) 


Similarly, in the case of a rigid body rotating about an axis, the 
angular acceleration, when the angular velocity is regarded as a function 
of θ, will be given by , 


The following deductions from (8) are important: 


1} If y= (ὦ τ αὐ, ce... ΤΥ ΡΤ ΠΗ ED 
then, putting ὦ τε a +a, du/da=1, the formula (3) gives 


The geometrical meaning of this is that shifting a curve bodily 
parallel to the axis of # does not alter the gradient. 


- 
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9. If ΠΡ (9) 
we have, putting ὦ τ κα, du/dv#=k, 
oY = RE” (Kea). ...... ΤΠ. 


3°, Τῇ YEU, ννοννονννννν eee (11) 
where m is any rational quantity, we have - . . 


E(u) =u™, ἢ’ (u) = mu™, 


dy ss, au 
and therefore dem Le las oe (12) 
In particular, in the cases m= 4, m = — 4, we find 
oe: 
da να da’ (13) 
αὐ τὲ Ce 
da Ju Quilt da’ 
respectively. | 
We add a few examples on the above rules. 
Ex l. 1 “GPCI A clas cael uueseasepauubaseiveeee (14) 
that is, | ες y=u™, where u=sin a, 
we have Dy = mu" σας == 7 BIN™" 0 COB 2. .....eseccenees (15) 
Ha, 2. If | y= ,((αἷ -- a), . εὐετονϑοος vodsendea eaten (16) 
we have Dy = D (a? — οὐ) = } (α' - αὐ. 4. D (α -- οὐ 
| % 
Tay Ce es ee ees (17) 
x 
7 Κα. 3. Leb y = Ma — 2) . ewe eee nce sarevecessecens (18) 
If we put | U=2, V= ae 
we have Du =1, and Do= Fa a5 5 =" 
by the preceding Ex. The rule for differentiating a fraction then gives 
oo? 
voDu—uDv ν (αὐ - αὐ Tas ae) ,«ψία3 — αὔ) 
τ ΝΣ 
αἷ 


ἘΞ ΤῊ ΠΗ 19 
aoa | (19) 
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= 
83. Differentiation of Inverse Functions. 


If y be a continuous function of , then under a certain con- 
lition (see Art. 16), which is fulfilled in the case of most ordinary 
mathematical functions, # will be a continuous function of y. 


If δα, Sy be corresponding increments of # and y, we have 


ba" ὃν | 


identically. Hence, since the limit of the product 18 equal to the 


product of the limits, 
| dy da 1 | 
da ° dy ἘΞ be «οοοονοοοοοοοοσοεοροοφορφοθδοδο (1) 


Hence, it being presupposed that y is a differentiable function of a, 


it follows that « is in general a differentiable function of y, and that 


the two derived functions are reciprocals. 


The geometrical meaning of this is that the tangent to a curve, 


makes complementary angles with the axes of # and y. 
The following cases are important: 


1°, If af SIN Wy saecaeanecsedens <ecciae’ ....(3) 
_ we have ο΄ ΞΕ ΒΨ, ΕΣ γ. ἑ 
dy 
dy 1 | 1 

Hence de cosy + Ja)’ seseewsdtsaerieweela) | 

2°, If Sf COR Bia cca θυνὼρθερ οῤφρονν εν (4) 
we have 2 τὰ COS Y OS soins 

. dyn 

| | dy 1 1 

and therefore desing + Mia ay’ ae (5) 


The cape a of sign in these results is to be accounted, for 
as follows. We have seen that if y=sin—a, then y is a many- 
valued function of #; viz. for any: assigned value of 2 (between 
the limits + 1) there is a series of values of y. For some of these 
aus 18 positive, for others negative; see Fig. 21(p.60). Similarly 
Tor cos™ @. . 


If, in accordance with a usual convention, we agree to under- 
stand by sin“'2 the angle between — 47 and 47 whose sine is 2, 
we must write 

ae ee ee ae . 6) ° 
hag HO A eT gay vieceneeneseceees (6) 


60 


x’ 


Ἢ ᾿ 
᾿ 
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ee ik Oe ee me ee Oe ay 


(oH. 11 


33] DERIVED FUNCTIONS 61 


Similarly if cos # be restricted to lie between 0 and 7, we have 


d : 1 
dec cos”) a= va = a) ina A ewes weunee (7) 
3°. If YH TAN Wi, Acehoen Mos veeeaeh seaeareaee (8) 
| dx 
we nave , wo=tany, ay = sect y, 
and therefore | ΒΡῈ πα (9) 
Gy ee ee 


There is here no ambiguity of sign. For each value of 2 there is an 
infinite series of values of y, -but the value of dy/dx is the same for all, 
the tangent lines at the corresponding points of the curve y= =tan™ © 
being parallel. See Fig. 22, p. 62. | 


| ο 

Κω.1. Let y = sin Hi Pe ec ae ον (10) 
or . y=sin-'u, where v= seen 

: J(1 +2) 
| dy ἀν du _ 1 du 
We have ax = du ἡ): τ Jd =) 1?) as’ 
We easily find 
1 du 1 
|-wu’)=——_, >= =-- SG 
ν( ) J+)? ae ΠΝ 
ἂν 1 ᾿ 

whence | Feo Darah teres (11) 


It is easily proved (putting x = tan θ) that 


sin- = tan™) a, 


eee τ, 
ἢ μά Ἐοδ 


so that the above result is in accordance with (9) above. 


Ἢ ΒΡ ΤῊ 
Ex. ya ‘Let = tan 1 —2 +o" eee eeoeeneeeeaaoen ese evet (12) 
. Ι1--οταβ 
If we write low +a 
. dy 1 du 2 
ee | das Tu da 
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oa “οὖ... 


We find ἐφ te) du __2 (1-2) 


dy ᾿ l—a 


whence i: SN ΒΝ 
αα 1.3.3. 4° seeteseeesesseeseseeveoe(L3) 
Qx 
Ρ, ------ 
a - | ; 
. bs Μ | 
; x’ | Ξ 
-- e y 
ce =m ome ED ORY OE a ee a ee ow ae om ἀπ oe ow OD i) eee, δο τω νεὸςς ὐπὸ ταν: τἀ δορός, Se ; 
6 i Ν 
= “τ 
Fig. 22. ὰ 


94. Functions of two or more independent variables. 
Partial Derivatives. | 


Although in this treatise we are primarily concerned with 
functions of.a single independent variable, it will occasionally be 
useful, even at an early stage, to have at our command ideas and 
notations borrowed from the more general theory. = 
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One quantity w is said to be a function of two or more inde- 
pendent variables x, y, ..., when its value is determined by those 
of the latter, which may be assigned arbitrarily, and independently, 
within (in each case) a certain range. Thus if P be any point of 
a given surface, and a perpendicular PN be drawn to any fixed 
horizontal plane, the altitude PN is a function of the coordinates 
(x, y) of the point X, 


Fig. 23, 


᾿ς So Again, in Physics, the pressure of a gas is a function of two — 
independent variables, viz. the volume (per unit mass) and the, 
temperature. ) 


The functional relation is expressed by an equation of the form 


δὲ Ξε τ (De ids) οὶ  ὐςο νων υὶ te νυν νον (1) 


In particular, in the aforesaid case of a surface, if we denote the 
altitude PWV by z, we have 


CO (Os Uy Sosseve dontsesensetesans (2) 


The definition of continuity given in Art. 8 may be extended 
to the present case as follows. A function ¢ (a, y, ...) is said to be 
continuous for a particular set a, y, ... of values of the independent 
variables if a quantity ε, different from zero, can always be found 
such that ¢ (ὦ + δα, y + dy, ...) shall differ in absolute value from 
> (a, y, ...) by a quantity less than any prescribed magnitude a, 
however small, for all values of the increments 62, dy,... which are 
less in absolute value than e. | 
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Thus, in the case of two independent variables, illustrated by 
the figure, it is implied that a rectangle can be drawn in the plane 
ay, about WV, such that the ordinates at all points within this rect- 
angle shall differ from PN by less than o, however small σ᾽ may be. 


Let us now suppose, the function 


U= (ay Yy vee) vececccccecessceeenes ...(3) 


being continuous, that all the mdependent variables save one (a) 
are kept constant. Then u being assumed to be a differentiable 
function of a, its derived function with respect to w is called the 
‘partial differential coefficient’ or ‘partial derivative’ of wu with 
respect to w, and is denoted by du/dzx. Thus 


Ou). (a+ d2,y,...)— (a, y, ...) 
ae = limse-»9 ere eee a ee e* ewes (4) 
In like manner 
12 τὴς (a, y + ὃν, ...) -- (a, γ, ... 
ὃν ΞΞ imsy->0 ἐθυ εν ον ΦίΘν . “.ν.... (5) 
In the case of the surface (2) it is plain that the partial deri- 
vatives : ὩΣ 
ass 
Ga’ oy 


are the gradients of the sections (HK, DM, in the figure) of the 
surface by planes parallel to the planes ZOX, ZOY respectively. 


. Kul. Τῷ PSU iy, Hees anaresoncmoaire iSoenieenes (6) 


in ὃ τ᾿ 
we have oe = mgm ly", δ᾽ = na™y"), (7) 


Ex. 2. Assuming that in a gas the pressure (p), volume (v), and 
temperature (@) are connected by the relation — | 


R6 
P= ΕΗ ) οοοονο υδοοενοοο er eee rere Ty er (8) 
| ap RO ap R | 
we have Bp OE? ῶἈ0- τ" 7775 577 575 (9) 
35. Implicit Functions. 
An equation of the type | 
_ POY) SO ass shs ein tees edcauis (1) 


in general determines y as a function of w; for if we assign any 
arbitrary value to a, the resulting equation in y has in general one 
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ΠΟΥ more definite roots. These roots may be real or imaginary, but 
we shall only contemplate cases where, for all values of within a 
certain range, one value (at least) of y is real. The term ‘implicit’ 
is applied to functions determined in this manner, by way of con- 
trast with cases where y is given ‘explicitly’ in the form 


Y= PUO) ....0οννννονναμανμννννννν (2) 
Ifweregard =f (0, Y) ........0ὑὐρλνυνννηνμεννον (3) 


as the equation of a surface, then (1) is the equation of the section of 
this surface by the plane z=0. If the plane zy be regarded as hori- 
zontal, the sections z=C, where C may have different constant values,. 
are the ‘contour-lines.” = 7 . 


If we require to differentiate an implicit function, we may seek, 
first, to solve the equation (1) with respect to y, so as to bring it 
into the form (2). It is useful, however, to have a rule to meet 
cases where this process would be inconvenient or impracticable. 
It will be sufficient, for the present, to consider the case where 
φ (ὦ, y) is a rational integral function of 2 and y, we. it is the sum 
of a finite series of terms of the type dmnv”y”, where m, n may 
have the values 0, 1, 2, 3,.... Since, by hypothesis, ¢ (a, y) is con-. 
stantly zero, its derived function with respect to z will be zero. 
Now by Arts. 28, 30, 32, we have 


d | dy 

! ἃς 75 = πον ιν ἘΞ nny oo : 
Hence, if. " Φ (a, γ) = TA OMY, .ccccsscccesseccnees (4) 
we have TA m nme y* + TA πῶ γι oy rr ee (5) 


In the notation of Art. 84, this may be written 


or ᾿ da ἜΝ το ϑοςοεύοούνυυςφουφουν ον ἐν (7) Σ 


~ It will be shewn in Chapter Iv that the results (6) and (7) are not 
limited to the above special form of ¢ (a, y); but the present case 
is sufficient for most geometrical applications. 


LLO 8 5 
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EXAMPLES. V. 
(Differentiations ab inztvo.) 
1. Kind, from first principles, the derived functions of 


a 1 
- a, a, oo? ΝΟ 
| 1 z+a 1 
ene ata’ a-0 #-a 
1 
4 

8 Also of ν(οὗ + 2°), Mata)’ 

4. Also of cota, seca, cosec2. 

δ. Alsoof § sin*a, cos’a, sin 2a, cos 20 
6. If, in the rectilinear motion of a point, 


s=ut + fal’, 
where w, a are constants, prove that the velocity at time ¢ is w+at, 
and that the acceleration is constant. ' 


ἡ, If the pressure and the volume of a gas kept at constant 
temperature be connected by the relation 


pe = const., 
the cubical elasticity is equal to p. . . 


τς. 8. ΤῈ the radius of a circle be increasing at the rate of one foot 
per second, find the rate of increase of the area, in square feet per 
second, at the instant when the radius is 10 feet. 


9. If the area of a circle increase at a uniform rate, the rate of 
increase of the perimeter varies inversely as the radius. 


10. A is a fixed point on the circumference of a circle whose 
centre is Ὁ and radius one foot. A point P, starting from A, describes 
- the circumference uniformly in one second. Find the rates of increase 
th of the arc AP, (2) of the chord AP, (3) of the sectorial area AOP, 


(4) of the triangular area 40}, at the instant when the angle AOP 
is 60°. 7 
11. If the volume of a gramme of water varies as 
(9 -- 4} 
1+ 174000" 


where 6 is the temperature centigrade, find the coefficients of cubical 
expansion for θ -- 0" and 6= 20°, Γ 


SN PoP ope 
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EXAMPLES. VI. 
(Products and sootee) 
Verify the following differentiations : 


y=a(1-2), 
ψ πω (1-2), 
y=2™ ( -- a)", 


y = (%— 1)(α -- 2) (ὦ -- 3), 


ψΞοί( -- δ + 2), 
y = (1 + 2%) (1-224), 


rey 


a 


y= esin a, 


Yy = 2" C08 @, » 
y = sin? 2 cosa, — 
sin ὦ 


Dy = 


Dy =1— 2x. 

Dy = (1 — 2) (1 -- 32). 

Dy =a™-* (1 — 2)" {m—(m+n) x}. 
Dy = 32? — 12a +11. 

Dy = (1 --αὐ (1+x)?(1 + 82) (1-22), 
Dy = — 2x (1 + 4224), 


Dy = 2(a+= =)(1~3). 


Dy=q- a)" 
1-2 
(1 ae 


τ 45 
Dy = ia ae 


Rie ΓΟ 


Dy = sin x + % cos ἂν 
Dy = 2x cos x — αϑ sin x, 
Dy = 2 sin x— 3 sin*® w, 


COS 2@~sin ὦ 
Dy =——___, ——_ 
a? oe 
sin ©—2Cos 2) 
Dy = ; 
sin? x 


2~sinxcosa 
Dy aT EE 955- 
αὐ cos? a 


Dy = 2 tan x sec? a, 

Dy = 2 tan x sec" x. 

_. οΟβὲ ἃ — sin® ἃ; 
(sin x + cos x)?" 
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EXAMPLES. VIL | - 


(Functions of Functions.) — 


y= («+ a)" (x +65)", 


es cee 
y (τὰ 


. γε μ( τοῦ, 


y= J {(x + 1) (» + 2}, 


. ψπΞᾷ( ταὴ ,(] --αἢ, 


y=(1—2) /(1 +2") 


977 +e) Ὁ δ᾽ 


yar 


7 rtete) 
G a+ as)’ 


y= sin 2 (2—a), 


2 y = sin® 22, 
. y= /(1+sin 2), 


y = tan’ ὦ, 


y = sec" x, 


- 


Dy = (w+ a)*"* (2 + 6)" 


{(m + 2) α + mb + na}. 


1 — 3z 


Y= TIT a) 


_ (L—2 + 22% 


Pyne | 
Dy 


= % 
(1a) 

1 

(τα 


Ξ 1 
Dy=— a sah" 


2 1 
PY =a) THB, 


νι- ο--- -- --- 
( ταναῦ δ ( -ἶὐ δὲ 


| Dy -- 3 cos 2 (5 -- α). 
Dy =2 sin 4a. 


25. 


10. 


11. 


EXAMPLES 
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᾿ 9 515 x 
γε ΝΥΝ 
Ψ τ βίη α; Ὁ cos? ὦ Dy = ὃ sin x cos ὧ (sin α --- cos 2). 
y =sin x -- isin’ x, Dy = cos* 2. 
y=tanz+jtan*s, Dy = sec‘ x. 
« 4 ᾿ 3 : 
y=, | ᾿ Dy = (won - sine), 
y = sin ma sin nz, Dy =n sin mx cos nz 
+m cos me sin,na. 
: sin 2 | 
y= ,/(asin* x + 8 cos*2), Dy=3(0-B) cites Boot a)’ 
‘EXAMPLES. VIII. 
(Inverse Functions.) 
7 
y =sin-!(1 — 2), Dy =~ Tae as" 
ΒΡ te =sin7}¢4 —~__ 
y=asin™ a, Dy =sin a+ aa" 
bas 1 
pare, sa ona 
: 1 
Ὡς “-} == 
y= @, Dy @ Je)" 
1 
= a ᾿ = . 
Ψ = cosec™ ας OIE eat 
y = sin) Dy =0 
+ain™ (1 — 2), 
y=tantn+ten =, — Dy=0 
| - ὃ 
τ Sin 2 1-2? Ἢ = Ὃ 
Ψ (2. ./( ot Dy J — a) 
_ 2 
y= tan” Ta dah ee 
_, 1-2 . 3 
Ψ = 008 1:53 1. α΄ 
- tanasin® _ tana — 
y= en 1 + sec acosa’ PY seca + Om 


70  ——sENFINTTESIMAL CALCULUS ο (cH. 1 
| | 1 
12. y = tan! 0, ((α - 1) — 2}, DY=— TF FI)’ 
18, y=sin (cos 2), Dy=-—1. 
EXAMPLES, IX. 


1, What is the geometrical meaning of the theorem 
| ᾿ " 
J (he) =e (ka) 
2 if y= tan-? — | 


oDu-uDeo . 


prove that Dy=—3 +e 


: 1 -- δὴ 
8. Assuming that = Ξι ταταδι +a, 


deduce, by differentiation, the sum of the series 
1 + Qa 4+ 3a%e ... ἐπα ἢ, 
and test the result by putting x= 1. 
Hence shew that, if |a|<1, 
1 + 20+ 8.3. 4.5 +... too =(1 -- ο) ἃ 


4, If, in the rectilmear motion of a pout v* be a linear function 
of s, the acceleration is constant. 


5. If υ be a quadratic function of s, the acceleration varies as 
the distance from a fixed point in the line of motion. 


6. If the time be a quadratic function of the space described, the | 
acceleration varies as the cube of the velocity. 


7; If ὑπ 4.2, 


the acceleration varies inversely as the square of the distance from ἃ 
fixed point in the line of motion. 


8. If s? be a quadratic function of ¢, the acceleration varies 
as 1/s*. 
9. If the pressure and the volume of a gas be connected by the 
relation | 
poy = const., - 
the cubical elasticity is yp. 


EXAMPLES . 


‘EXAMPLES. X. 
(Partial Differentiation.) 


1. Sketch the contour-lines of the surface 
Gz = a+ y*, 
and describe the general form of the surface. 


2. Also of the surface Az = LY, 


3. If | z= f(x +y), 
| 0% Oe 
prove that ae Ὡ' 
and give the geometrical interpretation of this result, - 
4, If τ (δ Ἐν") 
; or or 
prove that ra =m, ν᾽: 
δ. If z= atan-% 
| a’ 
a2 oz an 
prove that ooo ry oy Pay 
6. If “" z= (Στ γ᾽, 
: dz az | 
prove that δι Cay ἐ Ψ. 
7 τ «-7(%), 
prove that ᾿ oe yo —=0 
p Vay ; 
8 If aa? + Shay + by? + 2gu + Yfy +0=0, 


prove that , = — YY 


CHAPTER III 


THE EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


36. The Exponential Function. 


The functions now to be considered may be defined in various 
ways, but from the point of view of the Calculus, as well as of 
most applications, their fundamental property is that they satisfy 
equations of the type | 


where k is a (positive or negative) constant. That is, the rate of 
_increase bears always a constant ratio to the instantaneous value 
of the function. “3 


The generalized ‘ exponential ’ function as thus defined*, may 
be contrasted with the ‘linear’ function | | 


URE PUG) sisiaiivesssosareaxens ον (ἢ) 


so called because its graph is a straight line.- It has in fact the 
same relation to the linear function which the law of compound 
bears to that of simple interest, provided we imagine the interest 
to accrue continually instead of at fixed intervals. 


The general linear function involves two constants, viz. the 
gradient ὃ, and the initial value a. If the matter were not already 
sufficiently simple, we might adopt as the standard linear function 
the one whose gradient and initial value are each = 1, so that 


y=1+2. ΠΤΎΟΝ φοοοοοοφοθο ...«((8) 


The general linear function may be derived from this by suitable 
alterations of the scales of # and y. 


The general exponential function involves in like manner two 
constants, viz. the constant / in (1), and the initial value OC, 
say. It will appear presently that these two constants completely 
determine the function. We choose as our standard function of 
this type the one for which k = 1, and whose initial value is unity. 


-* It will be seen later that it is necessarily of the form Ca* if z is rational, ; 
whence the name, since the variable ὦ appears as an index or ‘exponent.’ 


a 


? 
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In other words we define the exponential function par excellence 


as being that solution ot the equation 


which is equal to unity when ὦ = 0. 


87. The Exponential Series. i 


We have to shew in the first place that such a function exists, 
and also to find if possible a means of calculating it, to any desi 
degree of approximation, for any assigned value of a, | 


Let us assume, tentatively, that the equation 


dx ease Wel Sens ese eee suet eonnee te (1) 


can be satisfied by the sum of a power-series, say 
y =1t Ayo Ὁ 4,031. Aya? +... + And + ooey covers (2) 
where the first term has been fixed by the condition that y = 1 for 


g=0. On-the hypothesis that this value of y can be differentiated 


by the same rule which applies (Art. 29) to a finie series of terms, 
we should have ᾿ 


ΟΣ ΦᾺ,α-. 84,.5 -... +-nAga*?+..., ...(8) 


and the equation (1) would therefore be satisfied, provided 


A, = I, 2A, = Α,, 84, = Α,, ὁδοὶ Ξ μά, = Α,,.-.. ove (4) 


This requires 
| , : 1 1 
A,=1l, A,=14A\=5), A,=$4,=5), e 
and, generally, _ 
1 | 
. nen! e e sicieaeeausees(D) 
We are thus led to study the series 
at ot oo 
1 ἘΔ 57 Ἐ 57} 500 tat cede eases ΝΣ (6) 


This is convergent, and has therefore a definite ‘sum, for any 
given value of #. For the ratio of the (n + 1)th term to the nth, 
viz. a/n, can be made as small as we please (in absolute value) by 
taking πὶ great enough. Hence a point in the series can always 


ὄπ 
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be found after which the successive terms will diminish more 
rapidly than those of any geometrical progression whatever. The 
series is therefore convergent, by Art. 5; it is moreover ‘absolutely’ 
convergent. We denote its sum by F(z). 


We proceed to shew that the function Καὶ (x) as thus defined is 
continuous and differentiable, and that it does in fact satisfy (1). 
We write | 


O(e) =} {E (2) +E(—-2)} 


a tt οἷ 
St ae ghee Gay Ἐπ ἐδ οβα νὰ ene (7) 


S(2)=4 (8 ()-- Ε'(- ὡ)} 
ee of gant 
= S| Blt (ney oe pinta sles με oreieie (8) 
so that . | | 
E(@)=C(@)+8@), E(-#)=0(#)-S(2). 2.) 


We note that the terms of 6 (2) are all positive, whilst those of 
S (z) are of uniform sign, the same as that of 2; this simplifies the 
subsequent discussion. 


If 2, and & be two values of the variable, which we will suppose 
to have the same sign, we have ~ | 


αχ — a2 os — at a2" — an 
91 + 4,1" +...+ (2n)! +... 


Cet) + oi a li a 


C (2,) -- Ο (a) = 
21 A i: 


D2?) μοῖρες, 4 oN“) 
at .f ἐν (0) 


the equalities resulting from the theorems 1° and 2° of Art, 5. 
Let ξ be a positive quantity equal to the absolute value of a, or ὦ, 
_ whichever 18 the preater. We have, then, 


| ay?) + aye + + gin ΕΝ κρρςὶ (11) 
and the series in { } is therefore less in absolute value than 
ae τ 
@n—1)! Te aay 
1.6. less than S (ξ), which is finite. Hence 
lim, -» « {0 (a) —C(@)} =O. ....ccecececees (12) 


p+ ett 
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The function C (2) is therefore continuous for all values of 2 In 
the same way we may shew that S(«) is continuous. The con- 
_ tinuity of # (9) then follows from (9). 


_ Again, from (10), 


C (a@,) — C (2) Late, αὐτο τσ εν 
δ -- ὦ 2! 4! 


Hj 4 MA 4, gent ᾿ 
ny! er 8) 


The terms on the right-hand side are of uniform sign, swisther 
that of x.and a, be positive or negative. The numerator of the 
term last written therefore lies between 2n2?"— and 2nz,"—, and 
the sum of the series accordingly lies between S (x) and S(a,). 
Since S (#) is continuous, it follows that - 


“+ .00 


. C(a,) -- σ (x) | 
lime, +s * - πα =§ (a), ene ἈΝ 4) 
or. | | Oe) ΞΞ {ῶ)}3ερεξοεν κου ον νος (15) 
_ It may be shewn, in the same way, that 
SS’ () = O (at), cececccverescceccesseess (16) 
Hence) ΕΚ’ ()-- © {0(a) + 8 (@)} = σ΄ () +S’ ὦ 
| = S(a) +O (2)=E(@), see ee (17) 


so that (1) is satisfied by y = 1 (a), for all values of a. 
_Finally, we can shew that the solution of τ thus obtained is 


unique; under the condition that y =1 for z=0. For if u, v denote 
.two such solutions, we have , 
τ =U, et SU... cdoatewesivosvedeaess (18) 
| du dv 
| and therefore | τ Wag 0, μος μὰ (19) 
oy ς d (ὦ 
or a5 (5) "0 ode ecceceseccccvevccces (20) 


The ratio v/u is therefore constant*, and if w=1, v=1 for # = 0, 
the constant must be unity, whence τ τεῦ. 


* This assumes by anticipation an almost obvious theorem of which a formal 
proof i is given in Art. 56. : | | 
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38. Addition Theorem. Graph of ἢ (a). 
The more general equation 


d: 
x | " = ky οοοοσοοσοοοοοοοοοοοοοοο....(1) 
may be written . Aka) POY), - dae sgeeeessaetesesesestwe (2) 


and its solution, under the condition that y= 1 for #= 0, is there- 
fore | 


Y= Ei (lel). «υὐὐνοννλι νιν (8) 
Now let us (aa). (ὅλ ........Ψ. ἜΤ) 
We have 7 
nak’ (an). Ε (be) + bE’ (ba). E (aa) 
| (a+b) E (az). EB (bx) = (a +b) th c.ccesoosees (5) 
. Also the initial value of u is unity. Hence ΝΕ ; 
u= E{(a +b) a}, cee ae ......(6) 
or. E (a). H(b)= EB (a+), .......s.sssseeeee (7) 


for all values of aand δ, This constitutes the ‘addition theorem ’ 
of the exponential function. | 


In particular we have * 
Ki (a). E(— a) = Ε (0) HL, sesssscsecsseeee(8) 


or | E(-0)= 7. ee nee) 


We have seen that the function F («) is continuous. Moreover, 
when @ is positive, every term of the series for E(a) continually 
Increases with a, and becomes infinite for α5-- μοῦ, The same 
holds ἃ fortiort for the sum. Also, in virtue of (9), it appears that 
if ὦ be positive EH (—«) is positive and continua ly diminishes in 
absolute value as ὦ increases, and vanishes for woo. Hence 
as @ increases from —oo to+ oo, the function EF (x) continually 
increases from 0 to+ 00, and assumes once, and only once, every 
intermediate value. : 


The accompanying figure shews the curve 
y= (a). 


ed 
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A column of numerical values of the function F(a) is given in 
Table E at the end of the book. | 


; Fig. 24. al 
39. The number e. 
The result (7) of Art. 38 may be extended. Thus 
E(a). Εἰ (0). E(c)=E(a+b). E(c)=E(at+b+e), (1) 
and so on for any number of factors. 
If we form the product of n factors, each equal to Καὶ (1), we 


have 
{F(1)}*=H(1+1+.. . to mn terms) = EK (a). ...... (2) 
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It is usual to denote the quantity #'(1), or 


ἐσ τὴ 1 
ΓΕῚ ἘΣ Ὶ Ἐ δ] 


by the symbol 6. Its value to seven places of decimals is. 
e= 27182818, 
With this notation we have, if n be a positive integer, 


FEM) =O veeeeeseseeesrecerseeesens (4) - 


Again, if m/n be an arithmetical fraction (in its lowest terms), 
we have | 


{ (SP - (m+ + ... ton terms) = E'(m) = e™, 


re . (3) 


and therefore E (=) = ὅτι ΠΡ (5) 


Hence, if # be any positive rational quantity, integral or fractional, | 
wehave — | 
ψ (αὐ ET Pr ee OT ον (6) 


It follows, from Art: 88 (9), that 


B(-2)=5=6%, 


= 


so that the formula (6) holds for ali rational values of «, whether 
positive or negative. 


10 is to be noticed that the symbol ¢, when z is irrational, is 
(so far) undefined. We may now define it as merely another symbol 
for the sum of the series Δ (ἡ. The advantage of this definition 
is that the notation serves to remind us of the algebraical laws to 
which the function is subject. Thus we have , 


e εν = HN (Ὁ) x E(y)=E(e+y) =e, 


whether « and y be rational or irrational. 


The actual calculation of eis very simple. The first 13 terms of 
_ the series (3) are as follows : 


1l+1=2 


166 666 667 


|»- 99] μ- 


041 666 667. 


&9 
ht 
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7 ; 
ΕἸ = 908 333 333 ΟἹ = 000 002 756 
Ss = -001 388 889 —_ 000 000 276 
1 j 
ΤΊ = Ὅ00 198 413 1|1- 000 000 025 

a 4 
ΕἾ = 000 024 802 57 = Ὅ00 000 002 


ὃ & 

The sum of these numbers is 2°718281830. The error involved in 

neglecting the remaining terms is 

| It, 

| 151 141 Tol” 

which is less than | | 

1 τ 1 1 ΕΝ 1 

πτί 18 tiptigt--):° 12.121? 


and therefore does not affect the ninth place of decimals. Hence, 
allowing for the errors of the last figures in the above table, we may 
say with confidence that the result just found represents the value of ¢ 
correctly to seven decimal places. 9 


40. The Hyperbolic Functions. — 


There are certain combinations of exponential functions whose 
properties have a close formal analogy with those of the ordinary 
trigonometrical functions. They are called the hyberbolic sine, 
cosine, tangent, &c.*, and’ are defined and denoted as follows : 


sinh 4 = 4 (6 — eae e+e t e+ 
es ar ee oe (1) + 
ἽΝ a αἱ 

cosh ὦ; = ᾧ (6 - ὁ )ΞΙῚ ἘσῚ ἘχιὉ - 
tanh ὦ = se sech ¢ = - i 

cosh ὦ cosh x 9 

_ cosh # i ῷ 1 @eeseoeeeeesn «( ) 
coth x —, cosech = x 

~ sinh & inh ᾧ 


‘We notice that cosh a, like cos #, is an ‘even’ function of 7; te. it | 
is unaltered by waang — for 2, whilst sinh a, like sina, is an 


* They have in some respects the same relation to the rectangular hyperbola 
that the circular functions have to the circle. See Art. 100, Ex. 2 

+ These functions have already appeared, under a slightly litferent notation, in 

. 87. ° 


(oH. 111 
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‘odd’ function, #.e. the function is unaltered in absolute value but 
reversed in sign by the same substitution of — ὦ for a. 

4 | 
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Fig, 25. 


The figure shews the curves _ 
. ya’, yuo” 
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together with the curves 

y=cosha, y=sinh z, 
_ which are derived from them by taking half the sum, and half the 
difference, of the ordinates, respectively *. 


Since sinh αἵ and cosh are continuous, whilst cosh # never 
vanishes, it follows that tanh is continuous for all values of 8. 
Fig. 26 shews the curve 


| y = tanh «. 
This has the lines y = + 1 as asymptotes +. 
Y 


Fig. 26. 


Since 
cosh # + sinh a=eé*, cosha—sinha=e-*, ....,.(3) 
we have, by multiplication, 3 
cosh? #—sinh*w=1. ........ arcueetiatn (4) 
From this we derive, dividing by cosh*« and sinh’ z, respectively, 
saccade micas "| steel Sees) 
_ cosech? ἃ = coth? ὦ — 1. 
Again, we have 
cosh (ὦ + y) = ᾧ (65. ον +e7*. e-¥) 
| = 4 {(cosh # + sinh x) (cosh y + sinh y) 
+ (cosh 2 — sinh «) (cosh y — sinh y)} 
= cosh ecoshy+sinhwsinh y, .............. (6) 


* The curve y=cosh « is known in Statics as the ‘ catenary,’ from its being the 
form assumed by a chain of uniform density hanging freely under gravity. 

+ The numerical values (to three places) of the functions cosh 2, sinh z, tanh z, 
for values of 2 ranging from 0 to 2°5 at intervals of 0-1, are given in the Appendix, 
Table EK. 


1» 1. Ὁ. ‘ | 6 
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and similarly 
sinh (a +y)=sinh « bah y + cosh x sinh Ue. -eawews (7) 
As particular cases 
cosh 2a = cosh? # + sinh’a, sinh 2a = 2sinh «cosh a. ...(8) 
The formulz (4) and (5) correspond to the trigonometrical ἘΠΕ Β 
COS* ὦ» + SIN? B=], ......seecsecseecsevssesees (9) 


sec? x = 1 + tan’ a, 
- cosec? α; = cot? x + “f «(0 
Similarly the formule (8) are the analogues of 
cos 2a = cos*a—sin*'s, sin 2. τ 2 51} ᾧ 008 35, ...... (41) 
41. Differentiation of the Hyperbolic Functions. | 
1°, If =, GSI @. casa seeiantacn ees (1) 
we have oY D (-Ξ-- a) = 4 oe -- De-*) 
=4 (e+ ὩΣ = COBM Weis incdeeseccass cesses (2) 
Similarly, if Ap SCORN foice Sie auaquenieaconeenece (3) 
ἂν. ; 
we find Ps SINT Oe 4 ices sheers eee. nue eee: (4) | 
2°, If ἢ SCAN ©.’ scsisiss ses isnnsssencasaseine (5) 
we have ἊΝ 
dy _D sinh _ cosh a Dsinh ὦ — sinh # Dcosh » 
dx ~ cosh# cosh? a 
cosh? ὦ — sinh? ὦ ξ 
π᾿ = SOCK δ ὦ, «066 οννννεκ κεν ον σεν εσσον (6) 
by Art. 40 (4). 
Similarly, if . Ὁ Ξ COUN Wy ἀφο νον ἐγλονυνυ νύ νον: (7) 
d 
we find oe =—cosech’#, ...... πο οβιὸν eae (8) 
85, If YP SSCCH We. ὐνοιαρονρ οι εν ον ων νδθον (9) 
we have, by Art. 31 (4), 
dy 1 \ —Decosha 
Agile le 
=a sinha © PO oe cere eeraseseoersererenenes (10) 


cosh? # 
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Similarly, if | Y = Cosech a, .......ccccceeeee Cer ree (11) 
dy —- cosh ΠΥΡῚ 
we find | ἂς unhig’ Cotten (12) 


42. The Logarithmic Function. 


The ‘logarithmic’ function is defined as the inverse of the 
exponential function. Thus if 


= ey, 
we have APS NOR Woon ieee depos ct (1) 


It was seen in Art. 88 that as y ranges from — oo through 0 to 
+0, & steadily increases from 0 through 1 to+0. Hence for 
every positive value of 2 there is one and only one value of log 2; 
moreover this value will be positive or negative, according as # 2 1. 
Also for z=0 we have y=—o,and fort=+o,y=+o, For 
negative values of # the logarithmic function does not exist, 


The ordinary properties of the logarithmic function follow from 


the above definition in the usual manner. 


The full line in Fig. 27 (p. 84) shews the graph of log α. Τὺ 
18 of course the same as that of & (F ig. 24, p. 77) with @ and y 
᾿ interchanged *, 


We can now define the symbol αὖ, where a is positive, for the 
case of ὦ irrational. Since 


a = close, 
_we have, if a be rational, OP Ce sated iaaceus dc tassel (2) 


and the latter form may be adopted as the definition of αὐ when a. 
is irrational 7. 


Hence if SO ,... vesateeeeieeedanccee daeeses (3) 
we have | | a = αὐ IOP α. evsseaseiatsretivecsck: (4) 


The logarithm of «, as above defined, is sometimes denoted by 
log. # to distinguish it from the common or ‘ Briggian’ logarithm 
log... The latter may be regarded as defined by the statementthat | 


¥ = log, a, if 10Y=2, or ee — ey νυν νον, (5) 


* The function log 4 is tabulated in the Appendix, Table Ε', 
¢ The more usual algebraic definition is that if 21, 2g, 73, ... be any sequenpe 
of rational quantities having the irrational x as its limit, a* is the limit of the 
sequence ; ~ 
αὖ, a*s, 9 ses 
A proof is then required that the limit is definite, and is moreover a continuous 
function of x. 


6—2 
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Hence y log, 10 = log, a, or logy a= plog. a, «......+ (6) 
1 π᾿ 
where ἘΣ μΞ log, 10 εξ ἀπά. νους οκ νοις ρὺ νον ἐςυς (7) 


The mode of calculating » will be indicated in Chapter XIV. 


Hence the graph of the function log, ὦ is obtained from that of 
log, by diminishing the ordinates in the constant ratio μ. See 
the dotted line in the figure. _ ) 


anawa 
ka 
sowo” 
wooo 
awww 
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aw” 
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ae 
ae 


ae 
oe" 


Fig. 27. 


In this book we shall always use the symbol log in the sense 
of log, x. 


43. Some Limiting Values. 


There are certain limiting values connected with the exponential 
and logarithmic functions which are of importance. 


1°. To find Moe Wert. Aiiaass eaworseace (1) 
The function assumes the indeterminate form 0 x 0. But since 
@ 1 2. x 
pui/(Gtitgtgt). 
we see that the limit in question is 0, 
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In the same way we can prove that 
lim ye OO SO) As ciecsteeeeadedces. (2) 


where m is any rational quantity. This shews that as 2 increases 
indefinitely, e* becomes infinite in comparison with any power of 
x, however high. : | 


Again, if a be positive and <1, we have 
| LM gmc MA” =O. ose ceseeccnscsssennees e(B) 
. For if k=log(1/a), and is therefore positive, we have 
| | na” = ne~*, 


2°, If in (1) we put = 65, and therefore «= log z, we infer 
that 
lim, oo 84 tO 123s a δοσήνεοπις ει ρολῦτι (4) 


Hence as Δ increases indefinitely, log 2, though ultimately 
infinite, 1s infinitely small compared with a. 


3°, Again, if in (1) we put z=e-*, and therefore 2 = — log z, 
we have | 


limyong S109 2 =O. .... νον ννννννννεονοοον (5) 
4°. We have 
65 -- Ἰ oe a ᾿ 
ἐν og ha 
c οϑ 
πε ( ἐξ. 1... 


The series within brackets is convergent and therefore has a finite | 
sum. Hence. | 2 
ling κοὐ ΤῸ Se  ΡΉΉ (6) 


If we write ka for z, we have 
eke —] 


ah: aude isonet (7) 


lim,» 
or, putting 4 = log a, where a is any positive quantity, 


lim, 29 ΤῸ OG Ge ctaceleicendiwexars (8) 


Another form of this result is obtained by putting # =1/n. 
Thus | 


1 . , 
lim,» ἢ (a® — 1) = log a. ὌΝ (9) 
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5°, If in (6) we put «= log (1+ 2), and therefore δ᾽ = 1+, we 
_ deduce | | 


lim, +) BC+ 9) of re reer veveee (10) 
85, If a= (1 " τ, Sule ates veseeee(LD) 
we have log u = n log (2 + =) . 


Putting «= nz, we have 
Lim,» log u = ᾧ lims-»9 —?- log = + 5) 
by (10). Hence 

| fates (1 Ῥ =) ΞΡ (18) 
The limit on the left hand is sometimes adopted, in Algebra, as 
the definition of the exponential function. 


44. Differentiation of a Logarithm. 


1.5. Of Y = Ἰοῦ α, vecrecevcrseccccccccecenens (1) 
| as | 
we have ὦ τι 6", —=-e=@, 
ἑ dy 
7 dy 1 
and therefore | oe ΜΝ (2) 


This diminishes as « increases, so that the representative curve 
becomes less and less inclined to the axis of x. See Fig. 27, p. 84. 


2. If Y = Og ὥ, coccescserserscscverececees (3) 
we have e=a’, = =a .log,a =a. log, a, 
: | dy 1 1 
whence 7 α aa μὴ oe (4) 
For instance, if  ¥= log We a cadiveese sesesaisl vewhease (5) 
| dy μ 
we have gy? “teeeersenstenssceneasenanen eae ns (6) 
where b= 48429... as in Art. 42. 
3°. If SE Reed 4 RCE (7) 


where u is a given function of x, we have, by Art. 32, 
dy ὧν ἄμ 1 ἄυ Ψ 8 
tad 1 da ἘΠ ΕΝ ΕΓ (8) 


\ 


43-45] EXPONENTIAL AND LOGARITHMIC FUNCTIONS 87 


Hz. 1. If NOG BUN αὔθ. 0. νονν ον νον νονον νου σον ον νας (9) 
οἿ ΒΝ ΤΕ ΕΝ 
we have | a ane D sin στ Cot MW .......cccceseeees (10) 
Similarly, if . y-=logsecs=—logcosz, seesecesecseveecee( LL) 
α 
we find He tana. so eecsesteserseonsesssseeeee(1Q) 
Ha. 2. 1  y=logtanda, .........., Ceeeeeeerreereer (18) 
dy__1 = 
we have:.: de ~ tan fa ὕω eens 5605 dar. 4 
1 
"ΤΩ οοοοοφοφοφοοφοοοοοοφοοοφυσοοσοιοουροοφοοοοφοοοοοο (14) 
Similarly, if Ψ = log tan (Σπ- Δα), .....«νννννννννννννον (15) 
ἂν 1 
we should find | > errs eee (16) 
Fu, 3, Let y=hlog 119 
—% 
= flog (1+2)-flog(l—a). voc... eee (17) 
dy 1 1 1 1 ] 
Hence de Si¢a+3i-g"I-y i Sacha (18) 
Fa. 4. Let ¥Y=log {m+ (δε 1}} «οννννννν νον νοννννυν, (19) 
Γ 


We have es ee: D {a + f(x? + 1)} 


-argeren ('* een} 
a+ ,/(x* + 1) J (2 + 1) 
; . 


TGR Py ereeseeeeeseeseeseccencnnssessnsnnen (20) 


46. Logarithmic Differentiation. 


In the case of a function consisting of a number of factors it is 
sometimes convenient to take the logarithm before differentiating. 
Thus if | 


we have | 
log y=logu, + logu, +logu,+...— logy, —log ¥,—logy,—:.., ...(2) 


t 
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and therefore, by Art. 44, 3°, 


ldy_ 1 ἄυ, dw, 1duy 
y dz hy ae Uz dx ας, ax 
: 1 ἄυ. ldv,e 1dr, 


This is a generalization of the results of Arts. 30, 31. 
The same method can be applied to the differentiation of 


ΦΈΞ SE eee eee eter (4) 
We have — NO ΞΕ ὁ LOG ΜΡ ac ode ες ονοι εν νον: (5) 
ldy dv v du | 
pda dee a de Souleinuneestoees (6) 
Hence aa : | 
d dv , du | 
P a = 2° ae log ὦ + vue dg’ “7 5775 (7) 


That is, we differentiate as if each of the functions ει, v, in tin; 
were constant, and add the results. 


᾿ (a+) (ὃ -- αἡ 
Ew. 1. IE y= / (eal 
we have 
log y = $ log (a + x) + 4 log (6 + x) — ὦ log (α -- x) — flog (6— a). 
ldy 1 1 1 1 1 
_ Hence pie" [στα στ στοῦ το 


6 = (a+b) (αὖ -- a4) 
~ a aoa δὴ — a ~ (a— a”) (δ — αὐ) 


dy _ (a+b) (ab— αὖ 
dz (αᾳ-- ω}} (ὁ -- α)ῇ (a + ar) (b+ yo 
Ex. 2. Τῇ y = 2, 
we find | 7 oY κα + log x), 


46. The Inverse Hyperbolic Functions. 
The inverse hyperbolic functions 


sinh-!z, cosh“!a, tanh-'a, &«. 


\ 
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are defined on the principle explained in Art. 16; thus the meaning 
of y =sinh™ «@ is that : | 
and so on. 


These functions can all be expressed in terms of the logarithmic 
function. Thus if 


e=sinh y= 4 (EY —e-¥), «νον νον νννννννννον (2) 
* we have Θ᾽ — 2xe¥ —-1 =0, 
Solving this quadratic in ον, we find 

| Θ᾽ τὸ att l(t). ...ὑνονννννννννννεννν (4) 


If y is to be real, ὁ" must be positive, and the upper sign must be 
taken. Hence 


sinh™ a# = log {a+ /(a?+1)}. «ονὐννονννννννον (5) 
In a similar manner we should find that, if#>1, _ 
cosh™ ὦ; = log {fa + f/(a@?—1)}. «ννννννννννννν (6) 


Hither sign is here admissible; the quantities 2 +./(a?—1) are 
reciprocals, and their logarithms differ simply in sign. It appears 
on sketching the graph of cosh x that for every value of « which 
is > 1 there are two values of y, equal in magnitude, but opposite 


in sign. 


Again, if e=tanhy =2—", sco vesnsesuwobetes (7) 
we have eu = ite Wissauhatesaed ἜΝ (8) 
Hence tanh— » = log rte, sia ενξ οὸ ο οι εἰξν δι (9) 
‘This is real only 1 « 1. 
Similarly, we find 
| coth ας; =4 log = as ; jideenecsneesoans (10). 


which is real only if || >1. 


_ 47. Differentiation of the Inverse Hyperbolic Functions. 


1°, If y= BING Has. PektrievdiersPovaeaetes (1) 
~ we have = sinh y, ai = 


dy cosh y= (a + 1), 
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and therefore dy _ : 


dz 7 ΝᾺ + 2°) GB =—§ PMO HPOKSOPeeeererersases (2) 
There is no ambiguity of sign, for cosh y is essentially positive. 
2°, If Of PCOS Gaede νυ νου οὐονενενφ ον (3) 


we have @ = cosh y, y= sinhy = αὶ V2), 


whence 


For any given value of 2, greater than unity, there are two 
values of y, and for these dy/d« has opposite signs. [Cf Fig. 25, 
p. 80, interchanging ὦ and y.] ) 


3°. If Y= tanh @, ........sssesceeeeeeessenes (5) 
da 
we have @= tanh y, alae a — a, 
| dy 1 
i therefore dz = i-w EST TETIVETITIST ITT TTT (6) 


This a with Art, 44, Ex. 3. It is to be noticed that y is real 
only when α «1. See Fig. 26, p. 81. ' 


Similarly, ὦ Of ΞΞ οοῦι δ», .... «οὐ οοοονονοννονν ον. (7) 
| | ἂν 1 
we find as π-ἢ 9 οοοοοοοουοοοοοοοοοοοοοοδθδο (8) 


a being necessarily >1, if y is real. 


EXAMPLES. XI. 


1. Prove by calculation from the series for ¢ that 
1/e = °367879, cosh 1 = 1-5430806, sinh 1 = 1-1752012. 
2. . Prove that 
fe= 16487213, 1), /e = 6065307, 
cosh ὁ = 1:1276260, sinh } = 5210953. 
8. Prove that if |a|<|b| the equation 
@ cosh ὦ» + bsinh x = 0, 
has one, and only one, real root. - 
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4 Draw the graphs of = | 
— cosecha, cotha, cothx—tanhz. 


5. Shew that the function tanh (1/2) is discontinuous for x= 0. 
Draw a graph of the function. 


6. Ifa and b be positive, and a > ὃ, the function 
ac” τ δε" 
; e+e" 
has the upper limit a and the lower limit ὃ, 
Prove the following formuls : 


7. cosh 2a = 2 cosh’a — 1 = 1 + 2 sinh? a, 


: 2 tanh x 1+ nite 
8. sinh 22 τ: τῆλε ΤῊΝ cosh 22 = 1 — tanh’ 2’ bh? 
2 tanh x 
tanh 20 ει 


9. cosh" x cos* x + sinh* x sin* a = 4 (cosh 2a + cos 22), 
- cosh® α βίη" ὦ + sinh* x cos" ὦ; = 4 (cosh 2a — cos 22), 
10. cosh* a cos* ὦ — sinh* ὦ sin* x = } (1 + cosh 2x cos 2a), 
cosh* w sin* ὦ — sinh* z cos’ ὦ = 4 (1 — cosh 2a cos 22). 
11. cosh* « + sinh* » = sinh* τὸ + cosh* v = cosh (u + Ὁ) cosh (εε — ὁ), 
cosh? « — cosh?v = sinh* τ — sinh’ v = sinh (wu Ὁ Ὁ) sinh (u— ). 
12. sinh τὸ + sinh ὁ = 2 sinh } (ει + Ὁ) cosh } (ὦ — 9), 
sinh  —sinh v = 2 cosh } (u + Ὁ) sinh } (με — 0); 
cosh « + cosh v = 2 cosh 4 (u + Ὁ) cosh 4 (τι — v), 
cosh « — cosh v = 2 sinh } (u + Ὁ) sinh } (u — υ). 


. sinhe coshu—1 
- a al δ ΤῊ 


ΟΝ cosh « -- 1 
(Sahw¥1)* 
14. sinh 3u = 4 sinh’ u + 3 sinh a, 
cosh 3u = 4 cosh*® τ — 3 cosh τι. 
15, 142 cosh ὦ + 2 cosh 2u + 2 cosh 3u+ ... + 2 cosh mes 


. “inh (π + 3) 6 ἜΝ ‘ > 
in $s | | 
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EXAMPLES. XII. 


Verify the following differentiations : 


19. 


20. 


21, 


y= e”, 
_& 
= =| ; 
y= geting 
y= eftinte 


y = 6% sin Ba, 


y =e" cos Ba, 


y = x6", Dy=(e+1)% * 
y = xe~*, Dy = (1 — a) 6.5. 
y = ποῖ, Dy = (α + m) a ον, 
y =e" sin a, Dy = & (sin ὦ Ὁ 608 2). 
y = & 008 &, Dy = θ᾽ (cos ὦ — sin x), 
6" --Ἰ 265 
Y= eal Y= eat 
y = sinh? 2, Dy = sinh 22, 
y = cosh? a, Dy = sinh 22, 
y = tanh’ a, Ἐξ <ane ; 
y = sinh x +} sinh* x, Dy = cosh? », 
y = tanh x—} tanh’ a, Dy = sech‘ a. 
y = cosh x cos @ Dy = 2 sinh x cos a 
+ sinh x sin 2, 
y = cosh x sin 2 | Dy = 2 cosh cos =. 
+ sinh x cos @, , 
anaes: Dy = 2 sin @ sinh & 
sinh @ + sin ὦ (sinh x + sin x)? 
puta ἐπα αττα ma 


Dy = 2xe™, 
] 
δῳ -- “(2 - ἡ. 


Dy = cos x en”, 
Dy = sin 2x tin’, 


[cH. ΠῚ 


Dy = e% (asin Bx + β cos Ba), 
Dy = e** (a, cos Bu — B sin Be), 


. 


o PN OO POP μὸ 


20. 


21. 


EXAMPLES 


EXAMPLES. XIII 


Verify the following differentiations : 


y = ax log a, Dy = 1 + log x. 
y= οἴ log a, Dy =a" (1 + mlog a). 
y = log sin a, Dy = cot x. 
y = log cos a, Dy = — tan x 
y = log tan x, Dy = 2 cosec 2a, 
y = log sinh ὦ, Dy = coth x. 
y =log cosh x, Dy = tanh x. 
y = log tanh a, . Dy = 2 cosech 2a, 
x 1 
Ὑ πιο τῷ’ ἣν κατ" 
1-. ὦ . 2 
γ ΞΊορ το’ Dy =- το" 
x 1 
y= 08 Tae) Dy= Seal)’ 
1+ /x 1 
y= 108 Ta DY= a) Ja 
y = log {,/(% + 1) Dy = 1 
+ J/(@—1)}, 2 /(%?—1) 
x 1 I 
y = log Ja? + ὄ 1) --α᾽ Ἐπ ἢ J (a2 +1)" 
Qa —1 _ w+) 
y = log (ὦ -- 1)- Gap Y= (a — 1)" 
_y l+e+a _ 2(1--αοὖ 
y= 08 aa Ὅν τι ον απ’ 
y~,/ +5) Dy ΟΝ 
1 — at)’ (1 τοῦνὰ (1 --ὐδ΄ 
εὐ sac bs Dy —2 i 
M(t at) τα ν (1 + αὐ) {./(1 τ αὐ) + af?” 
(1 τ αὐ τ ΜᾺ -- ὦ) ἢ»). 1 - 
“πὸ (1 οἡ- νι -αὐ᾽ 97> Bat) αδ᾽ 
γωναταλεψα τ ῶῖἶῦ... 3. 2 
J (1 + οὐ — ΚΑ -- αὐ) αὐ, (1 --αοὐ a” 


ον μία 4 1) - at το 
y= log a ἼΤ᾽ PY = ταν 
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EXAMPLES. XIV. 


“ 


1. Draw the graphs of log,sinz and log, tanz from: 2=0 
to m=z, 


2. Prove that if f(a) be any rational integral function of a, 


8. Prove that if a be positive 
lim, +. %/a = 1, 
4 Prove that 


limz-»o πὶ + 2)-8 = ~}, 
Prove the formule: 
δ. sinh~? %=cosh™ ,/(2*+1), cosh-!”=sinh™ «{(5 = 1). 
1+ /(1+27) 
oe 


sech— a = log =) » cosech™a=log 


α᾽--ἹἸ 
αὐ} 


7. Prove that the equation 


6. Prove that tanh7 


= log a. 


cosh™ a + cosh-! y =m 
represents a hyperbola ; and find its asymptotes, 
“- [y= we", y= a0-™.] 
Verify the following differentiations : 


τ τ 1 
“8. y=sech"'a, Dy=- Saal 
od 
9. y=cosech™ =—- — 
y a, Dy Ja +a) 
10. y=sin-'(tanh 2), Dy = sech a, 
11. y=tan~'(sinhz), . Dy = sech 2, 
12, y=tan-' (tanh 42), Dy = } sech ας, 
18. y=tanh™! (tan 42), Dy = } sec x. 
ἢ“ τα 1 
14, y=tenh ‘Trae’ DPy=T ον 


CHAPTER IV 
APPLICATIONS OF THE DERIVED FUNCTION 


48. Inferences from the sign of the Derived Function. 
If y = ¢ (a), and if dx, dy be simultaneous increments of ὦ and 
y, the limiting value of the ratio ὃψ δα when δὼ is indefinitely 
diminished is, by definition, $’ (a). Hence, before the limit, we 
may write é 
sy ,, 
5, - Φ (OB) 4 Oy υὐνονζούέθον ἐν φονωρι {1} 
where o is an ultimately vanishing quantity. 
A numerical example of the manner in which the ratio dy/5z approxi- 


Ἢ mates to its limiting value may be of interest. We take the case of 
y = log,, x, for the neighbourhood of «=1. The limiting value is here 


- dy” p_, 
T= 5 43429. ... 


The numbers in the second column are taken from the printed tables. 


by 


041393 
021189 


0043214 
0021661 
00043408 
00021709 
000043427 


Let us first suppose that 
φ' (x) > 0. 
Since the limiting value of o is zero, we can by taking dx small 
enough ensure that 
¢ (a) +a>0. 
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That is, by (1), Sy will have the same sign as 5a for all admissible 
values of 6a which are less in absolute value than a certain mag- 
nitude e. 


In the same way, if 
φ' () < 0, | 
dy will have the opposite sign to δὰ; for all admissible values of 6x 
which are less in absolute value than a certain quantity ε. 


If the independent variable be represented geometrically as in 
Fig. 1, Art. 1, and if ας = OM, where M is a point within the range 
considered, we may say that if.¢’(«) be positive there is a certain 
interval to the right of IM for every point of which the value of the 
function ¢() is greater than its value at 27, and a certain interval 
to the left of M at every point of which the value of the function 
_ is less than its value at M. If φ' (@) be negative, the words ‘ greater ’ 
and ‘less’ must be interchanged in this statement. When M is at 
the beginning or end of the range of a, the intervals referred to lie 
of course to the right or left of M, respectively. | 


It follows that if $’(2) be positive over any finite range, the 
value of φ (2) will steadily increase with # throughout the range ; 
ie. if a, and 2, be any two values of « belonging to the range, such 


that 2, > ,, then 
(a) > $ (am). 


For ¢(a), being by hypothesis differentiable, and therefore con- 
tinuous, must have (Art. 18) a greatest and a least value in the 
interval from #, to #, (inclusive).' And the preceding argument 
shews that the greatest value cannot occur at the beginning of the 
interval, or in the interior; it must therefore occur at the end. 
Similarly the least value of ¢(#) must occur at the beginning of 
the interval. 


In the same way it appears that if ¢’(«) be negative over any 
finite range, then ¢ («) will steadily decrease as x increases, through- 
out this range; 1.6. 1 ὧι and.#, be any two values of « belonging to 
the range, such that 2, >,, then 

᾿ φ (αὐ) « (x). 

The geometrical meaning of these results is obvious. When 

the gradient of a curve is positive the ordinates increase with a; 


when the gradient is negative the ordinates decrease as δ᾽ increases. — 
The graphs of various functions given in Chapter I will serve as 


- illustrations. 


The converse statements that if ¢ (#) steadily increases with « 
throughout any range, ¢’ (#) cannot be negative for any value of « 
belonging to this range, and that, if ¢(«) steadily decreases as δ 
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increases, ¢ (a) cannot be positive, follow immediately from the 
definition of φ' (a). | 


‘Again, even if φ' (x) vanish at a finite number of isolated points, 
provided it be elsewhere uniformly positive, (x) will steadily 
increase. Suppose, for example, that ¢’(z,)=0, and that witb 
this exception φ' (a) is positive in the interval from «= =%, t0 © =a, 
where a#,>a,. The least value of φ(“) cannot then occur within 
this interval, or at the upper extremity (c= 45). It must therefore 
occur at the lower extremity (ὦ Ξ 4). Hence 


| ᾿ τς φ(αὴ» $ (a). 
The same conclusion is arrived at if. φ' (x) 1s positive from #= a, 
to #=,, where it vanishes, 


δ. Ὁ Ὁ OOS CAE ἐπ ἂν υἱ 55 5α Se Fen μα ee ome 


SASS SSS τῶ. ἀξ, μα ἐΣ2 Bem 
I δὲν αν να Ee ἀν το OF oe ae nym oe ee oe ee 


semne 


Fig. 28, 


In the same way, if ¢’ (x) vanish at a finite number of isolated 
points, but is otherwise negative, ¢ (a) will steadily decrease. 


Ex.l. IE | y = cos % — (1 — οὔ), a 
᾿ we have aa dy =a —sin ὦ, 
dx 


which is positive for positive values of a Since y is an even function, 
and vanishes for «= 0, it follows that 


1>cosx>1— 2%, 


Again if y =sin x -- (α -- 32°), 
d | 
we have Ὡς = 008 @ — (1— fa), 


which has been seen to be positive. Hence, since y= 0 for x=0, 
e> δῖ ὦ» ὼ -- ὧδ 


for positive values of ὦ, If ὦ is negative the order of magnitude is 


reversed. 
«LLG | Pie ” 
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Eau, 2. Τῇ | y =tan α --ὦ, 
we have τ = 8663 α; —] = tan* x. 
Hence dy/da is positive, except for x= 0, 7, 27, .... Hence y steadily 
increases with « throughout any range which does not include one of 
the points of discontinuity (c=47, $7, ...). 
It easily follows that the equation 5 
ἴδ ὦ -- τε ᾿ 
has no root between 0 and $7; one, and only one, root between ὁπ and / 
2a; and so on. 
These results may be verified by a graphical construction. If we 
draw the lines 
y=tanx, y=, 
their intersections will determine the values of x which make 
tan #= ἃ. ᾿ 


49. The Derivative vanishes in the interval between two 
equal values of the Function. 
_If $() vanish for =a and #=5, and if φ' (x) be finite for all 
values of x between a and ὦ, then ¢’(«) will vanish for some value 
of a between a and ὃ. 


For, either @(«) is constantly zero throughout the interval 
from a to ὦ, or it will have (Art. 18) a greatest or a least value for 
some value (z,) of #« within this interval. In the former case we 
shall have ¢’ (a) =0 throughout the interval; in the latter case 
Φ' (a) cannot be either positive or negative (Art. 48) and must 
therefore vanish, since it is by hypothesis finite. 


The geometrical statement of this theorem is that if a curve 
meets the axis of z at two points, and if the gradient 18 everywhere 
finite, there must be at least one intervening point at which the 
tangent is parallel to the axis of 2 See, for example, the graph 
of sin ὦ on p. 28; also Fig. 9, p. 24. ; 


It is to be carefully noticed that, in the above argument, the 
conditions that ¢(a) and ¢’ (x) should each have a definite (and 
therefore finite) value throughout the interval from «=a to α Ξε ὃ 
are essential. The annexed figures exhibit various cases where the 


onan mm ee - 
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conclusion does not hold, owing to the violation of one or other of 
these conditions. 


A slightly more general form of the theorem of this Art. is that 
if ᾧ (5) has the same yalue (8) for «=a and «= b, then under the 
same conditions as to the continuity and finiteness. of φ («) and 
φ΄' (2), the derived function ¢’ (x) will vanish for some intermediate 
value of 2 This follows by the same argument, applied now to the 
function ¢ (#) — 8. : 


Eu. 1. If (x) = (ὦ — a) (α -- ὃ), 
we have φ΄' (%) = 2% — (a +). 
Hence Φ' (x) vanishes for x= ᾧ (α + 6), which lies between a and δι 
fx. 2. If φ (x) = -- Ξ , | 
Στὰ gh (as) 3 Bese sine 


οἷ 


_ Here ¢ (5) -ΞῸ for w=a and x=27; hence φ' (a) must vanish for some 
intermediate value of x. This is in agreement with Art. 48, Ex. 2, where 
_ It was shewn that the equation x = tan x has a root between π' and gor. 


50. Application to the Theory of Equations. 


If ¢ (a) be a rational integral function of «, then φ (x) and its 
derivative φ' (2) are both of them continuous (and finite) for all 
finite values of 2 Hence at least one real root of the equation 


| (2) Θ᾽ recccescerinisete eatin ....) 
will lie between any two real roots of 
φία) τεῦ. «οννννννος ΤΉ (2) 


᾿ 'Thik result, which is known as ‘Rolle’s Theorem, is important in . 
the Theory of Equatipns. It is an immediate consequence that at 
most one real root of (2) lies between any two consecutive roots of 
(1). That is, the roots of (1) separate those of (2). 


Hu. 1. Τὸ (a) = 4a3— 2107+ 18x + 20, 
we have } (a) = 1207 42. + 18 = 6 (2. -- 1) (ὦ -- 3), 
Hence the real roots of ¢ (x) =0, if any, will lie in the intervals between 
ποῦ and 7, 3 and 3, 3 and + οὐ, respectiyely. Now, for 
| w=—00, ἃ, 3, +0, 
the signs of ¢ (a) are’ -, ἢ, πρώ +, 
respectively, so that ¢ (x) must in fact vanish once (by Art. 9) in each 


of the above intervals. Hence there are three real roots. The figure 
on the next page shews the graph of ¢ (a). 


7—2 


100. INFINITESIMAL CALCULUS τς [0Η. IV 


If by continuous modification of the form of φ (9), for example 
by the addition or subtraction of a constant, two roots are made to 
coalesce, the root of ¢’ (a) = 0 which lies between must coalesce with 
them. Hence a double root of ¢ (ὦ) = 0 is also a root of φ' (a) =0. 


Fig. 30. ᾿ 


More generally, an r-fold root of ¢(«)=0 being regarded as 
due to the coalescence of r distinct roots, the equation ¢’ (#)=0 
will have »— 1 intervening roots which coalesce. 


This suggests a method of ascertaining the multiple roots, if | 
any, of a proposed algebraic equation. If a be an r-fold root of 


φ (x), we have 
| φ (©) = (L— A) χ (L), «««Ὑὐννονν ἐρόλν δος (8) 
where χ (a) is a rational integral function. Hence 
φ' (w) = ὦ — a)’ fry (@) + (ὦ -- ἃ) χ' (@)} 5 --...::0.. (4) 


- de. (ὦ --- αὐτὶ will be a common factor of ¢(#) and ¢’(#). And it 
is easily seen that (ὦ -- a)? will not be a common factor unless 
d(x) is divisible by (4 —a)’. Hence the multiple roots of φ (2), 
if any, are to be detected by finding the common factors of ¢ (2) 
_and φΦ' (2) by the usual algebraical process. 


Ea. 2. Tt (x) = a — θα + 45 + 12, 
we have φ' (x) = 4a — 185 + 4. 


The usual test leads to the conclusion that «—2 is a common factor 
of φία) and φ' (); whence we infer that (a -- 2)? is a factor of φ (2). 
The remaining factors are then easily ascertained ; thus we find - 


(22) -ἰα-- 2)" 6 +1) (ὦ +3). 


= 
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Ex. 3. To find the condition that the cubic 


should have 8 double root. 
The double root, if it- exists, must satisfy | 3 
3a +9 = 0 OF B= HA , 7{-- 4). ...«ἀοὐνννόνννννςς (6) 


Substituting in (5), we find 


r=+3/(-}¢), or P= 44%, ....... See ere (7) 
which is the required condition. : 


51. Maxima and Minima. 


A ‘maximum’ value of a continuous function is one which is 
greater, and a ‘minimum’ value is one which is less, than the values 


_ In the immediate neighbourhood, on either side. 


More precisely, the function (x) is a maximum for «= αι, if 
_ two positive quantities, ε and ε΄, can be found such that φ (αι) 15 
greater than the value which Φ (2) assumes for any other value of 
# in the interval from #=a,—¢ to c=m,+¢, Similarly for a 
minimum. 

_ Since the comparison is made with values of the function in 
the immediate neighbourhood only of #,, a maximum is not neces- 


sarily the greatest, nor a minimum the least; of all the values of 
the function. See Fig. 30. 


We will limit ourselves for the present to the case, which 
. Includes all the more important applications, where ᾧ (ὦ) has a 
determinate and finite derivative at all points of the range con- 
sidered. The argument of Art. 48 then shews that if (2) be a 
maximum or minimum, ¢’ (a) cannot differ from zero. For if it 
be either positive or negative, there will be points in the immediate » 
neighbourhood of a for which ¢(«) will be greater, and others for 
which it will be less, than @(a,). Hence, in the case supposed, a 
first condition for a maximum or minimum value of φ (x) is that 


φ΄ (#) should vanish. 


This condition is necessary, but it is- not sufficient, To in- 
vestigate the matter further, we will suppose that on each side of 
the point x, there is a certain interval throughout which ¢’(«) is 
altogether positive or altogether negative*. Now if φ' () be - 
positive for all values of # between κῃ — ε and «5, ¢ («) will (Art. 48) 
steadily increase throughout the interval thus defined; and if 


* That is, we exclude cases where φ' (x) changes sign an infinite number of | 
times within any interval including 2z,, however short. The point «=0 in the 
function x? sin 1/x is an instance, 
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φ΄ (a) be negative for all values of x between 2, and a, + ε΄, ᾧ (2) 
will steadily decrease throughout the corresponding interval. Hence 
if both these conditions hold, ¢(2#,) is a maximum. And it is 
evident that if the signs be otherwise, ¢ (x,) cannot be the greatest 
value which the function assumes within the interval extending 
from δ] -- ε to a, Ἢ εἰ. ΠΕ: 


We may express this shortly by saying that the necessary and 
sufficient condition in order that ¢(a,) may be a maximum value 
of φ (5) is that φ' (5) should change sign from + to — as a increases 
through the value “;. 


' In the same way we' find that the necessary and sufficient con- 
dition in order that ¢ (#,) may be a minimum value of ᾧ (2) is that 
Φ' («) should change sign from — to + as a increases through the 
value a. 7 


In geometrical language, when the ordinate of a curve is a 
maximum the gradient must change from positive to negative; 
when the ordinate is ἃ minimum the gradient must change from _ 
negative to positive. This is abundantly illustrated in our diagrams; — 
see, for example, Figs. 9, 18, 14, 30. 


Whenever the derived function ¢’(x) vanishes, the rate of 
increase (Art. 26) of the original function ᾧ (4) is momentarily 
zero, and the value of ᾧ (2) is said to be ‘stationary.’. As already 
stated, a stationary value is not necessarily a maximum or mini- 
mum, for cases may of course occur in which ¢’ (¢) vanishes with- 
out changing sign. , 


In most cases of interest, the derived function ¢’(a) is con- 
tinuous as well as determinate (and finite). It can then only change 
sign by passing through the value zero; and it is further evident 
from Art. 9 that the changes (if there are more than one) will take 
place from + to —, and from — to +, alternately. The maxima and 
minima will therefore occur alternately. See Fig. 14, p. 28. 


Ha. 1. The distance (s), from an arbitrary origin, of a point moving 
in a straight line is a maximum when the velocity (ds/dt) changes from 
positive to negative, and is a minimum when the velocity changes from 
_ negative to positive. : : 


. Thus, in the case of a particle moving upwards under gravity, we 
have | 


s=ut— gt, G =u gt 


Hence ds/dt changes from positive to negative as ¢ increases through the 
value u/g. The altitude (8) is therefore then a maximum. 
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Ea, 2. To find the rectangle of greatest area having a given peri- 
meter. | 


Denoting the perimeter by 2a, the lengths of two adjacent sides 
may be taken to be a and'a—a; hence we have to find the maximum 
value of the function | 

. (G2)... ολς συνά βθλ δι ἐῶ οὶ φοβεροῖς (1) 


The derivative of this is α -- 3α;, which changes sign from + to — as ὦ 
increases through the value 4a. The rectangle of greatest area is there- 
fore ἃ square. 3 | 


Ea. 3. To find the maxima and minima of the function. 


(a2) = 4" -- Qa? + 180 + 20. .....ὁἐνννονν,ν. (8) 


bY 


We have Φ' (a) = 12 (ὦ -- δ) (ὦ -- 3). ee eee (3) 


This can only change sign when a passes through the values ἃ and 3. 
Now when = is a little less than i, the signs of the second and third 
‘factors are —, —; whilst when < is a little greater than 3 they are +, —. 
Hence as x increases through the value 3, φ' (5) changes sign from:+ 
to --- In a similar manner we find that as x increases through the value 
3, φ' (x) changes sign from — to +. Hence ¢ (x) is a maximum when 
«= 3, and a minimum when w= 3. If we substitute in (2) we find that 

¢ the maximum value is 24}, and the minimum value —7. See Fig. 30, 
p. 100. | 


. He 4, If φ(5)- ja ἐπ δ βονονλο ἀὐφευ σϑένοιε [{} 


we find : φ (x) = (+a meh eer re (5) 
This can only change sign for c=+1. As 2 increases (algebraically) 
through the value —1, 1 -- αὐ changes sign from — to +. As x increases 

' through +1, 1—2 changes sign from + to —. Hence for x=—1 we 
have a minimum value — 1 of ¢(), and for «=1 a maximum value 1. 
See Fig. 13, p. 27. 


| Eu. 5. If Be) Saas: ἐἐρλνυνεκυρῥδο οι ἐωρ (6) 
we have φ' (2) = noe g vadedan ouctehs Siusisientes (7) 


Here φ' (x) is always positive, and the function ¢ (2) has no finite maxima 
or minima. See Fig. 11, p. 26. 


Ex. 6, To find the right circular cylinder of feast surface for a given 
volume. 


If ὦ denote the radius and y the altitude, the surface is 
παι πων, 


«4 
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and if the given volume be 27a’, we have 
ey =2a'. 
Hence, eliminating y, the expression to be made a minimum is 


; 9 8 
a “-- ; 
7 x 

the derived function of which 15 


2 (ὁ-- ἢ. 


This changes sign as x increases through the value ὦ, and the change is 
from — to +.: Hence « =a makes the surface a minimum ; and since Ψ 
_ then = 2a, the height of the cylinder is equal to its diameter. 


The reader may verify that with these proportions the surface is 
1:1447... of that of a sphere of equal volume. 


Ex. 1. To find the stationary values of the function 


ee τ κα προ κοναα (8) 
| ax? + 2he ὃ 
We have (ac? + Lho + b) uw = Aa? + 2H + Bo .(οννννννννννον (9) 
Differentiating, and putting du/dx =0, we have 
(ας +h) w= AG > AM, ....ἀ(ονονοννννννννννενον (10) 
Multiplying this by a, and subtracting from (9), 
(λα τ b) ὦ τ HE +B. «οννννννονενννννενενενον (11) 


Eliminating ὦ between (10) and (11), the required values of x are given 
by the roots of the quadratic _ 


(aH — Ah) αὐ +(aB — Ab) @ + (hB—Hb)=0. ......0. (12), 
Tf, on the other hand, we eliminate a, the stationary values of uw are 
given by the quadratic | 
(ab -- 1?) @—-(aB + bA—-2hH)u+ AB— H?=0, ......(13) 


Hx. 8. The simplest instance of a stationary value which is not a 
maximum or minimum is furnished by the function 


3 GOES: «οὐνννννοννν νον ενοννν νον (14) 


This makes ¢’ (a) = 32%, which vanishes, but does not change sign, as 5 
increases through the value 0. Hence ¢(x), though ‘stationary,’ is not 
ὃν maximum or minimum for2=0, Fig. 31 shews the graph of α», 


It may occasionally happen that φ' (Φ), though generally con- 
tinuous, becomes discontinuous for some isolated value of 2; and 
if the discontinuity be accompanied by a change of sign as a 


~ 


- 
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_ Increases through the value in question, we shall have a maximum 
or minimum, by the same argument as before. 


Eu.9. TE φ (x) =atak, oo... isdduenateivageteet 10) 
we have φΦ' (x) = Ξ (Ὁ ἐν ερν ρα δορὰ pas νου τὴν ( 16) 


As x increases through the value 0, this changes from -- οο to +00. Hence 
Φ (x) isa minimum forz=0. See Fig. 32. 
7 Y 


x’ 


Fig. 32, 


Again, in Fig. 29 there occurs a point where φ' (x) is discontinuous, 
passing abruptly from a finite positive to a finite negative vaiue. The 
_ordinate is then a maximum. εἰ τὰ 
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52. Algebraical Methods. 


It is to be noticed that some important problems of maxima 
and minima, can be solved by elementary algebraical methods, with- 
out recourse to, the Calculus, This is especially the case with 
questions involving quadratic expressions. These are all easily 
treated by the method of ‘completing the square.’ 


Again, the solution can often be made to depend upon identities 


such as 
ay =4((a+y)—(«—y)I, ΤΥ suse (1) 
(α -ἰ γ᾽ Ξ (ω --- ἍὮἩ + ἀν, steceerteetseessseeseses(Q) 
BEE ἀρὰ Y): Ὁ), 
Thus: 


The product (xy) of two positive magnitudes, whose sum (a + y) 
is given, is greatest when they are equal ; 


The sum of two positive magnitudes whose Bingen 185 given 18 
least when they are equal ; 


The sum of the squares of two magnitudes whose sum is given 
is least when they are equal. 


Hx, 1. Thus, in the problem of Ex. 2, Art. 51, we have 
| a (a — x) = a? — (ὦ — ga) 


Since the last term cannot fall below zero, this expression has its greatest 
value (ja") when x = ia. 


Ha. 2. Theexpression 2a?-3x+ 2, , 
may be put in the form 
| 2 (a? — 35 ε1)--3 (ὦ - 3)51. 
Hence the expression has the minimum value δ. corresponding to x= 3. 
Ex. 3. To find the greatest rectangle which can be inscribed in a 
given circle, 


If 2x, ὃν be the sides, we have to make xy & maximum subject to 
the condition that a? + y?= a?, where a is the radius of the circle. Now © 


ων -- αὐ +? -- (a—y)? Ξ αϑ -- (α -- y)’, 


which is obviously greatest when w=y. Hence the greatest inscribed 
rectangle is a square. 


Ex. 4. To find the minimum value of 
a cot 6+ ὃ tan 8, 
for values of 0 between 0 and ἀπ. 
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The product of acot θ and ὃ tan θΘ is constant, hence their sum is 
least when they are equal, 7.e. when | 
tan 6 = (a/b)4, re 
The minimum value of the sum is therefore φαδ δᾶ. 


Κα. Ὁ. Τὸ find the greatest cylinder which can be inscribed in a 
frustum of a paraboloid of revolution cut off by a plane perpendicular 
to the-axis. | : 


Supposing the paraboloid to be generated by the revolution of the 


curve 
y* = 4ax, Setaoat euro nesens δου ἐῥο ὀφεοος (4) 


about the axis of 2, then if ὦ be the length of the axis, and a the abscissa 
of the end of the cylinder nearest the origin, the volume of the cylinder 
if ᾿ 


ry (h—2) = πῃ (λ-- 5). Sees (5) 
Now the sum of the quantities y and 4ah — y* is constant ; their product 
is therefore greatest when they are equal, ¢.e. when 
ἡ = Dah, or ὦ -Ἦ ἐδ. ..0 ccceseeneereeeeeeees (6) 
The height of the cylinder is therefore one-half that of the frustum. 


53. Maxima and Minima of Functions of several Variables. 


We give a few indications concerning the extension of some 
of the preceding results to functigns of two or more independent 
variables. ; 


In the first place let us seek for the maxima and minima of a 


~ function ‘ 
ὦ Ξε Φ (L,Y). crrevceeencevseeseneeceeees (1) 
A first condition is that we must have simultaneously 
Op ὃφΦ | | 
ΩΣ By TO ΓΝ (2) 


ι - 

where the differential coefficients are ‘ partial,’ as in Art. 84, For if 
u be greater (or less) than any other value of the function obtained 
by varying 2, y within certain limits, u will ὦ fortiort be a 
maximum (or minimum) when y is kept constant and @ alone is 
varied. This requires in general (Art. 51) that 0¢/dx=0. Similarly, 
u must be a maximum (or minimum) when ὦ is kept constant and 
τ alone varies ; this requires that d¢/oy=0. — 


As before, these conditions, though necessary, are not sufficient. 
The further examination of the question, in its general form, is 
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postponed till Chapter xv1; but it often happens that the existence 
of maxima and minima can be inferred, and the discrimination 
between them effected, by independent considerations. The con- 
ditions (2) then supply all that 15 analytically necessary. 


Ex. To find the rectangular parallelepiped of least surface for a 
given volume. | | 


Let a, y, z be the edges, and a* the. given volume. Since 


WY HOD, cecrreccersscsscerscoseeseeeee(B) 
the function to be made a minimum is 
: | ®t ἦ 
" a ee Ἔ seuedseiies ἜΝ (4) 
The conditions δι θα τε 0, du/ay =0 give 
aty=a, ανλ-- αδ, 
the only real solution of which is x = y=a, whence, also, %= a. 


It appears from (4) that, x and y being essentially positive in this 
problem, there is a lower limit to the surface of the parallelepiped. 
And the above investigation shews that this limit is not attained 
unless the figure be a cube. 


_As in Art. 52, the solutions of various problems can be deduced : 
from known algebraical identities, such 4s | 


a8 + yt tap l(ety +2) + (y—2) + (2-2) + (-- ψ}}, ...(ὅ) 
yet satay τε αλλ τ y+ δ᾽ --ἰ {(y—2z + (5 --ὐν Άί (ὦ -- y)}. ...(6) 
Thus: | 


. If ἃ straight line be divided into three segments, the sum of the 
squares on these is least when the segments are equal ; 7 


The surface of a parallelepiped inscribed in a given sphere 
(2? + y? + 27= a") is greatest when the figure is a cube, 


54. Notation of Differentials. 
We return to the equation — 


ὃν ,, ἑ ae 
| 5p - ὁ (σ)ὲσ Ἰϑ ὡς τὸ δῆς ἐφ νων ...() 
of Art. 48. This is equivalent to ὁ 
. by = PD’ (a2) δα + OSM. «..««.ννννννννννοννννν (2) 


‘As 8a approaches the value 0, the second term on the right hand 
becomes more and more insignificant compared with the first, 


‘ 
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since the limiting value of o is zero. Hence it becomes more and 
“more nearly true that = 
| Sy = φ' (#2) δ, ......ννννννννννννῦ... (8) 


not in the sense that both sides ultimately vanish, but in the 
sense that the ratio of the two sides approaches the value unity. 


In this artificial sense, the last equation is often written in the 


form 
αν Ξε φ' (α) ἄχ. cccseskicwtian eniets (4) 


The vanishing quantities dz, dy are called ‘ differentials.’ * 


The student need not take exception to the above mode of 
expression, which is purely conventional. Its use is simply to 
express the fact that in calculations involving the quantities da 
and Sy, which are afterwards made to approach the limit zero, we 
may at any stage replace dy by ¢’ (a) 6a, whenever it is plain that 
the omission of quantities of the second order will make no ‘differ- 
ence to the accuracy of the final result. 


65. Calculation of Small Corrections. 
The equation BPSD AL) 08 voices ecredawer demas cieus (1) 


may, moreover, be employed as an approximate formula to find 
the effect on the value of a function of a small change in the 
independent variable, since (as we have seen) the outstanding 
error will be merely a small fraction of ¢’(#)dx provided δὼ be 
sufficiently small. An important practical application is to find 
the error, or the uncertainty, in a numerical result deduced from 
given data, owing to given errors or uncertainties in the data. 


The above method is defective in one respect, in that there is 
no indication of the magnitude of the error involved in the 
approximation. ‘This is supplied, however, by a theorem to be 
proved in Art. 56. It is there shewn that ee 


Sy = φ' (@+ OSL) OH, .««.οννννννννννννννον (2) 


where θ is some quantity between 0 and 1. Hence if A and B be 
the greatest .and least values which the derived function assumes 
in the interval from x to x + da, the error committed in (1) cannot 


_be greater than | (A — B) d2|., 
Ex. 1. To calculate the difference for one minute in a table of 
log sines. 
If y = log,, sin z, we have dy/dx = p cot a, 
and By =e cot x δα, 


* Tt is on account of the position which it occupies in the formula (4) that φ' (x) 
received the name ‘ differential coefficient.’ 


s 
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approximately,. provided da be gxpressed in circular measure. Putting 


τ 


10800 
we find dy = 0001263 x cot a 


da = circular measure of LS = 0002909, 


The numerical factor agrees with the difference for 1’, in the neighbour- 
hood of 45°, as given in the tables. 


Ex, 2. Two sides a, ὃ of a triangle and the included angle C are 
measured ; to find the error in the computed length of the third side ¢ 
due to a small’error in the angle. 3 


We have | 65 = a? + δῆ — Dad 008 C, .....eececseveeereeeeees (3) 
and therefore, supposing C and c alone to vary, | 
céc = ab sin COC, 


* 


whence ᾿ς dc -2 sin C8C =asin BdC.  .....c ees cc eee νον (4) ; 


This result may also be obtained geometrically; thus, if in the 
figure 2 BCB’ = 8C, and BN be drawn perpendicular to AB’, we have, 
ultimately, 


Sc = B’N = BB’ cos BB'N = adC . sin CBA = adC . sin B, 


neglecting small quantities of the second order. 


Cc b A 
Fig, 33. 


Again, to find the error in ¢ due to a small error in the measured 
length of a, we have, on the hypothesis that ὦ and ¢ alone vary, 


| cdc = (a— ὃ cos 6) δα = ¢ cos Baa, 
or de = 608 δα, -»" oo eee cece ence eet eee eee tee ceeeeeees (5) 


a result which, like the former, admits of easy geometrical proof. 
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56. Mean-Value Theorem. Consequences. | > a 


The following very important theorem is an extension of that 
given in Art. 49. 


If a function ᾧ (4) be continuous, and have a , determinate 
derivative, throughout the interval from #=a to =), then 


Jalrret ee ne ΠΥ κα) 


where δ᾽ is some value of x een a and ὃ. 
Consider the function 


b a | | 
φω- φῶ - φΘιφΘς- ys xfcssennie (2) 
This is, under the conditions stated, continuous from τα to 


x=b, and it obviously vanishes for each of these values of @. 
Hence its derived function 
φ (δ) -- - (α) 


φ' (a) -- ὙΠ ny 7005 ηππἨὙλλλλλον () 


must vanish. for some value (a, - rs a between a and b, This 
proves the statement (1). 


a 


The meaning of this result, and the nature of the proof, should be 
studied. The geometrical interpretation is as follows. In the annexed 
figure, we have 


OA =a, OB =6, 
PA =¢(a), QB = φ (ὃ), 
ΕΝ tan QPW = Ὅς aoe Dried (4) 


The theorem therefore asserts ἡ: cae the restrictions stated) there 
is some point between P and Q where 9 the tangent to the curve y = ¢ (x) 
is parallel to ἐπ chord PQ. 


Fig. 84, 
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Το equation of the chord PQ is | 
| δ) — φ (a 
y= $ (a) +2“ 8) (δ 5 αν; ere vee (5) 


as is easily verified, and the expression (2) therefore measures the 
difference between the ordinate of the curve and that of the chord. 
This difference vanishes at P and Q, so that there must be one point 
at least between P and Q at which it is a maximum or a minimum. 


Ez. Τί (x) = ὦ, 
$(6)-(@) 21, | 
b—a : 


we have 


which is equal to the value of φ' (x) for « = } (a+ ὃ). 


This is equivalent to the statement that any chord of a parabola is 
parallel to the tangent at the extremity of that diameter which bisects 
the chord. ΝΝ | 

The fraction $O)= 26) | (6) 
that is, the ratio of the increment of the function to that of the 
independent variable, measures what may be called the ‘mean 
rate of increase’ of the function in the interval b— a. Hence the 
theorem expresses that, under the conditions stated, the mean 
rate of increase in any interval.is equal to the actual rate of 
increase at some point within the interval. 


For instance, the mean velocity of a moving point in any 
interval of time is equal to the actual velocity at some instant 
within the interval. ' 


Some other modes of stating the result (1) are to be noticed. 
The fact that ὦ. lies between a and b may be expressed by putting 


@,=a+6(b—a), Se ee ee re ee ee (7) 


where @ stands for ‘some quantity between 0 and 1. The precise 
value of @ will in general depend on the values of a and ὃ. If we 
further write a - ἢ for b,.we get the very useful form ~ 


φ(6 ἘΠ) PO) = gy (G4), eeeseceeeeee (8) 
or f (ath) -- φ(α) +h! (A+ θἈ).....«ννόνέννννος (9) 

Again, if we write « for a, and dz for h, we have . 
δφί(α) = φ' (@+ θδα). δα. ceceeeceseeeee(10) 


A very important deduction from the preceding theorem is 
that if 


i. 
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for all values of # within a certain range, then ¢ (a) must be 
‘constant throughout that range. 3 | 


For if $(«) vary, let a and ὁ be two values of # for which it 
hag unequal values. The fraction 


| pois 20, eden cheteaees (12) 


will then be different from zero, and there will therefore be some 
intermediate value of # for which ¢’(a) will differ from zero, 
contrary to the hypothesis. 


Moreover, if two functions ¢ (5) and + (x) have equal derivatives 
for all values of ὦ within a certain range, they can only differ by a 
constant. For, by hypothesis, . 


φ' (ἡ -- WB) =O, .....υἱριννννννόννοςν (13) 
or | Sb (@)— PPA. ὐὐννρροος (14) 


Hence φ (2) — Ψ (x) = Const., ...ννοννννννονονον (15) 
by the preceding case. 


If in place of (2) we consider the more general function 


, $ (6) - φ (a) | 
(x) — φ(α)-- Ψ0)-Ψ () LW (α) Wh (α)}, ose νοι (16) 
we infer that under analogous conditions its derived function 
(5) — $ (4) 


| φ' (x) -- ¥ ()} Ξ- ν (a) YE) δοο εν γεῖυ, 17} 


will vanish for some value of ὦ between a and ὅ. The result may be 


written 
AC ae sk a Ry 
: ψία τ λ)--ψ(α) ψ' (a+ bh) 
_ Hence if f(a)=0, W(@)=0, ......«νννοννννννννον (19) | 
fate δ)... ‘(ath 
we have | lim, >> aera = lim, -»¢ ate. see sceseeeee( 20) 


This is sometimes useful in evaluating the ‘indeterminate form’ 2. 


57. Total Variation of a Function of several Variables. 
Let . U=DP(LY) .......Ψ aime δ ἐδ τες ζω ἐπ δὰ (1) 


be a continuous function of # and y, and further let us suppose: 
that the partial derivatives - | 
| oe (2) 
δ᾿ δρόσο 
are also continuous functions of # and y. | 
1,1. 0. 8 


f 
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Let Su be the increment of u due to increments da and dy of 


the independent variables; 1.6. 


ο΄ δέτε Φ (wt ba, y + BY) —P(BY). «τολλλλλλνον (3) 
In the geometrical representation (Art. 34), δὼ is the difference of 
altitude of the two points of a surface which correspond to the two points 
(a, y) and (a+ δα, y + dy) of the horizontal plane ay. _ | 
Now if a alone were varied, the corresponding increment of ὦ 
would, by Art. 56 (10), be of the form 


Pda,. cise Re ee er emer Ὁ} 


where P is a certain function of #, y, and da. And it appears from 
the same Art., and from the meaning of a partial derivative, that 
the limiting value of P when δα is indefinitely diminished is — 


θυ 
᾿ Ba aa Come reserececcvesserseccece (5) 
Similarly, if y alone were varied, the increment of u would be 
(ὐδὲνι-. τρθυυ δον aiedanseeataseeaweatees (6) 
where the limiting value of Q, when dy is indefinitely diminished, 1s 
δι | | | 
aR = oy errr rrrrrrrrrrr rrr eee eee ee ee (7) 


Let us now suppose that the actual variation from a, y to 
a + Sx, y + Sy is made in two successive steps, in the first of which 
az alone, and in the second of which y alone is varied. The total 


-inerement of u will then be 


δι Ξε Pda + QBY, cvccccerccscesecoscvsess (8) 


where Q’ differs from Q owing to the fact that the starting point 


of the second variation is now (a+ δα, y) instead of (x, y). 


To find the form which (8) assumes when Sa and dy tend: 
simultaneously to the value 0, preserving any assigned ratio to one 
another, we put , ἔς οἱ 


Om = ey: OY SBE πρευώοῥοξοες ες ορενας (9) 
where a, 8 are constants, and ¢ is infinitely small. Wé have, then, 
δὰ Ρα- Οβ 
Ῥίδατ Ody “Pasgg (10) 


In virtue of the assumed continuity of the derivatives (2), P ~ 
and Q’ tend, when e-0, to the limits P, and Q,, respectively. 


- Hence, the smaller δὰ and Sy are taken, the more nearly does it 


become true that | ᾿ 
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in the-sense that the ratio of the two sides is ultimately one of — 
equality. This result is often expressed in the form 
ce Ou Ou 
oe ag οοοξοοοοοοοοο.6......(12} ; 
The symbols dz, dy, du are then called ‘differentials, and du is 
called the ‘total differential’ of ὦ. 7 


The above reasoning may be amplified by writing down explicit | 


values for the quantities which we have denoted by P and Q’. If we 
write , | 


δ: - te (2, ¥) “Ἔ Py(% Ψ)» «οὐνένννννις (13) 
we have ; 7 | 
εἰ FEF ν). 9G 9) _ 4 (40,2, 9) Masks »-.(14) 


ο΄-- Ξε ον thy) 9 51 δον) 4 (e+ 30, ν εθ,80), ...(15) 


by Art. 56, where θ,, 6, are some quantities lying between Ὁ and 1. 


Hence 
bus = (φ, + θ, δα, y) δ + gy (00+ δα, y + Opdy) By. ......(16) 


Since ¢,,-¢, are assumed ἴο be continuous according to the definition 
of Art. 34, the limiting form of this equation is | 


: Ge τε φρδα ἘΦ, δ, oo. sseceeccensessesneeee(17) 
which is the same as (11). 


The equation (11) shews that in the neighbourliood of a maximum or 
minimum, the variation of is of the second (or higher) order of small 
quantities, since we then have 


uo, ϑὼ 
| | oy | 
by Art. 53. Thus, at a point of maximum or minimum altitude on 


_ a surface the tangent plane is in general horizontal. -As already 
indicated, the converse is not necessarily true. See Art. 51. — 


The preceding theorem can be readily extended to the case of 
any number of independent variables, a, y,z.... We have 


Ou. . Ou ou 
ela ee BY + OZ + wee penne wecseevsece (19) 


ultimately. | 
58, Application to Small Corrections. | 


The theorem of the preceding Art. can be applied after the 
manner of Art. 55 to the calculation of small corrections, 


8—2 


™~ 
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᾿ Κα. 1. In the case of Art. 55, Ex. 2, the total error in c, due to 
errors δα, 5, δα in the observed values ‘of the two sides and the 
included angle, is to be found from 


_9(e) 5s , O(c) 5 , 9 (οἢ 

| | 8 (0?) = ba + τας 8b + a δύ, eves ΝΥΝ () | 

which gives . 
ἐδο = (a — ὃ cos 6) δα + (b — acos C) 8b + ab sin C'8C, 

or Sc = cos BSa + cos Ab + asin BdC. ....{ὐνννννννννννννν... (2) 


2. ἃ. Tf Δ be the area of a triangle, as determined from a measure- 
ment of two sides a, ὃ, and the included angle C, we have 


A=fabsin GC,  ....csccevsevecsess Baie) 
whence — log A =log} + loga+logb + logsin@. ............(4) 
Hence, differentiating, 

dA δὰ 8 
Aer — + 7 + cot CBC. es Chbwed eee τος ον (5) 


This gives the ‘ proportional error,’ {.6. the ratio of the error (8A) to 
the whole quantity (A) whose value is sought. In all measurements it 
is the proportional error, rather than the actual magnitude of the error, 
which is of importance. | ᾿ 


An important point brought out by the investigation of Art. 57 
is that the small variations of a quantity due to independent 
causes are superposed. This follows from the linearity of the 
expression for du in terms of da, dy, 62, .... 


Thus, in determining the weight of a body by the balance, the 
corrections for the buoyancy of the air, and for the inequality of the - 
arms of the balance, may be calculated separately, and the (algebraic) 
sum of the results taken. The error involved in this process will be 
of the second order. 


59. Differentiation of a Function of Functions, and of 
Implicit Functions. 


Another important application of the formula (11) of Art. 57 is 
to the differentiation of a function of functions, and of implicit 
functions. 


1°. Thus if WH D(H, Y)ycccccerccccercessccceeees (1) 
where a, y are given functions of a variable ¢, we have, ultimately, 
- δι Op Ou , Oh dy . 
δὲ — Ox δὲ + oy δὲ’ οοοοιοοοκρουδο φΦονοδις (2) 
du dddx dpdy 


or } x τὶ 


dG di Tay ai SL paceslyeneinvee eee @) 


Ἄς 
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This may be applied to reproduce various results obtained in 
Chapter 1. To conform to previous notation we may write 


y= (u, Ὁ), 


where u, Ὁ are given functions of x; the formula (3) then takes the 
shape 
dy _apdu apdv 


ῶν δι τ Τ᾿ Coe vcececcccene a 4.666 : ..(4) 
Thus, if Φ (16, 0) =, oo. cevecresscnnseasccascccoees (5) 
we have 0g/u=v, δῴφίδυτειι, | 
a (uv du dv; 
and therefore CH) ay ὧν Baie ssa sacns ovsesg οι οἰρς (6) 
in agreement with Art. 30. | . 
Again, if (tb, ©) HO, sicaieniedavessassieecedseiene (7) . 
“wehave 8p/du=vu—, dp/dv =u". log u, 
_ by Arts. 28, 42. Hence 
dn κά... dy } 
dy Ὁ) = λυ 7, t log ὦ — sissigaeiedonsmaay aie (8) 


in . with Art, 45 (7). 
Again, if y be an implicit function of x, defined by the 


| ey 
φ (a, y) MD det cavena eeu oeioe (9) 
then differentiating this equation with respect to 2, we have 
Ob dx ie Op dy _ 0, 
Oa dx Oy dx 
or sf + ὃς τοι ἘΞ Οἰς ἐφ εν τνυι τοὶσονος ἐφυννῶς (10) 


This i is an extension of a result given in Art. 35. 


60. Geometrical Applications of the Derived Functions. 
Cartesian. Coordinates. , 


We have seen (Art. 24) that if yp denotes the angle which the 
tangent, drawn to the right, at any point of the curve 


PHO), λοςωναν δος ο νοὶ δ aan (1) 
makes ith the positive direction of the axis of 2, then | 
eee APS δε νὰ οὺς φρςτο  θ cscuawoust: (2) 


de 
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With the help of this formula, several magnitudes connected with — 
a curve may be expressed in terms of a, y, and dy/da. 


Fig. 35. 


If the tangent and the normal at the point P meet the axis of 
a in T and G, respectively, and if M be the foot of the ordinate, 
then 7M is called the ‘subtangent’ and MG the ‘subnormal.’ 
Hence we find ΝΙΝ 


subtangent = 7M = MP cot py =y+ ΠΝ δοροῖ ϑὰ τἀ ον (3) 
subnormal = MG = MP tan p=y a bs eats aeeeteet aang! (4) 


tangent = ΤΡ = MP cosec ψ 


= {1 + (yy + ὯΝ --.(5) 


normal = PG = MP sec Ψ =y {1 + (“ἢ " ΠΤ (6) 
Again, the intercepts of the tangent on the coordinate axes are : 
Of=OM-TM= a-+, —_ 
| dy "» a 
δ εὐθν νυν ον (7) 
0U=T0 tan yp=y—2 
Eel. Inthe parabola νψῦ-- 4am, .......... cc cceseeseeceeeeeseees (8) 
we have, differentiating both sides with respect to x, and dividing by 2, 
d: | 
YH BO, coreroccnccesencoeestenenstens (9) 


which shews that the subnormal is constant and equal to 2a. 


{ 
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Again, the subtangent is 


and is therefore double the abscissa; in other words, the origin O 
bisects ΤΗ͂Ι. | 


_#a. ἃ, In the hyperbola — 


ye ot τι cecncdeh eae (11) 
dy , : 
we have us reer Se ἐνοα δρν νου ο, τυ (12) 


Hence the formule (7) for the intercepts of the-tangent on the co- 
ordinate axes give 2a, 27 as the value of ‘these intercepts, respectively. 
Hence M bisects OT, and therefore P bisects 7U; 1.6. the portion of 
the tangent included between the coordinate axes is ‘bisected at the 
_ point of contact, 


Y 


Xx 
Fig. 86. 


Again, the product of these intercepts is equal to 4ay, or 413, 
Hence the area of the triangle O7U is constant and equal to 2h, 


ἴα. 3. More generally, in the curve 


OY = CODY». sac νυν θος see seananden Cosas (13) 
we find, taking logarithms of both sides and then differentiating, 
m ndy — 
e y ax. eid PEEPS eT eee es (14) 
This makes | OT =a~y se la aL 
| dan m mo 


Hence . UP: PL =OM:MT=2:~ 2=m:n, ee (15) 


7 


~~ 


120 INFINITESIMAL CALCULUS (CH. IV 
that is, the tangent U7’ is divided in a constant ratio at the point of 
contact. 


This includes the two preceding cases. In the parabola (Ex. 1) we 
had m=—1, .=2; in the hyperbola (Ex. 2) m=1, n=1. 


An important physical example is that of the ‘adiabatic’ relation 
between the pressure and the volume of a gas, viz. 


pry = BOUBbs. ateiy es eieniooseeiesea οὶ -(16) 
If a curve be constructed with v as abscissa and p as ordinate, the 
tangent is divided at the point of contact in the ratio y:1. | 


Ex. 4. In the ellipse 


ac 
| | = ἘΠ (17) 
we find, on differentiating, 
| x τ 
ἜΣΣΩ 
_ dy Ba | | 
mune? Tao Gg ee .».(18) 
The intercept made by the tangent on the axis of = is 
= ἀν ya a\ a 
OP ay a ** ae @ (1 ἥ i) = ae 
whence 3 OM OT HW eievissies ies vateos endadeees (19) 
The intercept made by the normal is 
_ ὧν δ᾽ | 5 
0G=2+yF=(1- |) a=4. OM, eee (20) 


where ¢ is the eccentricity. 


61. Coordinates determined by a Single Variable. 
A curve is sometimes defined by means of two equations of the 


type 
waht), YH H(t) cccrecsesersesceeceee(L) 
giving the coordinates in terms of a subsidiary variable t. 


For example, in Dynamics, the coordinates of a moving particle _ 
may be given as functions of the time. 


If we take any convenient series of values of ¢, we can calcu- 
late the corresponding values of ὦ and y, and so plot out as many 
points as we please on the curve. | 


If δα, dy, δέ be simultaneous increments of a, y, t, we have © 
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and therefore in the limit, when δὲ is indefinitely diminished, 


| ee, ae aa ae τος: wtccenocccecee (2) 
‘Hoe. 1. In the ellipse 

& = a 008 nh ψ τι δ βίῃ Φ, «..ννννννννννννννννον (8) 

dx b | 

we have tan = — - CODD. .«οννννννννννν νον 4 
7 y=2/5 $ (4) 
Ha. 2. In the case of a projectile moving under gravity, we have 
e=atult, y=bivnet— ig, ..... erases ΤΣ ΤΠ (5) 
= dy [dx v—dgt 
| whence | tan y= aa a. 


62. Equations of the Tangent and: N ormal at any point 
of a Curve. 
1° If (ay) and (x + δα, ν + dy) be the coordinates of two 
points P and Q on a curve | 
Ph ΧΙ); cacatdetesca wees meserisae a 1) 


the coordinates (£,) of any other point on the line PQ satisfy the 
relation 


SR ἘΝ, (2) 
. = ὃ ᾿ 
or n—-y= 3 (E-2); ΠΥ (3) 


see Fig. 19, p.45. In the limit, when Q approaches Da raceme 
this takes the form τ 


= ay (ξ -- 2), .εὐονοννονουοενννννον (4) 


which is the equation of the tangent-line at P. 


Since the gradient of the normal is the negative reciprocal of 
the gradient of the tangent, the sew of the normal is 


(E-a)+(n-y) 53 - cele vases (5) 
2°, If the coordinates are expressed in the form 
B=, YSX(D, ««.οννονοννννννννονο (6) 
we have, from (2), at pomts on the secant PQ 
Ξα δι. τὸ (7) 


b/8t δυ(δέ᾽ 
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‘The equation of the tangent at P is therefore 


ξ —&@- ἢ -- ἊΝ ἶ ; 
dt = dt . 
Τὸ easily follows that the equation of the normal is 
(ξ-- αὐ ὁ ὦ -- 9" ἢ τον νιν, (9) 
8° If the equation of the curve is given in the form 
| p (a, Y) =0, wees eee eee (10) 
we have, by Arts. 35, 59, | | | 
dy _ _ ob ΓΦ 
ΜΉ (1) 
᾿ The equation of the tangent is therefore 
0) b+ —y =o (12) 
ae t (Ἷ - y Dy Or ereeeeeenesees 


This follows also immediately from the fact that for an infinitesimal 
displacement of P along the curve we have 5¢ = 0, or 


Op. Ob, _ | : 
~ δῷ ba + ay ὃν Oe a Woes ἐν ογα τι Στὴ τὲ (13) 
Since, from (2), ae 
| | δα: Sy = E— στη τον, ceccccccceceees (14) 


the form (12) results. 


The equation of the normal is 


ξ -σ yn—-y 15 
ap De re epee (15) 
: On OY . 
iz. 1. In the parabola | 
. y* RI. ἐς Sees πῶς φώς οτος ϑυυεΝ (16) 
ΝΣ | dy 2a 

we have | dx γ᾽ Coe ete ree reccce rer ccossccececs (17) 

The equation of the tangent is therefore 
ἢ ποῦν = — (ξ- αὐ, rccccrcccecencccccecees (18) 


which reduces, by’(16), to the usual form | 
NY = 2α (ξ -ἰ α)...«νννννννννννν ον ν ον σεονον (19) 
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Κα. ἃ. Τῇ the coordinates be given in the forms 


ς εξ δι 9S 2G, ecriesesiatessaeses .....(20) 

. the formula (8) for the tangent gives | 

— 2% 
ἐ- 5 = 1 τ Yop cvvccccvccccccccccevcvvcces (21) 
. which reduces to 
, = ξ ΕΝ ΡΤ (22) 
The equation of the normal is 

(E — αὐ b+ ἡ — Y =D, 02. esc eseesoe eens (23) 
or ἐξ =a + Qat. ....ἀνννννοννννο eaievaas (24) 


Since this is of the third degree in 4, three real or imaginary norms 
can be drawn from any arbitrary point (ξ, 7). 


Ha, 3. The equation of the tangent at any point of the central 
conic | 


: Ast Πὰν + Byt=1 oo... Staats: (25) 
is, by (12), | | 
" (ἐ-- ο) (dx + Hy) - (η -- ψ) (He + By)=9, wee (26) 

or (Aw + Hy) € + (Ha+ By) gal. oo... ......(21) 


63. Polar Coordinates. 


Let P, P’ be two neighbouring points on a curve, and let r, 0 | 
be the polar coordinates of P, and r+ δ᾽, 0+80 those of P’, If 
we join PP’, and draw PN perpendicular to OP’, we have 


; N =OP sin PON =r sin 86, 
ΓΈ τ oe cos 66 = or +r (1 —cos 36), - 


Fig. 87. 
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- When 86 is indefinitely diminished, the ratio of sin 86 to 56 tends 
to the limiting value unity, and 1 — cos 50, = 2 βιη" 480, is a small 
quantity of the second order. Hence we may write 


| iN ὅθ. 
tan PPO= rg Ξ -ὸς tore ἐδ δον δον ss (1) 


where o is a quantity whose limiting value is zero. Hence ulti- | 
mately, when P’ coincides with P, we have, if ᾧ denotes the angle 

which the tangent to the curve at P, drawn on the side of 0 
increasing, makes with the positive direction of the radius vector, 


dé oo ) 
ir 


_ Here @ is regarded as a function of r. If r be regarded as a 
function of 0, the formula is 


ldr β 
᾿ 7 cot ΩΝ ieee RSs ..«(9) 
Κα. 1. Inthecircle γτεϑα βίῃ θ .......ννννενννμνννενννενον (4) 
we have | | log r = log 2a + log sin 0, 
: 1 dr 
and therefore . παρ᾿" 6, | 
whence cotd=coté, or P=6. ..... ΡῈ ..«(δ) 


” 


vO 
Fig. 38. 


“ 


* The argument, which is an application of a principle stated in Art. 23, may - 
be amplified as follows. We have, exactly, 


tan PP’O= _rsind0 66 sind@ 1 
"δε Br win? 480 "Gr “30°80 εἶπ $00” 
| or " $50 ° 


and the limiting value of this is evidently rd6/dr. . 
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Fx.%, When the radius vector of a curve is a maximum or a 
minimum, it is in general normal to the curve. ; 


For if ἀνθ = 0, we have cot φ -- 0, or p= 32. 


Ex, 3. If the normals to a curve all pass through a fixed point, 
the curve must be a circle. 


For, by hypothesis, if the fixed point be taken as pole, we have 
= ἐπ, and therefore dr/d@ =0, for all values of 6. Hence r= const. 


7 EXAMPLES. XV. 


1. Verify the theorem of Art. 49 in the following cases ¢ 
(Ὁ) $@)=@-4)"(@- δ)", 
2) $(2)=log τ πο’ 
(3) φω-ΘΞ9.6-, 


2. - Prove that the curves - 
y = xc — 62° + 9274+ 4. -- 12, 
and ψ =x ~ αἋὐ -- 32? + δα — 2, 
touch the axis of x, and find where they cut it. Trace the curves. 


8. Prove that when x increases through a root of ¢(x)= 0, (x) 
and φ' (x) will have opposite signs just before, and the same sign just 
after, the passage. Does this hold in the case ‘of a double root? 


4 If, fora>a>Q0, $ (2) == —a, 


and, for a> a, $(z)=a~S, 


whilst for «=a, . p(x) = 0, 


prove that ¢ (x) and ¢’ (a) are continuous from =O toz=a. Trace 
the curve y= 4¢ (a). | 


5. Examine whether the equation 
x—122+16=0 


has double roots. Draw the graph of the function on the left-hand 
side. 


6. Shew that the curve 
| y= Ba? — 44". Ἴδα — 45 
eciisiies the axis δ a; and find where it cuts it. 
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Also find the points where the tangent is parallel to the straight 
line | 
2e+y=0. 
Sketch the curve. 
7; Determine the coefficients A, B, C, D so that the curve 
y = As? + Βα Cx+D 


may pass through the point (— 2, 8), touch the axis of a at the point 
(2, 0), and have its tangent parallel to the axis of « at the point for 
which 2=— 1. 


8. Prove that the expression 
(a—1)e7 +1 
is positive for all positive values of a. 
9. Prove that sina lies between 
| ‘a— ga? and a—tar+ 51, αὖι 
Also that cosa lies between | 
1l— ga? and 1-4 3a?+ hat. . 
10. Prove that, if 2?<1, log (1+) lies between 
x—-ge? and x-ist+hot 
ll. Prove that, if 2? <1, tan-' a lies between 
| mde? and x—Lat+let 


EXAMPLES. XVI. 
(Maxima and Minima.) 


1, Prove that in the rectilinear motion of a point, the velocity is 
@ maximum or a minimum when the acceleration changes sign. 


Illustrate this from the simple-harmonic motion 
~  s=acosn., | 
2. Find the maxima or minima of the function 
| at — 8.5 + 2207 — 24. + 12. 
8. Prove that the function _ 
2 — 8.3 — 36a + 10 
is a maximum when 2 -- -- 2, and a minimum when x=3, 
4, The function 4a? ~ 182? + 27. -- 
has no maxima or minima. 
5. Find the stationary points of the function 
οὗ -- Bart + δα; +1, 


+ 
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and examine for which of them the function is a@‘mMaximum or 
minimum. 


6. Prove that the function . 
| » 10zc8 — 124% + 15ac4 — 202° + 20 
has a minimum ΤΙΝ when «= 1, and no other maxima or minima. 
7. Examine whether the equation 
| αὐ — 3? -- 4a? -- 8 —2 =0 


has a multiple root. Find the stationary points of the function on the | 
left-hand side, and sketch its graph. | 


8. Prove that the curve 
y =o — 23 — 3a2+ 4+ 4 
touches the axis of ὦ; at two points; and find its maximum δεβιοάδξει 
Sketch the curve. 7 a 
9. Prove that the function 
| 5 ,/ (am — αὖ 
is a maximum when x= fa. 
10. Prove that the function: 


(x — 1) 
| ΤΡ 
has a maximum value οὖ τἶτ' and a minimum value 0. 


11. Prove that the expression 


l+ota 
1--,κ τ 2 
has a maximum value 3, and a minimum value 4. 
12. The function ae) 
has a maximum value 2, and a minimum value — 2. 
13. The function ee) 
has two maxima, each = 1, and two minima, each = -- ᾧ. 
14. ‘Find the stationary points of the function 
ot + 2207 + 9 
«(αὐ- 8) ’ 


and draw its ΠῚ [The side points are given by 2*= 1, 3, 9] 


~ 
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15. Find the stationary points of 


5a? -- 18a + 45 
-:-ὃ ’ [e=1, 9] 
and sketch the graph. ᾿ 
: α 
16. The function CEE 


is a maximum when x= ψ(αὖ), and a minimum when #=— (ab). 
17. Prove that the function 
M, (ὦ — 2)" + Mg (a — 2)? +... + My (% = In)" 
is a minimum when 
1, Dy + My Wg +... + My Ly 
M+ Mgt... +My ἢ 
18. The velocity of waves of tage X on deep water is pro- 


portional to 
τ G+) ὺ 


where ὦ is a certain linear magnitude ; 3 prove that the weet is 8 
minimum when A = a. 


— 


19. If the power required to propel a steamer through the water 
vary as the cube of the speed, the most economical rate of steaming 
against a current will be at ὃ speed equal to 1} times that of the 
current,  . , 


20. A copper wire is required to carry a given current from 


one electrical station to another. Prove that the most economical 


diameter of the wire is that which makes the interest on the cost 
equal to the value of the energy lost in heating the wire. (The rate 
of loss of energy varies inversely as the cross-section. ) 


21. The daily expenses of a steamer consist of wages, interest on 
capital, and coal. If the rate of coal-consumption vary as the cube of 
the speed, shew that if a voyage be performed at the most economical 


‘speed, the cost of coal will be half the amount of wages and interest. 


22. Two ships are steaming, one directly towards, the other 
directly from, the same port, on courses making an angle ‘of 60° witlt 
one another ; and their speeds are as 2:1. Prove that at the instant 
when they are nearest one another their distances from the port are as 
4:5. 


23. The force exerted by a circular electric current of radius a on 
a small magnet whose axis coincides with the axis of the circle, 
varies as 
x 


(a? + αν) ' 
where x 4s the distance of the magnet from the plane of the circle, — 
Hence prove that the force is ἃ maximum when a@ = 3a. ᾿ 
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24. Prove that the expression 
| a cos 6+ 6 sin 8 

has the extreme values + ,/(a* + 5%). 

25. Prove that sin (9 — a) cos (9-8) 
is ἃ maximum or a minimum when | 

O=4(a+f)+4r+2nz, 

according as nis even or odd. | 

26. The inclination of a pendulum to the vertical, when the re- 
sistance of the air is taken into account, is given by the formula 

6 = ae" cos (nt + €); | 

prove that the greatest elongations occur at equal intervals πίη of 
time, and that they form a series diminishing in geometrical pro- 
gression. A 


27. Find the maximum gndinate of the curve 


y = xe™, 
Trace the curve. 
28. The curve | y =xloga 
has a minimum ordinate — -3678.... 
Trace the curve. 


29. Prove that the ratio of the logarithm of a number (2) to the 
number itself is greatest when ὦ =e. . 


80. Prove that if α: the expression 
a cosh ὦ; + dsinhxz 


has the minimum value ,/(a'— δ᾽, but that if ἃ «ὃ it has neither a 
maximum nor a minimum. 


81. Prove that the function, 
| cosh a + cos ἃ; 
has a minimum value when x=0, but no other maxima or minima. 


82. Prove that the function 
cosh ὦ cos x 


has a maximum value when 2=0, a minimum value when z= ἔπ 
(nearly), and a series of alternate maxima and minima corresponding 
to «= nw + dr, approximately, where n= 1, 2, 3...: 

83. Find the maxima and minima of the function 


cosh x + cos x 


1 + cosh x cosa’ 
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EXAMPLES. XVII. 
(Geometrical Problems.) 


1, The rectangle of least perimeter for a given area is a square, 


2. The rectangle of given perimeter which has the shortest 
diagonal is a square, 


3. The greatest rectangle which can be inscribed in a given 
triangle has one-half the area of the triangle. 


4. A rectangle is inscribed in a right-angled triangle, so as to have 
one angle coincident with the right angle; prove that its area is a 
maximum when the opposite corner bisects the hypothenuse. - 


Shew also that under the same circumstances the perimeter of the 
rectangle has neither a maximum nor ἃ minimum value. 


5. Find the rectangle of greatest or least perimeter which can be 
inscribed in a given circle. 


6. If through a given point A within a circle a chord PAQ be 
drawn, the sum of the squares of the segments PA, AQ is least when 
the chord is perpendicular to the diameter through 4, and greatest 
when the chord coincides with the diameter. 


7. Given a fixed straight line, and two fixed points A, B outside 
it, it is required to find a point P in ae straight line such that 
AP? + PB? shall be a minimum. 


8. Find the square of least area which can be inscribed in a given 
square ; and the square of greatest area which can be circumscribed to 
a given square. 


9. A quadrilateral APQB is inscribed in a segment of a circle, 
AB being the base of the segment. Prove that when the area is a 
maximum 


AP =PQ=QB. 


10. A straight line drawn through a point (a, 6) meets the (rect- 
angular) coordinate axes in P and Q, respectively; prove that the 
minimum value of OP + OQ is 


a+2,/(ab) +6. 


1l. A straight line is drawn through a fixed point (a, δ); ; prove 
that the minimum length mtercepted between the coordinate axes 
(supposed rectangular) is 


(at + b8)3, 
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13. A rectangular sheet of metal has four equal square portions 
removed at the corners, and the sides are then turned up so as to form 
an open rectangular box. Shew that when the volume contained in 
the box is a maximum, the depth will be 


ἢ ἰα τ -- {(α3-- αὖ + 85}, 
where a, ὅ are the sides of the original rectangle. 


13. At what distance from the wall of a house must a man whose 
eye is 5 feet from the ground station himself in order that a window 
5 feet high, whose sill is 20 feet from the ground, may subtend the 
greatest vertical angle? : | 


14. It is required to cut from a cylindrical tree-trunk a beam of 
rectangular section of maximum flexural rigidity; prove that the 
breadth of the section must be ἢ the diameter, and its depth “866 of the 
diameter. (Assume that the flexural rigidity varies as the breadth and 
as the cube of the depth.) — | 


15. A straight road runs along the edge of a common, and a 
person on the common at a distance of one mile from the nearest point 
(A) of the road wishes to go to a distant place on the road in the least - 
time possible. If his rates of walking on the common and on the road 
‘be 4 and 5 miles an hour, respectively, shew that he must strike the 
road at a point distant 11 miles from A. 


16. Find at what height on the wall of a room a source of light 
must be placed in order to produce the greatest brightness at a point 
on the floor at a given distance a from the wall. (Assume that the 
brightness of a surface varies inversely as the square of the distance 
from the source, and directly as the cosine of the angle which the rays 
make with the normal to the surface.) | 


17. Two particles P, Q describe fixed straight lines intersecting in 
O, with constant velocities u,v. Prove that if 4, B be simultaneous 
positions of the particles, and if OA =a, OB=8, 4 AOB=., the dis- 
tance PQ will be least after a time 


au + bv -- (αὐ + bu) cos ὦ 
 wW—Quvcosw+o ’ 


and that the least distance will be 


(av ~ bu) sin ὦ 


H(t — Qu COs w τυ 


18. Prove that the greatest rectangle which can be inscribed in a 
segment of a parabola bounded by a chord perpendicular to the axis 
has a length equal to 3 that of the segment. 


19. The greatest rectangle which can be inscribed in a given 
ellipse has its diagonals along the equi-conjugate diameters, 
9—2zZ 
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20. Ifthe length of a tangent to an ellipse intercepted between 
the axes be a minimum, the tangent is divided at the point of contact 
into two portions equal to the semi-axes of the ellipse, respectively. _ 


21. If a tangent to an ellipse includes with the principal axes 
(produced) a triangle of minimum area, it is parallel to one of the equi- 
conjugate diameters. 


22. Accircular sector has a given perimeter 3 prove that the area 
is a maximum when the angle of the sector is 2 radians, and that the 
area is then equal to the square on the radius. 


93. Ifa triangle have a given base, and if the sum of the other 
two sides be given, the area is greatest when these two sides are equal. 


24. A quadrilateral has its four sides of given lengths, in a given 
order ; prove that its area is greatest when it can be inscribed in a 
circle. | 


EXAMPLES. XVIII. 


[The following results may be assumed : 


(1) The curved surface of a right circular sylinder of height 4 
and radius ὦ is 2rah ; | 


(2) The volume of the same cylinder is ra*h ; 


3) The curved surface of a right circular cone of height ἢ, 
base-radius a, and slant side ὦ is wal ; 


(4) The volume of the same cone is ἔπαλ; | 
(5) The surface of a sphere of radius ὦ is 47a*; 
(6) The volume of the same sphere is 4a’. | 


1. The cylinder of greatest volume which can be inscribed in a 
given sphere has a volume equal to ‘5773 of that of the sphere. 


2. The cylinder of greatest superficial area which can be inscribed 
in a given sphere has a surface equal to "8090 of that of the sphere. 


- 8, The cylinder of greatest volume for a given superficial area has 
its height equal to the diameter of the base, and its volume is ‘8165 of 
that of a sphere having the given superficial area. _ 


4 Find the cylinder of least surface for a given volume; and 
prove that the ratio of its surface to that of a sphere of equal volume 
is 1-145. 


δ. Find the proportions of a thin open cylindrical vessel in order 
that the amount of material required may be the least possible for a 
given volume, | | 


x 


[The height must equal the radius of the base. ] 
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6. A cylinder is inscribed in a right circular cone; prove that its 
volume is ἃ maximum when its altitude is 4 that of the cone, and that 
its volume is then 4 that of the cone. 


7. If acylinder be inscribed in a right circular cone the curved 
surface is ἃ, maximum when the altitude of the cylinder is } that of the 
cone. 


Shew also that the total surface of the cylinder cannot have a 
maximum value if the semi-angle of the cone exceeds 26° 34’ [= tan— 1]. 


8. The cone of greatest volume which can be inscribed in a given 
sphere has an altitude equal to ὃ the diameter of the sphere. 


Prove also, that the curved surface of the cone is a maximuz for 
the same value of the altitude. ἮΝ 


__9. If a right circular cone be circumscribed to a given sphere, its 
volume will be a minimum when the altitude is double the diameter of 
the sphere. Shew also that the semi-vertical angle will be 19° 28’ 


[=sinj. 6 | 
10. The right circular cone of greatest surface for a given volume 
’ has an altitude equal to ,/2 times the diameter of the base. 


11. From a given circular sheet of metal it is required to cut out 
a sector so that the remainder can be formed into a conical vessel of 
maximum capacity ; prove that the angle of the sector removed must 
be about 66°. | 7 


12. An open rectangular tank is to contain a given volume of 
water, find what must be its proportions in order that the cost of 
lining it with lead may be a minimum. | 

: [The length and breadth must each be double the depth. ] 


_ 18. Given the sum of three concurrent edges of a rectangular 
parallelepiped, find its form in order that the surface may be a 
maximum. , 


14. Prove that the parallelepiped of greatest volume which can be 
inscribed in a given sphere is a cube. 


15. Prove that the rectangular parallelepiped of greatest volume 
for a given surface is a cube. | 


16. If triangle of maximum area be inscribed in any closed oval 
curve the tangents at the vertices are respectively parallel to the 
opposite sides. 


17. If a triangle of minimum area be circumscribed to a closed 
oval curve, the sides are bisected at the points of contact. 


18. The triangle of maximum area inscribed in a given circle is 
equilateral ; and the triangle of minimum area circumscribed to the 
circle is also equilateral. 
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‘19. A polygon of maximum area, and of a given number (m) of 
sides, inscribed in a given circle is regular; and a polygon of minimum 
area, of n sides, circumscribed to the circle is also regular. 


20. Assuming that the rectangle of greatest area for a given 
perimeter is a square, explain how it follows immediately that the 
rectangle of least perimeter for a given area is ἃ square. 


What inferences can be drawn in like manner from the results of 
Examples 13 and 15, above # 


21. The polygon of n sides, which has maximum area for a given 
perimeter, or minimum perimeter for a given area, is regular. (Assume 
the result of Example 24, p. 132.) . | 

Hence shew that the figure of maximum area for a given perimeter, 
or of minimum perimeter for a given area, is a circle. 


22. By the regulations of the parcel post, a parcel must not 
exceed six feet-in length and girth combined; prove that the most 
᾿ voluminous parcel which can be sent is a cylinder 2 feet long and 
4 feet in girth, and that its volume is 2:546 cubic feet. 


EXAMPLES. XIX. 
(Small Variations.) 


1. Prove that in a table of logarithmic tangents to base 10 the 
difference for one minute in the neighbourhood of 60° will be -00029, 
approximately. 


ἃ. The height A of a tower is deduced from an observation of the 
angular elevation (a) at a distance a from the foot; prove that the 
error due to an error δὰ in the observed elevation is 


δὴ = a sec® ada. 


If a=100 feet, a = 30°, and the error in the angle be 1’, prove that 
δὴ = "47 inch. 


8. Find the cube root of 101, having given that the cube root of . 


100 is 4°6416. [4°6570. | 
4. Having given log, 10=2-3026 find an approximate value of 
log, 101. - (4°6151.] 


5. In a table of anti-logarithms (y= 105) the entry opposite ‘4 is 
2°511886 ; find the anti-logarithm of 40005 (4 = -434294). 
[2°512176.] 
6. An angle is to be found from its log-tangent. Find in seconds 


of arc the error in the angle due to an error of ‘0001 in the calculated 
log: tangent, the angle being in the neighbourhood of 30°. [20°6”.] 
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7. Prove that in a table of log-secants to base 10 the difference for 
one minute in the neighbourhood of 30° is :00007, nearly. 


8. Having given cosh 5 = 74-2099, calculate the value of cosh 5-001. 
[14:284].] 


9. Having given tanh ‘5 = -46212, find tanh 501. [4629]. 


10. Prove that if φ (#) be continuous and differentiable, except 
for «= αἱ, when it becomes infinite, then ¢’ (x,) is also infinite. 


11. In a tangent galvanometer the tangent of the deflexion of 
the needle is proportional to the current; prove that the proportional 
error in the inferred value of the current, due to a given error of 
reading, is least when the deflexion is 45°. 


12. The distances (x, 2’) of a point on the axis of a lens, and of 
its image, from the lens, are connected by the relation 
eee: 
eo aw f’ 
prove that the longitudinal magnification of a small object is (x'/x)*. 


18. Accrank OP revolves about O with angular velocity ὦ, and a 

connecting rod PQ is hinged to it at P, whilst Q is constrained to 
‘ move in a fixed groove OX. Prove that the velocity of Q is w. OR, 
where # is the point in which the line QP (produced if necessary) 
meets a perpendicular to OX drawn through Ο. 


14, If the density (8) of a body be inferred from its weights 
(W, W’) in air and in water respectively, the proportional error due to 
errors 5W, 5W’ in these weighings is 


ds W' ὃ 8W’ 


- W-W°W* ww 
15. The radius r of a sphere is found by weighing it in air and in 
water. Prove that the proportional error, due to small errors in these 
weighings, 18 : 
dr _ 8 W, -- 8, 
r 3(W,- W,)’ 
where W,, W, are the weights in air and water, respectively. 


16. The error in the area (S) of an ellipse due to small errors in 
the lengths of the semi-axes a, 6 is given by © 
| 85 _ Ba, Bb 
S a 6° 
17. If the three sides a, 6, ὁ of a triangle are measured, the error 
in the angle A, due to given small! errors in the sides, 18. 


pe got Οὗ. cot BX, 


a ἢ πα 6 
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18. If the aroa (A) of a triangle be computed from measurements 
of one side (a) and the adjacent angles (B, C), shew that the pro- 
portional error in the area, due to small errors in the measurements, is 


given by 
6A δα e 8B 2 δα 
Δ a asin asin’ 
Also, verify this result geometrically. - 


19. The area A of a triangle is calculated from the lengths of the 
sides a, b,c. If a be diminished, and 6 increased, by the same small 
amount a, prove that the consequent change in the area is given by 

oA _ 2Ζ(α--ὃγ) α 
Δ΄ οἷ -- (α-- δ)" 

20. The altitude of a triangle is computed from measurements of 
the base a and the base-angles B, C. If small errors 6B, 5C be made 
in the angles, the consequent proportional error in the altitude is 

sin C sin B 

| inden Be’ ὁ εἶμ Α εἶα Ὁ 

21. If a triangle ABC be slightly varied, but so as to remain. 
inscribed in the same circle, prove that 

αὐδὰν ον OO OO 
cos A cos BB cosC 

22. If ABCD be a deformable plane quadrilateral of jointed rods, 


and if a, y be the lengths of the diagonals AC, BD, the infinitesimal 
variations of these lengths are connected by the relation 


sin Asin C . 2da+sin Bein D. ydy=0. 


0. 


EXAMPLES. XX. 
(Geometrical Applications.) 
1, Prove that the condition that the tangent to a curve should 
pass through the origin is 
y_¥ 
2 ds 


.2. Prove that the straight line y= 22-1 is a tangent to the 
curve 
y=e—a4+l. 


3. Prove that the straight line y = 2x — 1 touches the curve 
y =o + 223 — 3a8— 2e+ 8 
at two distinct points. | 


εν 
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4. Prove that the curve 
y = x — 62° + 13.3-- 1165. 4 


touches the straight line y= twice; and find the abscisse of the 
points of contact of the remaining tangents from the origin. 


δ. Find the points on the curve 
y = a4 — θα + 18. — 107+ 5 


where the tangent is parallel to y= 2a; and prove that two of these 
points have the same tangent. 


6. Find the equations of the tangents which can be drawn from 
the origin to the curve 
y = 4. — 1227 + θυ — 2... 


Also find where the tangent is parallel to the axis of 2 Give a 
figure. | 


7. Prove that the perpendicular drawn from the foot of the 
ordinate to the tangent of a curve is _ 


y+{i+ ayy" 


Hence shew that in the catenary y =c cosh 2/e this perpendicular i is 
constant. 


8. Prove that the perpendicular from the vigin on the tangent is 


υ- Ὁ. +. 


Verify that in the circle 
y=+/(a-2") 
this perpendicular i is constant, and that in-the pecienguler hyperbola 
ὧν = kt 
re 213 
it is equal to τῶ τ᾽ 
9. In the exponential curve (Fig. 24, p. 77) 
y = δεῖ, 


the subtangent is constant, and the subnormal is y*/a. 


10. Inthecatenary y=ccosh2/c, | 
the subtangent is ccotha/c, the subnormal is fe sinh 2z/e, and the 
normal is y*/c. 
11. _ The subtangent of the curve 
y" = "-Σ 2 
is mex. 
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12. Prove that the curve 
touches the straight line 


at the point (a, δ), whatever the value of n. 
13. In the curve of sines 


yobsin-, 


the subtangent is atan e/a, the subnormal is 46%/a.sin 2x/a, and the 


normal is 
ὁ sin =. ψᾳ Pect®), 


14. Prove that the curves 
y=e-“sin Ba, y=e—% 


touch at the points for which βα:- 2ηπ ὁ ἐπ, where n is integral. 
Sketch the curves. 


15. Prove that a pair of straight lines can be drawn through the 
origin, each of which touches all the curves obtained by giving c 
different values in the equation 


a 
y= cco. 


16. If a curve be constructed with the velocity (v) of a moving 
point as ordinate, and the space described (s) as abscissa, the accele- 
ration will be represented by the subnormal. 


17. If a curve be constructed with the kinetic energy (}mv’) of a 
particle as ordinate, and the space s as abscissa, the force will be 
represented by the gradient of the curve. | 


18. Prove that the equations of the tangents to the curves 
nari, =, ¥ 
y*=2 αὖ 1g ar oe 
may be put in the forms 


YY, = 2a"! {a + (n a 1) a}, 


respectively. 


19. Tangents are drawn toa conic ¢ (x, y) = 0 parallel toy=ma+c; 
prove that the equation of the line joining their points of contact is 


ab Ob 
πω ἐν aah 
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20. Chords of a closed oval curve of finite curvature are drawn 
parallel to a fixed direction; prove that there is at least one chord of 
the system such that the tangents at its extremities are parallel. 

21. Prove that in the ellipse 

z=acos(6+a), y=bcos (6 +B) 
the tangent at the point 0, will be parallel to the radius drawn to the 
point 0, if 0, -- 6,=+ dr. | 


22. Find the values of 6 corresponding to the principal axes 
of the ellipse 
%=acos@+a'sin#, y=bcos6+0'sin 0. 


[tam 26 = 2 (aa’ + bb’) ] 


a? + δ --- gq? — δ᾽ 
23. Prove that the condition that the normal to the curve 


$ (x, y) =0 
should pass through the origin is | 


Deduce the equation of the princ‘pal axes of the conic 
Az? + 2Hay + By? =1. 


24. Prove that if b> 2a three real normals can be drawn from the 
origin to the parabola 
a= 4a (y+ ὃ). 


25. Find the intercepts made on the coordinate axes by the 
normal at any point of the rectangular hyperbola 


v—y* = at; 
and prove that the difference of their squares is constant. 
26. Prove that the equation of the tangent to the hyperbola 
w=kt, y=k/t 
18 ‘e+ By = Qkt. 
27. If αὐ γ' --αὐ, prove that αὐ Ὁ νὴ is a maximum when 2 =+ y. 


Trace the curve ; and prove that its greatest radial deviation from the 
circle 27+ γῆτ αὐ is ‘189a. 


28. Prove that in the parabola 
a 
a ~ sin? $0" 
the focus being pole, f =n — 16, 


and hence shew that the tangent makes equal angles with the focal 
distance and the axis. 


a 
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29. Two adjacent points P, P on a curve being taken, straight 
lines PR, P’R are drawn at right angles to the radii; prove that the 
limiting value of PA, when 2 coincides with P, is dr/d6. 


30. If ¢ be the angle which the tangent to a curve makes with 
the radius vector drawn from the origin, prove that 


81. Prove that in the rectangular hyperbola 
| r* cos 26 = a? 


the lines bisecting the angles between the radius and the tangent are 
constant in direction. 


82. Prove that the equation of the tangent to a curve 
1 
5 - 70) 


r 
at the point 0=—<a is 


* =f (a) 008 (0—a) +f” (a) sin (9a), 
Hence prove that the equation of the tangent to the conic 
ee 1 +6008 0 
r 


is F = 6 008 6 + cos (θ-- α). 


CHAPTER V 
DERIVATIVES OF HIGHER ORDERS 


64. Definition, and Notations. | 


If y be a function of x, the derived function dy/dz will in general 
be itself a differentiable function of a. The result of differentiatin 
dy/dx is called the ‘second differential coefficient, or ‘secon 
derivative.’ If this, again, admits of differentiation, the result ig 
called the ‘third differential coefficient,’ or ‘third derivative’; and 
80 On. 


If we look upon d/dz as a symbol of operation, the first, second, 
third, ..., nth derivatives may be denoted by 


Ln (Sn Gln) 
respectively. The more usual forms are 
dy ὧν ὧν ay 
dz’ da’ ααλ᾽ " da’ 


which may be regarded as contractions of the preceding, although 
(historically) they arose in a different manner. 


Again, writing D for d/dz, as in Art. 25, we have the forms 
| Dy, Dy, Dy, ..., Dy. 
If y= $ (2), 
the successive derivatives are also denoted by 
φ' (a), φ΄ (ὦ), φ" (a), ..., ™ (@). 
Occasionally it is convenient to adopt the briefer notation 
Ψ, ν, ν"", ..., y™. 


There are a few cases in which a general expression for the nth 
derivative of a function can be found. The more important of 
these are given in the following examples. 
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Κα. 1. Τὸ 


Y=A,+ Αια Α,.3 Ast ct Age, eee. (1) 
we have | 
Dy = A, 24,4 34,2° + ...4+mA,,0"}, 
D*y = 2.14, +3.2A,+.. ee 1) A,, δ τ ἡ.) 


οοϑοφθόοοφοονόοσασοοφοουοσο φοθοφφονσοοονθοοοοθοθθ - Φοφοοοοθυουνφνοοφθοσυαυ 


D*®y τῆι (ηι -- 1) (ηι -- 3)... 3.144.» 
and therefore DEO ΞΞῸΣ Dy SOP RG. —csedesnlacocenhen (3) 


Hence the mth derivative of a rational integral function of the mth 
degree is a constant, and all the higher derivatives vanish. 


Ba. 2. Tf. PSO, aed ava sig atasebeswaueisaddaneet: (4) 
we have Dy=ke™, Dy=he™, ..., 
and, generally, | DP Y SIO. ρους νλοξοκευξι ottasiegtes (5) 
Hence, putting k= log a, we have 
. ; DP a" = (10g B)" a"... ὁἀοννονννννοννοννοννον (6) 
fa, 3. If y =sin Ba, eee Τὴ 
weave DYE! BONE, LEY aap ae 6 eee (8) 
τὸν =— cos Ba, D'y= Bain Ba, 


and so on. 


Otherwise, we have 
Dy = β sin (Bx + 47), 


and therefore Dy = β᾽ὲ sin (Bu + in + in), 
and, generally, Dy = B* sin (B+ ENT). cscccocscccccccssccseces (9) 
Κα, 4. If Y = COB BM, secrsccrscrsceescnseceecee( LO) 
er σαν νον ον ως 
| D'y= Btsin Ba, D'y= Boos Bx, 
and 80 on. 
Or, Dy = B cos (Bx + ἢ πὶ, 
whence D*y = B? cos (βα αὶ r+t+in), . 
and, generally, D"y = β'οοβ (Ba -- δ᾿ ππὴ. — ...ccccsocescssscecce (12) 
Κα. 5. If y =e* cos Bx, Reset είτε λας σον τῶν ει ἢ (18) 
σΒθα ὉΠ ene cos ep see) Bian (14) 
D*y = et {(a? — B*) cos Ba — 2a8 sin Ba}. 
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Similarly, if | 67 BIN βάν, νους ςυυουουν υμοςευ ἐκυ 18) 
, we have Dy = eo (a sin Bx + β cos Bx), } “Ἣν (16) 
Dy = e** {(02 — £7) sin Ba + 208 cos Bx}. 
General formule may be obtained, in these cases, by putting 
a=7rcos), B=rsin O. ......00 Lcessnaeess (17) 
This makes 20. e&* cos Ba = 655 (a cos Ba — β sin Bx) 
= re" cos (Ba + 6), 
and by repeated application of this result we find 
D" . e* cos Ba =1"e% cos (Ba + 18). .....csceceeees (18) 
Similarly D*. e#sin Bu = r*e%* sin (Bx +18). .....ccceseeees (19) 
Fx. 6. If 1 = OP We -.heksasdeusks as Semitseeeeesets (20) 
wehave γα, =-—a2-%, Dy=—-1.—2.2%, ..., 


and, generally, D*y=—1.—2.—3...—(n—l)x™ 
n—1)! : , 
ΞΟ" προ ΤΣ δε un telnonesiees steals: (21) 


65. Successive Derivatives of a Product. Leibnitz’ 
Theorem. 


If u, v be functions of @, we have by Art. 31 (20), 
D (uv) = Du.v+u. De. ΠΗ. το ύεν ονςς (1) 
If we differentiate this again, we have 
| D* (uv) = D(Du.v) + D(u. Dv). 
Now, by the rule referred to, we have 
7 ἢ (Du.v) = Dtu.v+ Du. Dy, 
Sh a D(u. Dv) = Du. Dv+u. D», | 

whence D (uv) = BPu.v+2Du.Dv+u. Dy. δον οὐ μα ..((2) . 


The general formula for the nth derivative of a product is 
D* (wo) = D°e.v+ nD u. Do + ἘΠῚ D4. Dv+... 
+nDu. Dv +u.D", ...... (3) 


the coefficients being the same as in the Binomial Theorem. This 
formula is due to Leibnitz. ΄ | 
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To see the truth of δ) consider the process of formation of the first 
few derivatives of uv. Using the accent notation, we have 


D (Uv) = Wt UU, crcrecercrsccsecceeececees (4) 
Differentiating this again, — ) | 
D (uv) = u"e + ule’ 
του +uv" 
= 60 + 20! + UO", ...ὁνν νον ἐφυύονος (ὅ) 


The next differentiation gives 


ate 


D* (uv) = uo + Qu’ +00 
le 22εἰ" + Ul, lice eee eee eee (6) 


where in the first line we have differentiated the first variable factor in 
each term of (5), and in the second line the second variable factor. The 
result is ᾿ 

Ρλ(υν)τευ Ὁ + δι" σ᾽ + Sus’ + wel. oe eee (7) 


It appears that the numerical coefficient of the rth term in (7) is the 
sum of the coefficients of the rth and (r—1)th terms in45) ; and it is 
. evident from the nature of the successive steps that this law will obtain 
for all the subsequent derivatives. Now this is precisely the law of 
formation of the coefficients in the expansions of the successive powers 
of a+; and since the coefficients of D (uv) are the same as those of the 
first power of a - ὃ, it follows that the coefficients in the expanded form. 
of 225 (uv) will be the same as those of (a - δ)". 


Κα 1. If ᾿Ξ: Νὰ; dnd sed εὸον ες νος υνν εὐ οντοξος (8) 
we have | Dy = xD*u +nDz. Dw _ 
x2 OD" 4 + BD Me, .0(ὑνννονονννοσοννον ....(9) 
since D*x=0. 
Thus if P= DB PR. οἰ cisesseiassivacaricessers (10) 
we have D*y =x2D' sin Bu + 2D sin Bx . 
mz — tx gin Boe + 28.008 Ba. .....ὑνννννννον (11) 
Again, if | imp login. «οννννονοννονννννονον νον νον (12) 
we have | ay = 2D" log x τη log x 
| m Ὁ)... eo ὯΙ +( -y hea, 
by Art. 64 (21). Hence “y 
(η.- 2)! 
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Ex. 2. If Y HOU, rrceerercsccenceetereeeceesee(L4) 


we have 


Dry =e, ὕω τα. De®. Du + a(n) Det, D™-*u +... 


=e (D+ naD"— nu + s@-) a2 D244 ν..). sesseeeee (15) 
Thus, if | Yy = eM Gin βα, ceveeesceeseceeceecesseeee(16) 
wehave D*y=e%(D*sin Ba + 2aD sin Bx + a? sin Bx) 
= e% {(a? — B*) sin βα + 2a8 cos Bah, ........ccceeee (17) 


in agreement with Art. 64 (16). 


66. Dynamical Illustrations. 


The second derivative is especially predominant in the dynamical 
applications of the Calculus. 


Thus, in the case of rectilinear motion, if s be the distance from a 
fixed origin, we have seen (Art. 26) that the velocity (v) and the accele- 
ration (a) are given by the formule 


ds dv | 
v= ht’ ἀἸΞ 7 * See veesvacccces eee eecece (1) 
Hence, in the present notation, we have 
ad /ds\_ ads 
a= dt (=) = de ee ee ees (2) 


t.e. the second derivative of s (with respect to the time) measures the 
acceleration. 


So also the angular acceleration of a body about a fixed axis is given, 
in the notation of Art, 26, by 


ΗΝ (8) 
Κα. 1. Τί s be a quadratic function of ἐ, say 
B= A+ BEA, ...ccececcrccecseecceeees «(9 
we have | τς 24ὲ- 8, ; 
(3 
ἈΠ SDA: aires aesstiees issieaneechO) 


4.6. the acceleration is constant. 
1.1. Ο. 10 


Ξ 
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Hm, ἢ. In ‘simple-harmonic’ motion we have 


ὁ = ἃ 608 (NE +6), «οὐννοννον bacittorae uate .....(6) 
whence “ =— πὰ sin (nt +), 
_ ω13 
ou =— n'a cos (nt + €)=— 178, 22.00. ners (7) 


i.e. the acceleration is directed always towards a fixed point (the origin 
of s) and varies as the distance from that point. 


Hu. 3. If e= Acoshnt+Bsinhnt, ..... seeseonavenes ......(8) 
we have τ -- nA sinh nt+nB cosh né, 
αἰ ς 
τ = Ά cosh né + "38 sinh nt τὸ ηἾἶδ,. ....οοοοονσονον (9) 


i.e. the acceleration is from a fixed point, and varies as the distance. 


67. Concavity and Convexity. Points of Inflexion. 


Just as Φ' (a) measures (Art. 26) the rate of increase of ¢ («), 
so ¢” (4) measures the rate of increase of $’(«). Hence if $” (ὦ) 
be positive the gradient of the curve 


Y=P(W) rererssesers Ἰλιάδος (1) 


increases with #; whilst if φ΄ (a) be negative the gradient decreases 
as ὦ; increases. | 


If 6” (x) =0, the rate of change of the joe is momentarily 
zero, and we have a ‘stationary tangent.’: The simplest case of this 
is at a ‘point of inflexion,’ #.e. ἃ point ab which the curve crosses 
its tangent; see Fig. 40. | 

A curve is said to be concave upwards at a point P when in 
the immediate neighbourhood of P it lies wholly above the tangent 
at P. Similarly, it is said to be convex upwards when in the 
immediate neighbourhood of P it lies wholly below the tangent 
at P. ᾿ 


If the curve, to the right of P, lie above the tangent at P, as in 
Fig. 39, it is easily seen from Art. 56 that within any range (how- 
ever short) extending to the right of P there will be points at 
which φ' (α) is greater than at P. Hence, by Art. 48, the value 
of φ' (ὦ) at P cannot be negative. The same conclusion holds if — 
the curve, to the left of P, lie above the tangent at P. | 


Similarly, if the curve, either to the right or left of P, lie below 
the tangent at P, the value of φ΄ (“) at P cannot be positive. 

It follows that the curve is concave upwards when ¢” (a) is 
positive, and convex upwards when ¢” (4) is negative. 
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It appears, moreover, that at a point of inflexion, where the curve 
crosses 108 tangent, $” (4) cannot be either positive or negative, and 


Fig. 89. 


therefore (since it is assumed to be finite) must vanish. This con- 
dition, though essential, is not sufficient. It is further necessary 
that φ΄ (4) should change sign as # increases through the value in 
uestion. Suppose, for instance, that to the left of P the curve 
hes below the tangent at P, and that to the right of P it lies above 
it. It appears then from Art. 56 that there will be points of the 
curve both to the right and to the left, in the immediate neigh- 
bourhood of P, at which the gradient is greater than at P, i.e. the 
dient is a minimum at P, and φ" (4) must therefore change 
(Art. 51) from negative to positive. 


Fig. 40 | 

If the crossing is in the opposite direction, the gradient is a 
maximum ab P, and ¢” («) changes from positive to negative. 
i 10—2 
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Ex. 1. If USD, cvsuidateciscinexetees eet (2) 
we have y” = θα. 


This changes from — to + as x increases through 0. Hence we have a 
point of inflexion ; see Fig. 31, p. 105. 


Ex. 2. | ¥ = Τ τ αἱ are err re reer rer ye Pee ee Te (3) 
: _ 40 (a — 8) 
This makes | =“ το 


Hence there are three points of inflexion, viz. when «=0 and when 
a=+,/3. See Fig. 13, p. 27. 


Ex. 3. In the curve of sines 


ὃ) @ 
we have y =-—,sn -=-—-. 
is a a 


Hence x" changes sign, and there is a point of inflexion, whenever the 
curve crosses the axis of a See Fig. 14, p. 28. 


Ex. 4. In the curve YDS ccvisvsacasonse cies eneeeeounss ...«((ὅ) 
we have y” = 1227. 
This vanishes, but does not change sign, when στοῦ, Hence we have 
a stationary tangent, but not a point of inflexion in the strict sense, It 


is in fact obvious, since x‘ is essentially positive, that the curve lies 
wholly on one side of the tangent at the origin. 


68. Application to Maxima and Minima. 


The criterion of Art. 51 for distinguishing maxima and minima 
values of a function ᾧ (4) can also be expressed in general in terms 
_of the second derivative ” (2). 

Since $” (“) is the derivative of φ' (4), it appears that if, as ὦ 
increases through a root of φ' (x)= 0, φ΄ (a) is positive, φ΄ (4) must 
be increasing, and therefore changing sign from — to+. Hence 
φ (x) is ἃ minvmum. | ! 

Similarly, if ¢”(«) is negative when ¢’(x)=0, φ' (x) must be 
decreasing, and therefore changing sign from + to ~. Hence ¢ (a) 
is ἃ maximum. 7 


The connection of these results with the criterion of concavity 
and convexity 18 obvious. 


Ex. 1. Τῇ rectilinear motion, the distance (s) from the origin, is a 
Ἢ maximum or minimum when the velocity (ds/d¢) vanishes, according as 
the acceleration (d7s/d¢?) is then negative or positive. 
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2. 
Ha. 2. Let $@)=7 3: 


We have seen,. Art. 51, Ex. 4, that ¢’ (a) vanishes for #=1 and a=—1. 
Also from the value of φ" (x) given in Art. 67, Ex. 2, it appears that 


| φ΄ (1) Ξ --Ἰ, φ' (-1)=1. 
Hence the former value of x gives a maximum, and the latter a minimum, 
value of d(x). See Fig. 13, p. 27. 


It may happen, however, that a value of z which makes ¢’ (x) =0 
also makes 6” (5) ΞΞ 0. It is easily shewn that in this case ¢ (a) is 
in general neither a maximum nor a minimum (ef. Fig. 81, p. 105), 
but it is hardly worth while to continue the discussion here. The 
complete rule will be given later (Chap. xv) as a deduction from 
Taylor’s Theorem. 


& 
69. Successive Derivatives in the Theory of Equations. 


The successive derived functions play a great part in the Theory 
of Equations, 7 


We have seen (Art. 50) that, if ¢(x) be a rational integral 
function, at least one root of $’(#) = 0 will occur between any two 
roots of ¢(#)=0. Similarly, at least one root of 6” (x) = ὃ will 
occur between any two roots of φ' (x)= 0, and go on. 


Moreover, since an r-fold root of ¢ () = 0 is an (r—1)-fold root 
of ¢'(x)=0, it will be an (r— 2)-fold root of 6’ (a)=0, ..., and 
finally a simple root of ¢*—)(z)=0. Hence the necessary and 
sufficient conditions for an r-fold root of ¢(#)=0 are that the 


functions 
f(x), φ' (ω), φ' (a), ..., HY (ω) ...... ......(1) 
should simultaneously vanish. 
Ex. If f (2%) = 2a + Bat + 4a? + 9.3... 2. 1, 
we have φ' (%) = 10a4 + 2027 + 12094 4042, 


p" (a) = 4 (10a? + 152° + 6x + 1). 


These all vanish for «=—1, which is therefore a triple root of ¢ (a) = 0. 
We find, in fact, that 
φ (α) = (x + 1)} (2. — α + 1). 


70. Geometrical Interpretations of the Second Derivative. 


τς In Art. 56 an important property of the first derived function 
was obtained by a process which consisted virtually in a comparison 
of the curve 


with a straight line USAF DE, ...νὐροννννννννοννονννον (2) 
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the constants A, B being determined so as to make (1) and (2) 
intersect for two given values of ὦ, 


We proceed, in a somewhat similar manner, to compare the 
curve (1) with a parabola 
| ye A+ Βα Ca, cccsscscecceeensvers (3) 


where the constants A, B,C are determined so as to make (1) and 
(2) intersect for three given values of δ. 


1°, We will first gh these values of # to be equidistant; 
let them be a—h, a,a+h. The equations to determine the con- 


stants are then | 
A+ B(a—h)+C(a—h)Y=¢(a—h); 
+Ba του x= (a), δ γεν πο (4) 
Α--Β(α--.Ὧ}ὴ- Ο(α- δ΄πε φί(α  Ἀ). 


Let us now write 
— F(a) =o (2) —(A + Bat Cn), .«ονονοσόννόνονν (5) 
i.e. F(x) denotes the difference of the ordinates of the curves (1) 
and (3). By hypothesis, F (#) vanishes for «=a — h, and for «=a; 
hence, by Art. 49, the derived function ἢ" (2) will vanish for some 
intermediate value of a, that is 


F’ (A — Oh) O, cccccccccrccccerccaceces (6) 
where 1>6,>0. Again, since Κ᾽ (9) vanishes for «=a, and for 
2=a-+h, we shall have 

F’ (a+ Ogh) =O, ....ceeeee picsiuseeoees (7) 


where 1» θ, » 0. 


By a further application of the same argument, since the fune- 
tion F’ («) vanishes for «=a—6,h and for e=a+ 0,h, its derived 
function F” (#) will vanish for some intermediate value of #; we 


have therefore 
Ἐ΄ (G+ Oh) HO, cccccocscreeseeeerees .. (8) 


where θ is some quantity lying between — 6, and θ,, and a fortsors 
between +1. Since, by (5), 


FF’ (@) φ' (08) 20, «ὐννοννννννννονονο (9) 
it follows that, for some value of θ between + 1, 
| φ' (a+ Oh) =20, «...--00+. : seveeeeee(10) 
Now from (4) we find | 


$ (a+h)— 2p (a) + 6(a—h)=2OR, «.....-- (11) 
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and therefore : 
φάτις 26) 4 $=) _ gras ony. (02) 
Hence 


lim,» Pos) AsO) ee =" (a). ...(18) 


In the same way we could prove that 


έτος... 202+) — PP (OTM F9O)_ gr, ...(14) 


If the difference ¢ (a +h) — (a) be denoted by Sy, the expression 
ip (a+ 21) -- φ(α +h)} —{p(a+h)—$(a)}, 


which is the difference of the differences, or the ‘second difference,’ 
for equal increments h of the independent variable, may be denoted 
by 5(dy) or &y. Hence the formula (14) is equivalent to 


This is the origin of the notation d*y/dz*, this ‘being the limiting 
form of the second difference. | 


To interpret the theorem (13) geometrically, let, in Fig. 41, 
OA=a, OH=a-h, OH’=a+h, 


and let AQ, HP, H’P’ be the corresponding ordinates of the 
curve (1). Join PP’, and let AQ meet PP’ in V. Then | 


VA=4(PH+PH) 
= ip (at+th)+¢(a—h)}, 
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and therefore 
VQ=VA-—-QA 
- ἐ ἰφ(α Ἑ ἢ) -- 26(a)+ p(a—h). 
Hence the theorem (18) asserts that | 
VQ=4HA’. $” (a), ὌΝ -..-.(16) 


ultimately. | 


It appears that the chord is above or below the arc according 
as φ΄ (a) is positive or negative. 


2°. We will next suppose that two of the three points at 
which the curves (1) and (3) intersect are coincident. More pre- 
cisely, we suppose that for «=a the curves not only intersect but 
touch, and that they intersect again forw«=a-+h. The conditions 
that, for =a, y and dy/da should have the same values in the 
two curves, are. 
A + Ba+ Ca*= (a), 


: | aca — seven (17) 


while the third condition gives 


A+B(ath)+C(athf=d(ath). ......... (18) 
With the same definition of F(a) as before, we have _ 
— F(a)=0, F(ath)=0, «αὐνννννννννν ..(19) 
and therefore FP’ (G@EOR) HAO, cacscrscceccasecceoes (20) 


where 1>06,>0. Again, since F’ (a) vanishes for «=a, and for 
z=a-+6,h, we have 

FP (G+ Oh) =O, creceeesceceeseeeeees (21) 
where 0,>6>0. 


Now from (17) and (18) we find 


d(a+h)—(a)—hd (a)=Ch?. ............ (22) 
Hence, by (9) and (21), 
φία -Ὁ ἢ) τε φ(α) + hd' (a) + 4h" (a+ Oh). ...... (23) 


This very important result will be recognized, later, as a par- 
ticular case of Lagrange’s form of Taylor’s Theorem (see Chap. xv). 
It includes as much of this theorem as is ordinarily required in 
the dynamical and physical applications of the subject. | 


From (23) we deduce 
$(a+h)—$(a)—hd'(@) _ yg 
6 h2 


lim, 


" (a). ......(2.4) 
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In Fig. 42, let OA =a, AH =h, and let AP, HQ be the corre- | 
nding ordinates of the curve (1). If QH meet the tangent at 
P in V, we have 3 
QH=$(a+h), VH=$(a)+h¢' (a). 


¥ 


i iets 
᾿ Fig. 42. 
Hence (24) asserts that 


QV -- ζ. 465. φ΄ (α), ..csseconscceeses (25) 
ultimately. 


Hence the deviation of a curve from a tangent, in the neigh- 
bourhood of the point of contact, is in general a small quantity 
of the second order. 


If $” (a)+0, QV does not change sign with ἢ, and the curve 
in the immediate neighbourhood of P lies altogether above, or 
altogether below, the tangent-line, according as $” (a) is positive 
or negative. Cf. Art. 67. 

The formule (16) and (25) have an interesting application in 
the theory of Curvature. See Chap. x. 


71. Theory of -Proportional Parts. 
Let us make the curves 


| y= φ ΘΠ ΡΠ (1) 
and Y= A+ BEACH, oo. cccececssnccccenes (2) 
intersect for ὥτεα, x=at+zh, w=at+h, 


where 1 >z>0. 
We find | 
(1 —2)¢(a)+26(a+h)— (a+ 2h) - ΖΑ —2)h9C;...(3) 
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and consequently, by the method of the preceding Art., 
( -- Φ)φ(α)- 26(a+h)— $(a+ 2h) = $2 (1 — 2) ἐφ΄ (a + Oh), (4) 


where 1>@>0, 


This result, which includes the theorems of Art. 70 as par- 
ticular cases, i8 here introduced for the sake of its bearing on the 
_ theory of ‘proportional parts.’ Suppose that ᾧ (4) is a function 
which has been tabulated for a series of values of x at equal inter- 
vals ἢ. Let a be one of these values, and suppose that ¢ (a) is 
required for some value of a between this and the next tabular 
value a+h; say for a+zh, where 1>z>0. In the method of 
‘proportional parts,’ the interpolation 1s made as 1 the function 
increased uniformly from «=a to s=a-+h, te. we assume 


φία - εἶ) -- φ() 2 (5) 
d(a+h)— (a) 1’ ἜΤΣΙ eo ccccecen 
si — $(a+sh)=(1 -- δ) 6 (a) +2 (α +h). ............(θ) 


The formula (4) gives the error involved in this process, which is 
equivalent to assuming that the arc of the curve (1) between «=a. 
and «=a-+h may be replaced without sensible error by its chord. 


The maximum value of Ζ (1 — z) is }, by Art. 51, Ex. 2. Hence 
if R denote the greatest value which ¢” (4) assumes in the interval 
from «=a to a=a-+h, the formula (4) shews that the error 


ARG. ὐ οι φονρυ αν νι (7) 


, 1. To a seven-figure logarithmic table, the logarithms of all 
numbers from 10000 to 100000 are given at intervals of unity. Now if 


| φ (ad Ἰοριοῶ, nr (8) 
we have ¢” (e)=-§. setigigy ateateeestencaces (9) 
Hence, putting h=1 in (7), we find that in the interpolation between 


logy and log,, (nm + 1) the error involved in the method of proportional 
parts is not greater than 


05429 = ν΄ .....0.00. auiouelaaaseas (10) 
Thus for » = 10000, where it is greatest, the error does not exceed . 
000000000543, 


and is therefore quite insensible from the standpoint of a seven-figure 
table, a 


It appears from (4) that the method may be expected to fail 
whenever φ΄ (a) 18 large. The differences are then said to be 


‘irregular, 
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Re Tt φ(ο) = logy, Sim 0 ....τοννννινννοεμννον (11) 
we have ' gh” (0) -- -- pp οοβϑοῦῖα, {0.66 οόοννν εν όσον (12) 
Hence, putting = = 708007 = ‘000291, | | 
we find ih ” (a) = — 00000000460 ΘΟΒθοἶ αν. ............(18) 


-Sinoe cosec* 18° = 10°47, it appears that in a table of lig ates at inter- 
vals of 1’ the error of interpolation may amount to half a unit in the 
seventh place when the angle falls below 18°. 

EXAMPLES. XXI. 


Verify the following differentiations : 


1. y=27(1—2)', Diy = 2 — 12a + 122%. 
2. y = ἐμαὴ() -- 15), »ὌἮἬν-μ(-- αν. 
8. y= drum (I-a)(P+le—a"), Dy= ἐμω(ω--ἢ, 
4. y= spa? (BP Ale + at), Diy =}u(w- Ht 
1 : ] ] 
Yaad Dy-Heoa- ραν: 
} 1 24 (1 — 10a? + δα" 
8 "ie py ay 
7 .-.35 4α(αδὲ8) 
᾿Ξ Tr? (i-2) 
8. ν-Ξ(! --αὐ "Ὁ D*y =m(m+1)...(m+n—1) (1 - αὐ) 
νεῖ, "ς φυτ ξν 
10. ψ- δἱπῆ αν, ᾿ D*y = 3 cos 25. 
11. y=cos* x, D*y= 2-1 cos (2a + Jne). 
12. y=secx, Diy = 2 seo? a — sec a. 
13, y=atsing, | Dy = 4a: cos x — (x? — 2) sin αν 
14, y=sin’x cos, Diy = 6 — 60 sin* x + 64 sin‘, 
15. y=sin x sinh 2, D*y = 2 cos x cosh 2. 
16. y= 008 a cosh 2, D’y = — 2 sin x sinh 4. 
17. y=sin zcosh ὦ, D*y = 2 cos x sinh x. 
18. y= cosa sinh», oer 
19. y=sin-'2, Dy = 


(i - = 


͵ 
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20. The first five derivatives of tan x are 
1+#, 2%(1+#), 2(1+3A)(14e), 8ὲ (2430) (140%, 


| 8 (2 + 158 + 1524) (1 + #), 
where ¢ = tan 2. ° 


41. y= log=, Dy =5. | 

22. y =a log a, Dry = Πὰς 5:5} 

28, y= xe", Dry = (a +n) €*. 

24. y=xier, Dry = {a + Ina +n (n—1)} ὁ. 


25. By applying Leibnitz’ Theorem to the differentiation of the 
identity : 

a. oof == pe 
prove that 


My My + My.3%3+...+N, =(mM+n),, 


r r(r—1) r (r—1)(r—2) 
ἤν ae ae ae π᾿ Tas 
where m, =m (m—1)(m—2)...(m—r+1). . 


26. By forming in different ways the nth derivative of x™, prove 
that 
nt ni(n—1)* 2? (n—1)*(n — 2)? (2n) |! 
et ge er grt Fp 


27. Prove that 


Dr (1—2)'=ni(r—ay {1-2 4 MO aaa -}- 


28. If | ye. 


wna OM n? n* (n — 1)? 
D*y =a ap (+t “ep vt}. 


29, The equation = +k a +n*z=0 


αῇ αἱ 
is satisfied by 8 = 46- ἀπέ cos (σέ + €), 
for all values of A and «, provided 
σ᾽ -- ἢ -- Tis 


᾿ εἷλε ds, 
80. The equation get 2a tnis=0 


is satisfied by : s=(A + Bt)e™, 
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81. If y={o+ J+)", ςς 


d*y | 
prove that (140%) FY 4 oY my =0. 
82. If m=p(t) y=x(é) 

| dz d*y dy dx 

ὧν α΄ di αβ 

prove that aor oneal 
(ᾳ 


EXAMPLES. XXII. 


_ 1. Prove that, in a table of natural sines at intervals of 1’, the 
error of proportional parts never exceeds 


0000000106. 


2. Shew that in a table of natural tangents the method of pro- 
portional parts fails for angles near 90°. 


Also prove that the limit of error for angles x near 45°, when the 
tangents are given at intervals of 1’, is 


0000000428, 


8. Shew that in a table of log tangents the method of proportional 
parts fails both for angles near 0° and for angles near 90°. 


Shew also that the maximum error involved in the method is 
least for angles near 45°, 


4. Prove that the curve 
y= log & 
ig everywhere convex upwards. 
6. Prove that the curve 
. y=azlogaz 
is everywhere concave upwards. ‘Trace the curve. 
6. Find the maximum ordinate, and the point of inflexion, of the 
curve 
ν = we-*, 
Trace the curve. 


[The maximum ordinate corresponds to x=1; the in- 
flexion to x = 2] 


7. Shew that the curve y=e—“ 
hes inflexions at the points for which z= + 55 ; and trace it. 
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8. Find the maximum and minimum ordinates, and the inflexions, 
of the curve 
y=xe-*, 
Trace the curve. 
[The maximum and minimum ordinates are given by 
w=+,/}; the inflexions by «=0, + ,/2.] 


9. A certain function ¢ (#) is constant and 


=3(R-0) 
8 
for 0 <a <a; it = pt - 40-3 
“= ας | δ΄ 73 
fora<a#<6b; and aia? — 


ἴον ὦ» ὁ. Prove that ¢(x) and φ' (x) are continuous, but that ¢” (x) 
is discontinuous. 


Trace the curve y = ¢ (α). 


10. Shew that y = αΚ (3 -- α) 
has an inflexion at the point (1, 2). Trace the curve. 
11. Shew that y = x"(1 —2%) 


has inflexions at the points (1% "75 3 ae): Trace the curve. 


12. Find the points of inflexion of the curve 
Y= . ἴω τε  α|,.3.} ᾿ 
αἶα 
Y= Gay 
has a point of inflexion αὖ (— 2a, — 3a). Trace the curve. 
14. Find the points of inflexion of the curve 


18. Shew that 


oo 
| | Y~Sya 
and trace the curve. [x=0, +a ,/3.] 
15. Shew that the curve 
l-a@ 
er 


has three points of inflexion, and that they lie in a ivergnt line, 
Trace the curve. 


16. Prove that the equation 
a? — 10x? + 15a-6 =O 


4 


ba a triple root. 
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Ἃ 


17. Prove that the equation 
of — Back + Sart + 9. -- 14a -- 4 +8 =0 
has a triple root ; and find all the roots. ' 

18. Find the maximum and minimum saiaine and the points of 
inflexion on the curve 
y= 1— Sa? + 2a, 

Trace the curve. 

19. Find the points of inflexion on the curve 

earn ete 
and trace the curve. 


20. Find the maximum and minimum ordinates, and the point 


of inflexion, on the curve 
y = 4a? + 9a + 62+ 1, 
Trace the curve. 


21. Shew that the curves 
ψ-αδιαῖΐ--α--Ἰ, 
y=2 (a --αὐ΄τὰ-- 1) 
touch, and cross one another at the point of contact, 
Trace the curves. 


23. Determine the constants A, B, C so that the curve. 
y= Aa? + Bat+ Ca 


may have a point of inflexion for x= 4, be parallel to the axis of x . 
for «=— 1, and pass through the point (1, 13). 


23. Prove that the curve 


has three real points of inflexion. 
24, Find the turning points, and the points of inflexion, on the 
curve 3 
y= 4 sin ὦ — sin 22. 
Trace the curve. 


25. If PN, P’N’ be two neighbouring ordinates of a curve ᾿ 
y=¢(ax), and if QH, any intermediate ordinate, meet the chord PP’ 


in V, prove that 
ΟΡ - ΝῊ. HN’. $" (c), 
ultimately, where c is the abscissa of some point between WV and JN". 
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26. Shew that in the formula 
φ (α - ᾿) -- φ (a) +hd' (a+ Ch) 
of Art. 56, the limiting value of θ, when ὦ is infinitely small, is in 
general 4. 
What is the geometrical meaning of this result 1 
27. Shew that the variation in the value of a function, in the 


neighbourhood of a maximum or minimum, is in general of the second 
order of small quantities. 


28. Explain why the rate of a compensated chronometer, at any 
particular temperature, differs from the rate at the temperature of 
exact compensation by an amount proportional to the square of the 
difference of temperature. 


29. Shew that, in a mathematical table calculated for equal 
intervals of the variable, the maximum error of interpolation by pro- 
portional parts, in any part of the table, is one-eighth of the ‘second 
difference’ (i.e. of the difference of the differences of successive entries). 


80. The coordinates of three points P, ὦ, # on a curve are 
_ (3250, 8526), (3500, -8910), (3750, -9239), 
respectively ; find, approximately, the values of dy/dw and d*y/dz’ 
at Q. 


31. Apply the formula (23) of Art. 70 to calculate log, cos 1° to 
six. places of decimals. | (7-999934.] 


CHAPTER VI 
INTEGRATION 


72. Nature of the Problem. 


In the preceding chapters we have been occupied with the rate 
of variation of functions given ὦ priori. The Integral Calculus, to 
which we now turn, is concerned with the inverse problem ; viz. 


the rate of variation of a function being given, and the value of 


the function for some particular value of the independent variable 
being assigned, it is required to find the value of the function for 
any other assigned value of the independent variable. In symbols, 
it 1s required to solve the equation : ) 


where ¢ (2) is a given function of #, subject to the condition that 
for some specified value (a, say) of «, y shall have a given value (6). 

For example, the law of velocity of a moving point being given, 
and the position of the point at the time 4, it may be required to 
find its position at any other time ὁ, This is equivalent to solving 
_ the equation | 


op. siaesy een) 


where ¢ (¢) is a given function of ¢, subject to the condition that 
8 =8 (say) for t=%. 


If we can discover a continuous function Ψ' (#) such that 


¥ (2) = > ὦ) 
the equation (1) becomes 


Hence if, as is the case in most practical applications of the subject, 
_ -y be restricted to be continuous, we have, by Art. 56, 


Ya) EC, ὑἰνοὶςονς ἐὺ εις, νυν (4) 
where Cis a constant. The precise value of C is indeterminate, 
so far 4s the equation (1) is concerned; C is therefore called an 
‘arbitrary constant.’ Its use is that it enables us to satisfy the 
remaining condition of the problem as above stated. | | 

.1. 6, 1) 
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Thus if τοῦ for <=a, we must have 
b=y(a) Ὁ Ὁ, | 7 
whence ῃ — ὃ -- Ψ (4) — P(A). ..cercccccrccenceeees (5) 


If, as in Art. 25, we use the symbol D for the operator d/dz, 
the equation (1) may be written 


Dy =o (a); ....ννννονονννεννονν .....(6) 
and its solution may, consistently with the principles of algebraic 
᾿ notation, be written : 
Y= DAG (HL), ...0νοννενενεννένενννν d(T) 
the definition of the ‘inverse’ operator D-' being that 
D {D7 (a)} = h(a). .....ννννονοοννονσον (8) 
The function D7 DL) ecnsusececsecssensasanesas’ (9) 


when it exists, is called the ‘indefinite integral’ of ᾧ (#) with 
respect to ᾧ. It is more usually denoted by 


[φ(ὴ ates geile Decent (10) 


The origin of this notation will be explained in the next chapter ; 
in the meantime (10) is to be regarded as merely another way of 
writing (9). ἮΝ 

The distinction between ‘direct’, and ‘inverse’ operations is one 
that occurs in many branches of Mathematics. A direct operation 
is one which can always be performed on any given function, 
according to definite rules, with an unambiguous result. An in- 
verse operation is of the nature of a question: what function, 
operated on in ἃ certain way, will produce an assigned result? To 
this question there may or may not be an answer, or there may be 
more than one answer (cf. Art. 16). In the case of the operator 
D= we have seen that if there is one answer, there are an infinite 
number, owing to the indeterminateness of the additive constant C. 
Whether there is, in every case, an answer 18 a matter yet to be 
investigated ; but we may state, although this is rather more than 
we shall have occasion formally to prove, that every continuous 
function has an indefinite integral. In the rest of this chapter we 
shall be occupied with the problem of actually discovering indefinite 
integrals of various classes of mathematical functions. 


Ew. Given that the velocity of a moving point is u + gt, we have 


F aut gt=5 (ut # gt, ccssccsscseeeens μα) 


whence BS PAGE + CO. ....ἀο νον ονονοννοννννννι.. (12) 
Determining C so that s=s, for ¢=%, we have | 
§ — 8, = (ὁ -- (9) +g (Ὁ — ἐκ). «ον νον νευσόονον νον (13) 


\ 


ΒΡ 
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᾿ 8. Standard Forma. 
There are no infallible rules by which we can ascertain the 


indefinite integral 
D> $(a) or fp (@) de 


of any given continuous function f(a). As above stated, integra- 
tion 18 an inverse process, in which we can only be guided by our 
recollections of the results of previous direct processes. 


᾿ς The integral, moreover, although in a certain sense it always 
exists, may not admit of being expressed (in a finite form) in terms 
of the functions, whether algebraic or transcendental, which are 
ordinarily employed in mathematics. The following are instances: 


- sin Φ da 
[ea | J ies Ἐπ: 
and the list might easily be extended indefinitely. 


The first step towards making a more or less systematic record 
of integrations is to write down a list of differentiations of various 
simple functions; each of these will, on inversion, furnish us with 
a result in indefinite integration. The arbitrary additive constant 
which always attaches to an indefinite integral need not be explicitly 
introduced, but its existence will occasionally be forced on the 
attention of the student by the fact of integrals of the same ex- 
pression, arrived at in different ways, differing by a constant. 


The student should make himself thoroughly familiar with the 
following results, which are fundamental : ) 


de ᾿ 1 | 

Ζ, es | emda m ames, (4) 
_ [except for ἢ = -- 1], 

d da = 

το OE wee, [Z=loga, : (B) 

d 1 

Tp 95 = hem, [mde =o (C) 

© sing = cosa, | cos «dae = sin (D) 

© cos n= — sine, [sin ode = cose, (8) 

© tan a= soca, [sect ade = tan α, (F) 


li—2z 
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| cotam—cosee! α, [ cosee? wdar=— cot α, | (8) 
“μι. 9. [ances ᾳα) 
ἫΝ sinh a = cosh a, | cosh adx = sinh a, (J) 
cosh ὦ τα sinh a, | | sinh wdz = cosh 2, (K) 
| = tanh ὦ = sech’ 2, : | sech*ada=tanha, — (L) 
© oth ὦ; = — cosech? a, [ cosech’ eda=—cothe, (M ) 

δ θα ζ τιον [πότ ties 
mlog@t VET, (yy 
ἰὸς δ: Μ᾽ το + 0) 

7. tanh = ττῷ» τ zens 
[' «α΄ =z logit? (Ὁ 

$ οὐδ. σ᾽ | [unm gon 

[at > αἾ = gglosZTZ ὦ 


A little care is necessary in the employment of some of these 
formule. In the first place, the sign of a in (#), (71), CV), (0), 
(P), (Q) is most conveniently taken to be positive ; this is evidently 
always legitimate, since the square of a alone appears in the 
expression to be integrated. 


* As to the question of sign, see Art. 88. 
+ As to the sign, see Art. 47. 
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' Again, the formula (B) requires amendment when a is negative, 
since there is no logarithm of a negative quantity. panes in 
᾿ this case δ᾽ Ξα -- α΄, and 


| y= log a’, 
we have | 
dy__dy__1_1 
dz dx « @ 

Hence [Z=toge. 


The cases of α' positive and # negative are both included in the 


formula 


[Z=log|2\. εἰρη λοεο νοδν οὐδ δον (B) 


Again, the forms in (0) assume αἱ to be positive. In (P) it is 
implied that | |< a, and in (Q) that |a|><a, 


74. Simple Extensions. 


To extend the above results, we first notice that the addition 
of a constant to « makes no essential difference in the form of the 
result (cf. Art. 32, 1°). 


Thus, obviously, 


fe+ 4)" de=— —y(o+aye, eee eels 

vans a naweleies (2) 
᾿Ξ: . _,@—G 8 
ee) =fax ἢ (at — ὦ — (5 -- αὖ cs αι, (3) 


and soon. Some further illustrations occur in Arts. 75, 76. 
Again, if « be multiplied by a factor k, the integral has the 

same form as before, except that it 1s divided by this factor (see - 

Art. 32, 2°). 


Thus | sin kada = — 1 COB ΑΝ, τα ρερςφωφν ἐφεν νος (4) 


dx 1 
| [ τὸ a log (αα + δ), ....c.ccecceoes (5) 
and so on. | 


7 
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Again, we have the theorems 
J Oudar = C fudat,....seccecsececsseeecee(B) 
S(uto+wt...)da= fudx + fodat+ fwdr+...;...(7) 


since, if we perform the operation d/dz on both sides we get in 
each case an identity, by Arts, 29, 30. It is assumed in (7) that 
‘the number of terms 18 finite. 


Thus the indefinite integral of a rational integral function 


| Aya + A224 0. + Ag + Ag, ccocseesees. (8) 
: 1 1 
is aa Anam + = A,am™ +... +4 Amat Age. ...(9) 
Again, suppose we Have a rational fraction of the form 
F(a) 
Dg 7770 ππππἁπελελέννν (10) 


By division thie can be reduced to the sum of a rational integral 
function and a fraction — | : 


I ee (11) 


+a 
The former part can be integrated as above, and the integral of 
(11) is 


ΠΑ log (ὦ +). ..«οοονοννονννννονννον (12) 
5.1. [ω-υὲά.--ἶ (141 22 @—1)h, 
8:1} 
ἀκα 
Bex. 2. [εξει- τα (2a -- 1). 
ἔχ. 3. [εἰπλα de =1f(1 —cos 2x) dx=1"—} sin 2x. 
Ex. 4. ftan® x da = {(sec? α — 1) dw =tan α:-- a, 


αὐ aya (fte% 420444 ——! 
Ex. 5. fagey ae— |e +3048 + sey ds 
= αι fa + de + τς log (2. -- 1). | 
75. Rational Fractions with a Quadratic Denominator. 
We next shew how to integrate any expression of the form 


where F(a) is rational and integral. If necessary, we first divide 
the.numerator by the denominator until the remainder is of the 
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form az + b. -We thus get the function (1) expressed as the sum 
of a rational integral function and a fraction 
ax +b 
a+ pa +g” 


The former part can be integrated as in Art. 74; it remains only 
to consider the form (2). 


We take first the case 


a+ pa +q eo e088 Seoeeeaeeseveneseeveees (3) 
The form of the result will depend on whether p*3 46. 


If p?> 40, the quadratic expression can -be resolved into real 
and distinct factors; thus. 


e+ pe+tg=(@—a)(@—B).  .....ccseeeeeee (4) 
‘With a proper choice of the constants A, B we may then put 
ij A B 
| ΟΣ «8 eboasmasteiect (5). 
For this will be an identity provided 
. l= A (a#— 8)+ B(a—a@), .««οννννννννννννον (6) 
1.6. provided A+B=0, AB+ Βα--- 1, ............... (7) 
1 1 
or ἈΞ ey peg pa aereuaevewes tie: (8) 
Hence 
[ΞξΞ.- -Ξεί _-| dae 
(w—a)(@—B) α--β 1] 5 --α -β 
: 1 
= 7p tog 0 — ὦ) — log (ς-- B)} 
1 4; -- 
. πΠΠνππΞ᾿ “οσοοοο ον οο cacccescesees (9) 


When we have once learned that the two sides of (5) can be 
made identical, the values οἱ A and B are most easily found as 
follows. We first multiply both sides by #—a, and afterwards 
make # =a; this gives A, Again, multiplying both sides by ὦ ~ £, 
and then putting «=, we find B. Hence the rule: To find 4, 
omit the corresponding factor in the denominator of the expression 
which is to be resolved into partial tractions, and substitute a for # 
In the expression as thus modified. Similarly for B, 
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If p? = 4q, we have 
. e+ ne+g=(a@+hp), . 


1 
and <> + bese edeesee @encter 10 
«dS @e py περ 0) 
ΤῈ" < 4η, we have ~ 
a+ pe+q= (a+ sp) + (ᾳ -- dp?) = (ὦ -- a) + 5, 
where a, 8 are real, and 8 may be taken to be positive. Now 


dix 1, a—a 
lecpaees™ B ‘ mone: “4.9 (1) 


by an obvious extension of Art. 78 (J). 


The result when p*> 4g can be put in a form analogous to (11). 
We may write 


αὐ + pa +g = (0 + tp)*— (4p* -- 4) = (x — a’)*— Ξ'5, ...... (1.2) 
where α΄, β' are real, and β' may be assumed positive. If [α -- a’| <P, 
. the formula is | ! | 

1 ἃ; -- α' 


dx ene | 
[μπιτξσοτξοο 8." πππποο (13) 


by Art. 73 (P). If we put α΄ - β΄ =a, a'~ β' =f, this is seen to be 
equivalent to (9); by Art. 46. If|z—a’|>’, the form is 


α; -- αἱ 


learn po ΗΝ vesssseseee(14) 


Proceeding to the more general case (2), we observe that, by a 
proper choice of the constants A, μ, we can make 


| AL +b τ λ (QE +P) + μ, -ceccccccscecoeces (15) 
viz. we must have , 
; N=FG, μεεδ-- ρα. oo... crcceccercnces (16) 
Hence : 
f ax+b f 22+ dx 
lates” λι αι σε ΤῊΝ + parg Ὁ 


Of the two integrals on the right hand, the former is obviously 
equal to Ὁ | ᾿ 


log (αὐ Ἐ PEA), «οονονννον νον ονονονον (18) 
and the latter has been dealt with above. - 
When the denominator can be resolved into real and distinct 
_ factors the integral on the left-hand side of (17) can be treated 
more simply by the method of ‘partial fractions.’ Thus, we have 
αα +b A B 
(@—a)(@—-B) κ-αἱπα-β' .54.........({10) 
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provided _ an+b= A (α-- β) ἘΒ (ὦ -- α), 
ἴ.6. provided A+B=a, AB+ Ba=—), ..........000: (20) 
+6 . aBt+b 
Az“, B= Se ee vee (21 
or | aR poe (21) 


It is unnecessary, however, to go through this work in every case, 
as the values of A, B can be found more simply by the artifice | 
explained on p. 167, | 


The integration of (17) then gives 


ἜΞΕΙΩΣ en 4 H log (ὦ — a)+ Blog (ὦ -- β). ...(22) 


Κα. 1. Τὸ δυάς fet πῆς 


Α B 
( .-- σατο Ἱκαῖκ 4 ἃ’ 
we find, by the method just referred to, 


A=}, B=}. 
Hence fro eee = ἃ — log (1—2x)+} log (2 +2) 


αι 2 
= tlog τς ae 


| ae | de ig etd 
Otherwise : feo eeep ἥκηι 


μ-ι 25} 
8 


Assuming 


1 1 
! 1- ἀκ ἐς [ ζ5.--ῦξ 222-1" 


1 
tan-1 Ὁ 


: Jae + Saar ar) V3 a3 


— 1 
“Himeew a+ a τῇ re ad 


22-1 
a tan NE q log ([ -- ed 
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2a — 3 
(w—2)(a+1)° 


A B 
Assuming that this = ay aes Eo 


Κα. 5. To integrate 


we find A=i, B=}. 
The required integral is therefore 
4 log (a — 2) + $ log (x + 1). 


az +b 
V(Aa? + Ba + C)° 


A somewhat similar treatment can be applied to functions of 
this type. 


76. Form 


1°, If A be positive, the form is equivalent to 
τ aa +b 


Ta PPL get Ae ee ee .« #@e88086 ee eee ] 
γί" + pax + 4) ) 
Consider, in the first place, the form 
| 
πο {ον 2) - 
(a + pa 4) Ὁ | 


By completing the square, the expression under the root-sign may 
be put in one or other of the shapes _ 


| (a—a)? + 8% 
Now, by Art. 73, (1), (0), 
| [ de = sinh? στα 3 
CETTE sin ΓΝ (9) 
dx -ῶπ-τα 
and lesa ΠῚ δ ταῖς ψι, φὶ δ φίριοϊο δ ὁ (4) 


These functions have the alternative forms, 

a—-a+V/{(a—alPt 85 
B 9 

a—-atal(a+ pr+q), 
B 3 


log 


or log 
ef. Art. 46. 


In the more general case (1), we assume 
αα τὸ} τελ (ας -- Φ}) Ἐμ, ..... is Suealeauane (6) 


75—76 | INTEGRATION 171 
which 1s satisfied by 


λτεα, MAD -- ρα. ..cccccccccccccsceess (7) 
Hence 
az +b e+%tp da: 
te ee 
V@+ pet gy yet pet gy + | et pot 
eC πων (8) 


The former of these two integrals is obviously equal to 


Vat + pe + 9), 
and the latter has been dealt with above. 
2°, We will next suppose that, in the form placed at the head 
of this Art. the coefficient A is negative. Without loss of 
generality we may putit=—1l. 
Consider, first, the function 


1 
$$ , iirccccccccesccccccccces 9 
(q+ px — 2") ὦ 
Unless the quadratic expression be essentially negative, in which 


case the function would be imaginary for all real values of a, it 
can be putin the shape 


 B—(@—ap 
dx 1 πα . 
Now laeerm = a B . Cevcscccvees (10) 
In the more general case of the function 
ax +6 
ΕΝ Sons δ Cae (11) 
we assume αὐ +b =D. (ἀρ — 2) + μ, .«οννννννονννονον (12) 
or λ---α, M=ADA AMA, ...cccecccecsevees (13) 
Hence 
Ld ee Pe Ρτ- ῳβ[-- 
V(q+ px — a?) oo, Tate wet Γ΄ + pu — x)" 
.........(14) 


The former of these two integrals is equal to 


and the latter has been treated above. 
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ware l+e2 8): dx 
Waa) = J Y= α- οὖ 


πα κὴ [ dz . 
νι -ο- at) 8S HE -@ + HF} 


. 1 
= ,Χα --α -- αὐ) +3 sin 5 Ὲ 5 


ᾷ νῦ 
“πω -- αὐ +3 sin ae 
Κα. 2. | 
a+ 7 (2+4)+4 
M(et+atrl) J J(et+a041) 


ΡΞ ΝΣ τσ 
J (2 + @ + 1) Me + a+ 8 


é 1 
= ψία" Ε α Ὁ 1) Ὁ ἃ εἰμ 5 Ὁ Ὲ 
ἃν 8 


= (τ α Ὁ 1): 3 οἴη 5 1} 


ys 
oe | [./ (Ge) * ae 


-[πῖῷ νᾷ -- x") -[ξϑ νᾷ — αἢ 
=sin-a + ,/(1 -- x). 
77. Change of Variable. 


There are two artifices of special use in integration; viz. the 
choice of a new independent variable, and the method of integra- 
tion ‘by parts.’ 


To change the variable in the integral 


. W=Sh (&) do.....ccccccsees paseiteeeiex (1) 
from δ; to ¢, where @ is a given function of ¢, we have, by Art. 32, 
du dudz 
di da di =? ™ HH ec ecceccncencesccvese (2) 


and therefore, by the definition of the inverse symbol f, 
| u=[$(o) Sat 
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Hence | Is (a) de = [6 (o) Fae sesscateaseseesees(B)* 


Conversely, whenever a proposed integral is recognized to be 
of the form 


| $ (ὦ de, Serie ae (4) 
we may replace it by 
[φ (ὦ) ἄπ, ..«ονονοννονονν seeeecereees(5) 


which is often easier to find. 
The following are important cases: 


1°, SG@+a)de=fh(u)du, ......νννννν νέος (6) 
where u πε a+ a, 
95 [φ (deer) dar x= : JP (U) dU, veccseccccceeceee (7) 


where u = ke, , 
These results have already been employed in Art. 74, 
3°. [φ(ω “ἀκα =FfP(U)du, cccccccereeeee(B) 


where u = a, 
The following are examples of (8). 


Ex, 1 dx _ xda 
ne lease 7 «(1 + αὖ 


meee | 
ἐ πάτω- ( - 75) 
a 
ε- 1 ee reek 
= j log 5 a 08 ST 
= lo πε τες, 
“Ὁ τ αῦ᾽ 


| xd = du 
κα fas δ 


af i - <1) au 


* Hence the rule: After the sign { replace dz by i dt. 
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Κα. 8. io = =} τ. -' =2 tan e 
= 4 tan αὖ, 
. _, & 
Bae [ema t Tera 


a 
τᾶ ee re 
=, 51n a 


The student will, after a little practice, find it easy to make such 
simple substitutions as the above mentally. 


4°, Occasionally the integration of an algebraical function is 
facilitated by the substitution 


e=1/t,  da/dt=—1/¢." 
Thus 


| era ~ | meee =~slaeres 


= — : βίῃ at 
a 


1. a 
== — — sinh - 
a fs 9} 


1 : ὥ 
= α “δ tata)’ ΝΣ (9) 
τς πῇ da 1 _,@ 
Similarly, [πῶς -ὦ =e a cosh Σ 
| | 1 x | 
| = log ατνζ Ξ-Ξ αὖ’ (10) 
dx 1. α 
and law ao aon Met 550 (11) 
More ee the integral | 
dx | 
] @+a) (Aa + Be + ©) eeseveetseseses »- (12) 
is reduced by the substitution 
 &tasx 11 


to one or other of the forms discussed in Art, 76. 


* The substitution is equivalent to writing ~ 


dt dz 
-— for —. 
ὃ # 
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Again, the substitution « = 1/t gives 


dx . ae -| dt = -| t dt 7 
(a? + αν) (a? + Ὁ} (1+ a*t?)? 


τς 
a? (1  α"δ)ὲ 
1 δὲ 
= a? (a? + a) B Pa wrerccrvesccansesenes sees (13) 
Similarly = - ΞΕ οὐ Ae (14) 
(at αὐ (a -- οὐ 
da 1 x 
d ; : = .5ΞΞες © SCeeeer eveves 15 
" J @-at αν ΠΡ 
+ ae 
The f SURREY ο νον νον TET TCE Te 16 
seca eee re i 


can, by ‘ πυνῆοι Ἡρή the square,’ be brought under one or other of 
~ the preceding cases. . 


78. Integration of Trigonometrical Functions. 


1; | tan Φ dx = +|— as ~ dan 
-οἰ 2288) = — log cos # 
COS & 

= 1OG 660 A, ....cceeseeecssresenereecevees (1) 
Similarly — J cot a da = log sin & ......cesecenssesceee (2) 
Again, by the same artifice, 

fet sin ἃ Sis d τς a) 

ME -- -- = SEC, ..rcccccccccscccccececes (8) 

In a similar manner 
COs & 
| πὶ des SE — COSCO DB. .cccccccccccsvenccces (4) 


Cf, Art. 31, 2°. 


- 
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da 
| a [cde ἃ (tan $2) 
tan $a “tan da 
- log tam $i. .....ccccecessceccrcccscees (5) 
From this we deduce 


[Ss τε laces = log tan (La + $2). ....ece (6) 


The formuls (1) to (8) rank as standard results, and should be 
remembered. 


ge [ ee See; Sea ee 
a+bcose J (a+6)cos*42+(a—b)sin*}z 
" κοοῖ ἐν dx (1) 
= (a he b) + (a as b) tan* 4a Φ : e@esees | e@e 
If we put tan 4a =u, this takes the shape : 
du 
aera ea cer eocccccces en (8) 


and so comes under one or other of the standard forms (J), (P), 
(Q) of Art. 73. 


Similarly, with the same substitution, 


da du | 
($22!) aoe ουϑοοοοουοοφοοοθὸο (9) 
: da . sec’ a dx 
*  \screrbantelarb tare “0 
If we put tan @ = u, 
ΤΥ, [ ἄμ : _d (bu) wit _, bu 
eg a +bu” δ] a+ (bu ab” ἃ | 
1, ἢ 
-ὦ an (= tan). ΠΥ (1) 


The analogous resulta involving hyperbolic functions may be noted. 
We easily find 


| if tanh x dx = log cosh 2, f coth 2 dx = log sinh », ἘΥ ΤΟΙΣ ΝΕ (12) 
sinh x cosh # 
cosh? gg = Bech, =f ae [da = — conch 2... ...(13) 
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dx 


ao αι log tanh Ὁ Cy cb sie iedaasieses -.... (14) 
da e* da: | ~1 52 
cosh z —_ e+] — 2 tan é e οοϑον φοοδνοο (15) 


Similarly the forms 


in: ee ete 
laxbesna’ Jarbsike 
can be integrated by the substitution tanh }a= 


79. Trigonometrical Substitutions. 


The integration of an algebraic function involving the square 
root of a quadratic expression is often facilitated by the substitu- 
tion of a trigonometrical or a hyperbolic function for the indepen- 
dent variable. 


Thus : the occurrence of /(a? ~ x") suggests the substitution 
e=asin@, or «=atanh u; 
that of ta a*) suggests 
a= asec 0, or »=acoshu; 
that of /(a* + a*) suggests 
| ὥ παα ἴδῃ 6, or «=asinhu. 


Κα. 1. To find DJG 0) EM: -sazincareiccsssunscestedeeseaes (1) 
Putting wxasind, dxe=acos dé, 
we find J f(a* — αὖ) das= a* fcos* 6 dé 
143/(1 + cos 26) dO 
da? (0 +2 sin 20) 
= Jat sin t= + de f(a" — 2)... (2) 
. 2 . 
Fe. 3. Tofind | ST ses cisicrteaiseheaeet (3) 
Putting  gmasinhu, de=acoshudu, ᾿ 
we obtain the form foeoth* u du, 
which | = {(1 + cosech? u) du =u —coth ἡ 
maint MD ascsee ΤΕ (4) 
5" : 


LLa 18 
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7 | dic 

Ex. 3. | To find [ (1 -- ἢ 1 -Ξ-αὖ . 
If we put  w@=cosé, dx=—sin 0 dé, 
the integral becomes 


dd. dao 
- | eo fart ie 


τ 1l+2 
τὰ G —a]° 
80. Integration by Parts. 


The second method referred to in Art. 77, viz. that of ‘integra- 
tion by parts,’ consists in an inversion of the formula 


d ἄν du Ἂν 
dag (UY) = a PL peicadpecvecavecss(h) 


given in Art. 80. Integrating both sides, we find 
ἀν du 
wo = | e+] ἀν 


whence | fu Side —w— [oS de susaceebnesess ...(2})" 


This gives the following rule: 


If the expression to be integrated consists of two factors, one 
of which (dv/d«) is by itself immediately integrable, we may in- 
tegrate as if the remaining factor (u) were constant, provided we 
subtract the integral of the product of the integrated factor (υ) 
into the derivative (du/d«) of the other factor. 


-”* 


A very useful particular case is obtained by putting v=~z, in 
(2). Thus | 


| fude=au— {oS de. ee ee (3) 
The following are important applications of the method. 
1°. flog wie = @ log ὁ — oda 
=a log a — a. Peer eevessecsvesses .....(4) 


* If we write v for dv/dx, and therefore Ὁ -ἴν for v, this takes the form 
ὶ D-" (wv)=uD-v -- D- (Du. D-9). 
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9°" To find (Ν(α".-- ot) de 
Putting ὦ = 4/(a* — 2’) in (3), we have 


| [ν«- a) das = ὦ γ(αϑ -- a7) + | ans ae 5) 
are da ada 
Va? — αὐ S/o? — a) 
bes ον xd | 
= ἃ" 51} = ΞΕ ΠΝ Φοφοουφοοοιοο (6) 


_ ‘Adding to the former result, and dividing by 2; we find 


[Κνω- a) dem ζα ν(α) -- et) Ὁ gatsin=; ......(7) 
cf. Art. 79, Ex. 1. 
in exactly the same way we should find 
[νῷ + α᾽ dz = $a γ(αΣ + a) + ὁ αὐ sinh™ τ, evened (8) 
[ve — at) din $a (2 — αὐ — ἀ αἰ cosh-'*. ......(9) 
85. To find the integrals | 
P = fe*cos Sxda, Q= fe*sin Bards. ......... (10) 
Putting | t = cos 8a, pm set | 
in (2), we find | 


P=" o cos Bo— [ἢ o*.(—Rsin Ba) da 
mH otto βα ΕΘ 0....ἁνννοςς pote ΤΣ Στ τὸ (11) 
. Similarly 
| Q= σα εἶα Bx — [1 σα. 8 cos Badz 


ar 


7 
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Hence aP — 8Q=e%* cos rg (13) 
BP +aQ= 55 gin Bx, φ͵οοῤνυονθοδοφώδϑοθφθθο 
and therefore 
[ert cos Bade = Pm PSD EET FOES cn 
αὐ + 8? 
ὌΝ asinSe—BcosBua [| 11.) 
[or sin Sede = Q=S ee πὰ 


81. Integration by Successive Reduction. 


Sometimes, by an integration ‘by parts,’ or otherwise, one in- 
tegral can be made to depend on another of simpler form. 


1°, Let thee ΞΞ ΛΟ δας. ὡξφυς εν ξονα τὸ ὀξα φρο: (1) 
We have tn = ott — [Ὁ στο. nade 
1 n | 
= ee ς "ν »οοονοιοοοουορουσδοδοου eoeee (2) 


If x be a positive integer, we can by successive applications of this 
formula obtain vu, in terms of . 


ty, = [(σάσ, τ ξ σαι ssscccssseteesccen (3) 
Κα. 1. Thus, if i= fared... scoters dats eye οι εν δ ὺ θοῦ (4) 
we have  ὰ-- OE EINE ia «ὐεννυνοουνεοουνεύφονενι: (5) 


For example, 
ως = — αδότ 5 + 81, = — αὖθ." + ὃ (— αἶο 5. 2.) 
= — ae" -- ϑαδοτ δ + 6 (-- οδ΄ 5 + te), 
or [ε΄ das = — (αὖ + 32:7 + 6x + 6) 6.5. 
2°, Let Uy = fa" cos Sada, (6) 
| ΕΑΝ δου ὟΝ 


We find un δ sin βα. am — [sin Be. na”"de 


and ta = — 7,008 Baar — [{-- δ 008 Ba) .nattde 


- — 7008 Bo. ah + 


nm 


B ὝΕΣ ΕΠ ees (8) 


en ae eee ee er ee 
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“If nis & positive integer, these formule enable us to express τ, 
and v, 1n terms of either τόρ or v,, which are known. 


Ex. ἃ. Thus, if 8 =1, we have 
ὡς, =D" SIN L—Ny_1, δ, = — δ 008 H+ MNbg_ 1. .ccceeree (9) 
For example, 
| ἢ; = 2? sin ὦ — 80, = 2? sin δ — 3 (— α cos x + 210} 


=a? sin ὦ + 32° cos 2 — 6 (x sin z— %), 


or [2 cos αὐ = (a ~ θα) sin ὦ + (37 — 6) cos α΄. 
3°, If in = f tan" OdO ......ccccceceeees pee ...(10) 
= f tan™* θ (sec? 6 —1)d0 
= {tan** θὰ (tan 0) — f tan” 0d6,. 
we have u, = ——— tan® 6 — Mgcgs aeissnea Dus (11) 


Hence if n be a positive integer, u, can be made to depend 
either on . 


th, =ftan 0d0, = log sec, ..........4. .. (12) 

or on | gs PAO ee OS ion ct awap aus eee soos: (18) 
according as n is odd or even. J 

Similarly, if Ὁ, ὁ { COUOMO, scssdsscecsasdscsees. (14) 

we find | ty = — 5 cot 8 — tae δον υ λα φε τ ὐ τος (15) 


82. Reduction Formuls, continued. 


1°, Let thy = { COS” ODO. ...ccesscccescee “0.9....(1) 
We have | 
uy = { cos” θα (sin 0) 


= sin θ cos*— θ ~ f sin θ. (π — 1) cos** 0. (— sin 6) d8 
= sin θ cos*“! 8 + (ἡ — 1) f (1 — cos? θ) cos** θὼθ 
= gin θ cos™"! 6 + (κπ — 1) (tn — Un) 
Transposing, and dividing by n, we find 


1. ἐς | 
4, = = ain 0 cos + 9 —" uy Φοοροοοφοοοου (2) 


͵ Ee BE ἐς μα δίας ED WA Es eer ge σὰ 
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By successive applications of this formula we reduce the index 
by 2 at each step; and finally, if n be a positive integer, the 
integral wu, is made to depend either on 


τ), =fcos Odd, =sin 9, ......c000 ere (3) 
or on Mes ὅπ [α΄ 5Ὲ 9. cesses eiesubeteen'ss .....(4) 
according as n is odd or’ even. | 

2°, By a similar process, if 
Uy = [BIN OAD, ...0ecsercerereeceeeees (5) 


we find σρ = — cos θ sin*~? 6 + a=. Una. Gsicewssuincs (6) 


In this way v,, when n is & positive integer, is made to depend 
either on 


Ὁ,» = fin θαθ, = — CORD, ...ccccccccssecees (7) 
or on. Ge, = [ἀθ, a 6, COC cerccccccnseccsccoccceseses (8) 
8°. The same method can be applied to the more general form 
‘ Uy,» = [511 0. COS" AAG. .......... viSeates (9) 
We have | | 
lm, n = f sin™ 8 cos*— Od (sin 8) 
| . 
a m+ 
=a ὡΣ 1@ cos”1 0 | | 
1 : 
= m+ a — gi 
ae ; [sin 1θ. (π —1) cos™* 9. (-- sin 0) d0 
= = i sin™* @ cos"—! 8 | 


—1yf..,, 
mt) ee enero 


é 


cos} θ ἘΞ πα | - τῶν ns ~~ Um, n)- 


Clearing of fractions, transposing, and dividing by m+n, we 
obtain 


ἀρ n= τ cin™ 6 cos + ἘΠῚ Um αν. ...(10) 


In a similar manner we should find 


ΝΕ er ang ,m—l1 
{hie aan θ con Ot τς tm we 5.11) 
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By successive applications of (10) and (11) we can reduce 
either index by 2 at each step, so that finally, if m, n are positive 
integers, the integral tm, 18 made to depend on one or other of 
the following forms: : ; 


tha, =fsin 6 cos 0d, =} sin, ......00005. (12) 
«ἰς,.» Ξ- GO, τῷ θ,.«εοννννονοοεοσονονονονοννοσον (18) 
M1, = [608 0dO, =BINO, «....«ενοννννννννννον (14) 
tho, =fsin θάθ, =—COSO. ....ἁὑννονοννννονον (15) 


The investigations of this section are chiefly important as 
leading to some simple and practically very useful results in 
definite integrals. See Art.97. |. | 


83. Integration of Rational Fractions. 


We return to the integration of algebraic fanctions. There 
are certain classes of such functions which can be treated by 
general methods. 


We begin with the case of rational functions. A rational 
fraction ᾿ 


in which the numerator is of lower dimensions than the denomi- 
nator, is called a ‘proper’ fraction. Any rational fraction in 
which this condition is not fulfilled can by division be reduced to 
the sum of an integral function and a proper fraction; it will 
therefore be sufficient for us to consider the integration of proper 
fractions. Accordingly, if f(«) be a polynomial of degree n, say 


fe) Ea + pa + pa + 0.6 + Pn + Pn, --(2) 
we shall suppose that Κ᾽ (4) is at most of degree n — 1. 


To facilitate the integration, we resolve (1) into the sum of a 
series of ‘partial fractions. The possibility of this resolution 
depends on certain general theorems of Algebra, for the proof of 
' which reference may be made to the special treatises on that 
subject *. | 


The student will find, however, that for such comparatively 
simple cases as are usually met with in practice, a mastery of 
the algebraical theory is not essential ; since the results obtained 
by the rules to be given may be easily verified ὦ posteriori 


* For the complete theory see Chrystal, Algebra, 6. viii. 
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We will first suppose that the roots of the equation 


| f (2) ΞΞῚΟ ee ere rr nner re (3) 
are all real and distinct, say they are a,, a, ...... a. The poly- 
nomial f(x) then resolves into πὶ distinct factors of the first 
degree, thus 

F(a) = (ὦ — αὐ) (ὦ — dy)... (ὦ τ Oy). cr eceecseeee (4) 


There is no difficulty in shewing that in this case the fraction 
(1) can be resolved into the sum of n partial fractions whose 
denominators are the several factors of f(x); thus 


F@) _ A, A An 
αι... oa) ene ea εὐ 


where A,, A;,..., Ay are certain constants. If we clear (5) of 
fractions, and then equate coefficients of 2, 2"-4,..., a, aon the 
two sides we get exactly n conditions to determine the n constants ; 
but 10 is not evident that the conditions in question are consistent 
and independent, and that the determination of A,, A,,..-, An 80 
as to satisfy (5) is therefore possible and unique. The two 
rational integral functions to be identified will, however, become 
equal for ὦ =a,,£%=@,, ..., ©=M,, respectively, provided 


A, (a, — Gq) (a, — a) coe (α, =, Gy) ae F(a), 
A, (ας — αι) (ας — &) ... (α, — On) = F(a), (6)* 


An (tn — %)(Gn — ἀρ) ... (Gn — nr) = F(a), 
F(a) # (a) F (ay) 
or Ay = Τὸ, Ag a ee, Ag = mo ν κεν ν νον 7 
Gyr Ge ners aay a 
Now two rational functions of degree n—1 cannot be equal for 
more than n—1 distinct values of « unless they are identical. 
Hence, with these values of the constants, (5) is an identity. 


We then have 


ne 
oe A, log (ὦ — αι) + A, log (ὦ — a) +... + Ay log (ὦ — ay). 
eae (8) 
Ex. 1. To find 
We write 


ἐς δ ας Ὁ ae A B σ » 10 
a — at 4 to ated te 1 tel * et eg (10) 


* This is an extension of Art. 75 (8). 
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If we clear of fractions and then equate coefficients, we get four linear 
equations to determine A, B,C, D. It is simpler, however, to use the 
method just explained. If we multiply the assumed identity by x—-1, 
and afterwards put «= 1, we obtain the value of A; and similarly for 
the other coefficients. We thus find 

a 1 1 11 81: 8 1 


abated” 6a-1 6x1’ 3u-2 3042’ ον (11) 


a result which is easily verified. Hence the required integra] is 
4a? — Δ log (α — 1)—} log (w+ 1) + Slog (ὦ -- 2) + $ log (ὦ + 2)....(12) 


da: 
Κα. 2. To find ἰξᾷᾶ τῷ: ΠΝ (13) 
Treating 1/a? (1 + α) as ἃ function of a, we have 
1 1 1 
a (1 + αὖ) = x - Tea?’ «οοοιοροοοφονοοοοδοσθοο (14) 
da 1 Σὲ 
pene | [ξάτωττ τα re sseeueesiees (15) 


84. Case of Equal Roots. 


If the roots of the equation f(x) =0 are real but not all . 
distinct, then, corresponding to an r-fold root 8, we have a factor 
(c— 8) in f(z). Ib is shewn, in the algebraic theory referred to, 
that the corresponding series of partial fractions, in the expansion 
of Art. 83 (1), 1s now 


B, B, B, 
Ξε ay Pa Ste ae ae Pe Nee 1 
a—B* @—By + * @— By ®) 
where B,, B,,... B, are r constants, to be determined by the 
method of equating coefficients, or otherwise. 


The indefinite integral of the expression (1) is 


B, 1 B, | 1 B, 
BCH) - 8 τῶ "ἘΠ τ sey ..«((2) | 
Bx.1. To find - iz ee (3) 
We = za- ae Ξ + = i as sbcewesdasesuueenedhs (4) 


If we multiply both sides by 1~—2, and then put w=1, we get C=1. 
Again, multiplying by 2’, and then putting x=0, we findB=1. The 
constant A remains to be found in some other way. If we multiply 


186 INFINITESIMAL CALCULUS [CH. VI. 


both sides of (4) by 2, and then make 2 -"- οὐ, we find -- Ο =0, whence 
A=1. An equivalent method is to clear of fractions and equate the 
coefficients of a Again, we might assign some other special value to 
@; for example, putting 2=—1, we find , 


: ~A+B+1C=}, 
which, combined with the previous ΠΑ ie Α --Ἰ. 


Hence | dete z) =|(5+ 5 +at{ τος) ἀ 


log a —2—log (1 -- a2). ssesesseeee (5) 
22 4+ 1 
pa 2. To find | (@+2)  -8}" dx. δός Φοδιὸ δ δ᾽ οι ὃς ὁ ὐϊο οὶ δὲν (6) 

2: A B C 

Assume (= + 8) -8)}}- ἘΠῚ ἢ + nS + (:- 8). δὰ δ᾽ διὸ (7) 

The short method of determining coefficients gives 

~4+1 3 6+1 7 
4=(anay 28 95:2 δ᾽ 


Also, multiplying by ὦ, and then making 2» 0, we find 
ane integral i is therefore 


- 


τὸς log (x + 2) + 5% log ω- 3)— 5 sue Fj Sy See: (8) 
Ex. 8. To find rave ΤΥ RCo er nr (9) 


We recall Art. 77,3. Regarding 2?/(2?+ 1)? as a function of x’, we 
find (by inspection) 
act (@+1)-1 1 1 


. x da 
Hepes au Ξ- χει rip 
= Hog (+1) + 57 os 0: ----αὉ) 


85. Case of Quadratic Factors. 


The preceding methods are always applicable, but if some of 
the roots of f(«)=0 are imaginary, the integral is obtained in 
the first instance in an imaginary form. If we wish to avoid 
δι consideration of imaginary expressions, we may proceed as 
— IOMOWS, 
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It is known from the Theory of Equations that a polynomial 
F(«) whose coefficients are all real can be resolved into real factors 
- of the first and second degrees. Then, in the resolution of the 
function | 

F(a) 
Εν οοφουδοφοοφοοοφουοσουφοθύφοηροφοῦλο 1 
Fe) Ὁ 


into partial fractions, is may be shewn that we have 


(a) for each simple factor «—a which does not recur, a fraction 
of the form 


A 
| eee πόα) 
(6) for a simple factor ὦ --- 8 which occurs r times, a series of 
r fractions, of the form | | 
B, B, B, 
eH ie HJ coc vece cree eees 3 
e— Bt @= Bet tea pp ©) 
(c) for each quadratic factor a*+ px +q which does not recur, 
a fraction of the form 


(ὦ for a quadratic factor «*+pa+gq which occurs r times, 
a series of partial fractions, of the form . 

Cia =} D, , O72 + D, + Ca + D, (B) 
a+pe+gq (ἀπ ρα τ "ὁ “(e+ pe+qy' 

It is easily seen that in this way we have altogether just 
sufficient constants at our disposal to effect the identification of 
the function (1) with the complete system of partial fractions, by 
the method of equating coefficients. 

*It only remains to shew how the indefinite integral of the partial 
fraction 

C,2+D, 
(τ po +9)" 
can be found. The case s= 1 has been treated in Art. 74, and the general 
case can be reduced to this by a formula of reduction. 

In the first place, we can find A, μ so that 

C,x+D, = 22 +p " μ (7) 
(t+ pa+g) (a+ ρα 4)" (ὐτραν 4)" "Π 


* The investigation which follows is given for the sake of completeness, but it 
is seldom required in practice, The student will lose little by postponing it, 
aaa method of integrating expressions of the type (10) is indicated in Ex, 2, 

low. . 
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viz. we have N=zAC,, w= Dy— dO ge ooc.ecccncensceees ...(8) 
The integral of the first term on the right hand of (7) is 
A 1 
-- ΣΤ ° (a+ pz +q)™ 9. “οοοοοοοοοοροοοοδο νοῦσον (9) 
and it remains only to find 


de dt ~ 
[ττῇ. or oene Poe rcoesesecercens (10) 


where t=ethp, cog—dp. ccc (11) 
Now, by differentiation, we find 


4 5 
di (Peep = Peay 4-2) Gay oe 
~ (25 —2) & +2) —6 


l 
| δ 


= — (23 -- 3) arr + (28 — 2) (Feet we (12) 
Hence, integrating, : 
rep 9 {πέσαν De [οἶον 
δὲ f a _ sit t ‘ 28-3 1 dt 
(ὦ -- ὁ," (2s—2)e (A+)? Is—2 6) (#+0)*- 
Returning to our previous notation, we have | 
dx: ao 1 x+hp 
Jina say” 20-1) @= wy) epee 
" 28 -- ὃ aes : 
2(8- 1) (ᾳ - 4p") J (οὐ + pa+g)” 
which is the formula of reduction required. By successive applications 
of this result, the integral (10) is made to depend ultimately on 


...(.8) 


(Ὁ) 


ἊΝ dx 
eT οἱ δὴ 
which is a known form (Art. 75). 


a | 
Bx. 1. Τὸ find | GAT] 1 tee teessetescnnecesaesensasses (16) 


The denominator has here two quadratic factors, 2*+a+1 and 2*—x+1, 
which are not further resolvable. We therefore assume, in conformity 
with the above rule, | 


1 _ Axv+B Cza+D i 
@+eel 2401’ e@ooel sistewcus ( 7) 


or δ πίω: 8) (α" - a +1) + (Cu + 2) (αὐ + α 1} 
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Equating coefficients of the several powers of 2, we have 
A+C=0, -4+0+B+D=0, 
A+C—B+D=0, B+D=1., 
Hence Aa—Ceh, Ba Dah. ceccccsscscccsecsere. (18) 


The integration can now be effected by the method of Art. 75.. 
We have 


dz: ] ω--ἸἹ 
lari laser ®-? [a i 
22+1)+1 (2a—1)-1 
“t/Srart &-1[Goet ὦ 
= 4 log (αὐ τ α τ 1) -- 2 log (ὦ --αἰ +1) 
dx dx 
“ep tle 


=Llo αὐ Ὁ} 1 _ 25. 1 | .τ2α--ἴ 
flog nel 7273 ( TB ) 


2B "78 
yy tet] 1  (͵8α 
= 4 log ait 330 Τ- κ᾿ ὁ Φ4.206 ......(19) 
Κα. 3. To find i ΕΝ ὙΠ eeenee (20) 


This comes under (14), but may be treated more simply as follows. 
If we put | 


85 -- tan 0, 
we get a 
Jorraap~ foot eas 
=4/ (1+ cos 26) d0 
= 4$0+4sin 26 
=ftan e+} is ΠΩΣ (21) 


86. Integration of Irrational Functions. 
The following are the leading results in this connection. 


1’. In the case of an algebraic function involving no irration- 
alities except fractional powers of the variable, we may put 


e=t" dafdt = mi”, .......c.ccccceesccee (1) 


where m is the least common multiple of the denominators of the 
various fractional indices. The problem is thus reduced to the 
_ integration of a rational function of t. : 
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2°. Any rational function of ὦ and X, where 


Km (C408) |. .«..νοννονονονοννονονννννον (2) 
can be integrated by the substitution | , | 
at bat, dxfdi=2t/b.  .....cccecceee---(B) 
Thus [Εώ X)de= [ γ( 1 3.}.55 ἕω aces ὦ 
and the function of ¢ which follows the integral-sign is now ἢ οὐαὶ 
we de 
. Hx. 1. To find er . 


Tf we put «= @, this becomes 


8 dt 
=2 [5 =2s(e- ~t41)dt— 2 f= 
= 3f — 4 24-2 log (6 +1) 
= 2a — οἷς Qat— 2 log (at +1). 


Ex. 2. To find [ξτατατα' 

put ΝΕ Ἰτας ὦ, dx/dt = 3ὲ, 
‘ 2t dt as 

We obtain demen? fice 


= 2 tan-!¢=2 tan~! ,/(1 +2), 
8°. If X stand for the square root of a quadratic expression, 
X = (ae + bx +0), 
(HG) Cd νος (5) 


where F(x, X) is a rational function of # and X, can also be reduced 
to the integration of a rational function. 


Bay 


the problem of finding 


If @ be positive, we may write 
X = fa. (G2 + PO +7), voorcesees ἘΠΕΤ Ύ ΤῸ: (6) 
where p -- δία, φ-- οἰαά. Now assume 
f(a + » Ὁ 4)- 1 --αὶ, 


_ fag ᾿ 4(δερες 9) 
whence aa ot + ?’ “τε; +p) 000608 8 a6 ee cee wee (7) 


᾿ | t+ 
and “(ὦ + pat) = Saat γα (8) 
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Τὸ is evident that by these substitutions the problem is reduced to the 
_ integration of a rational function of ¢. 


If the factors of x? + px +q are real, say 


αὐ ὁ ρα ἐς = (α -- α) (ὦ -- Bp ..«.ννννοννονννννος (9) 
we may also make use of the substitution 
WB — β τ (ὦ -- αἡ EB, ....ἐενον ἐν οννοονενονοσοτνν (10) 
πα dx 2(β- 
whence pa arhi8, ao παν ΠΝ ἘΠῚ) 
and μα τρα q)=(e—a)¢=F—2)F, μέν (12) 


If a be negative, we may write 


X= ,,|(-- α). (q+ pe—2), ..... ἘΠΕ Σ (13) 


where p= —b/a, g=-—c/a. If the radical is to be real, the factors of. 
q + px— αὐ must be real, for otherwise this expression would have the 
same sign for all values of x, and since it is obviously negative for 
sufficiently large values of x, it would always be negative. We have, then, 


gq + px — wt - (α — a) (B—2),...ccccscsccccesecens (14) 
where a, 8 are real. If we assume 
8 -- x= (ω — a) a, oes cccvecese 5... 92. 29.5....(16) 


B-a dx 2(B-a)t 


we find παν > a! Gi Le ap τ 08 
. —a)t 
and Jq+ p22) =(a—a)e= BoE, a7) 
These substitutions evidently render 
| dxs 
F(x, x)2 


a rational function of & 


The above investigations are of some importance, as shewing 
that functions of the given forms can be integrated, and that the 
results will be of certain mathematical types; but the actual 
integration, in particular cases, can often be effected much more 
easily in other ways*. We have had instances of this fact in the 
course of the Chapter; and we add one or two further illustrations. 


Κα. 3. By rationalizing the denominator, we have 
| ᾿ de - 
[πίβι-πτ 0+ 2) ~ Je ae 


= 3(1 - .}}.-- ae. 
* See especially. Ὧ6 methods of Arts. 76, 77, 78, 
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Bo [y= Ste vet de 
= det J /(at-1) de 
= $27 — far ,/(x?— 1) + } cosh, 


Otherwise, putting «= cosh τι, the integral takes the form 


=4f(1—6-™) du = yu }o™ 


which may be easily shewn to differ from the former result only by an 
additive constant. 


EXAMPLES. XXIII. 
Find the indefinite integrals of the following expressions* : 


Ra ἘΞ ἘΣ: . Ὁ _!1 
1--,εο᾽ (1 --αὐ)΄ ᾿Π Qa—1’ (2α-- 1)3᾽ 
1 1 l+a 
a) (ee ὁ enna oS. 
3. («~1)*, a 4. ,/n, Tai fe 
δ. 1 1 6 lta Ἰ1τὰ 
" μ( τ αὴ᾿ f(8— 2x)" eget 
7 lade 3:5 ἃ (2+) 2) 
' “B4a’ 8. αὐ ; Dy ᾽ (« =) 
1. 1--α a οἷ 
tee! Lee 1 Tee’ Toa" 
l-2 Il+d2 i ὲ 
11. leo” tA" 12. COS" οὐ, cot? x. 
13. (cosa -- sin οὐ). 14. cosh*z, sinh* x. 
_ om +1 
15, tanh*z, οοἰμδ αι ie Ὁ 
lag 1+ 


EXAMPLES. XXIV. 
(Dynamical.) 
LA particle moves according to the law 
ds 
. ie  9.; 
prove that the space described before it comes to rest is τς. 
* The student should test the accuracy of the results by differentiation 
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2. If a point start from rest at time ¢=0 and move with a 
constant acceleration, and if v, be the velocity after any interval and 
Ὁ the mean velocity in this interval, then 


= }υ,. 


8, ~If, with the same notation, the acceleration vary as st", then 


. n+2 
4, <A particle moves according to the law 


ds 5 

ai = Uy COS nt ; 

prove that the space described from time ¢=0 until it first comes 
to rest is v,/n. 


5. If the velocity of a particle moving in ἃ resisting medium 
be given by 
ds 
ai Ξ ve™, 
prove that the pereey never attains a distance v,/k from its pestaan 
when ¢ = 0, 


6. A particle moves according to the law 
| = ve “cos nt; | 
prove that the space described from time ¢=0 until it first comes: to 
rest is ὶ 

π΄ ἔπ εκ 

e+e 
7. If the angular velocity of a body rotating about & fixed axis 
_ be given by : 


-d0 
ai = 2n sech nt, 
prove that 
θ = 4 tan~! e™ — πη 


- Supposing that 9 vanishes for ὁ = 0. 


EXAMPLES. XXV. 
(Quadratic Denominators.) 


lia 
1+27 


1, da = tan x + log ,/(1 + 2%). 


2. [ep de = te? — log ψα ταῦ 


1.1. 0.Ψ 13 
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3. [τΞ3..4:--- τὸ τος ΜᾺ -- 
4. Πεώτωτος 1 (2a — 1). 
δ. lm 2 ee eee 
1 + 3x + 227 o+1 
6. | a4 at de 5 = # log (2 — 3a + 5) + — i tan~ ans ‘ 
7. [ptr * 4 =log (at + 2048) - ae) eer, 
8. ete dx=2 + log (a#-—a+1)+ tan carne 
9. ea ke = log («—1)— = - 
10. ie = ἰοβ ery . 
11. ener” α -- 3 log (a — 2) + 8 log (a — 3). 
12. ee ae dee = @ + (3/5 +1) log (2a— ,/5 -- 1) 
᾿ — (3/5 -- 1) log (2a τ ,, -- 1). 
18. ΞΞ eee το ὁ ta>+4ar+... —— 
14, =o dae = ¢ — 108 + Lab... + (-)™™ _ ai 
EXAMPLES. XXVL 
a [ 708 = 2 sin- (,/22). 
2. lasts vee am <3 sinh (,/32) 
3. | Ie aca (20-1). 
4, | Tee ΝΣ (2+ 1), 
δ. |--,; ---- = eos (2% — 1), 


ete 1)} 
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8. & [ay inh-? , oe +1 
πιτξεθα- 58 ΟΝ 
7. lag ===" 1 aie 32-1 
J(1 + 2a — ϑα 73 2 


8. | Jeeps = 0" (1-2). 
9. [MF -Ξ ) de= J{e(a—2)} + Jasin 59 5, 


[/GE 135) dx = sin~! ¢— {(1 -- οἷ). 
11. | ᾿ 2 ν( -- 1) + cosh ας 


EXAMPLES. XXVII. 
(Change of Variable.) 


10. 


Θ 


1 x? dx ] 1 
+ J Tage δ 8 Toe 
oda ,, l+a*° satde ,, ; 
se |1Ξ ak Ba Ser ει 
log x 
| == de = ἃ (log a)? 
4, fsinx 608 ὦ; dx -- sin*z, 
sin~! a 
ὃ. | a> ἀὰ = ῦ (sin x), 
Maa Ie 
cos ὦ : 
6. Losing 7 = 18 (1 + sin 2), 
sing " 
[εἰξές- =~ 5 108 (@ + 8 0082), 
7. fsin 2 οοβ ὦ dx =— 4 cos‘ a. 
sin ἃ; COS ὦ; _ 1 ὲ me 
[5 τ Ξε: ἢ 8 Oe ee 
9. ftan*« dx =} tan® x + log cos a 


cos® 2 


10. [Ξ ane dee = } sect 


11, fsecta dx =tana+itan’» 
13—2 
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12. {(secx + tan x) da = log 7— » 
+ f(seca —tan x) du =log (1 + sin x). 


13 | aa = cosec a — cot a t 
" Jl+cosa m [-Ξ3.-- ἐῶ ὦ δριυίω 
᾿ dx diac 
14 | Fesinrtekeumeiens -------- - tan x + 860 δ. 
Jl +sine 1-—sinz 
dx 
15. | ORE ORT Be = tan x— cota. 
sin? cos*a 


16. | amcor = sec x + log tan 4a, 


sin x cos? x 


17. [{πέξε-- = i sec*x + log tan» 
sin 2 cos* ὦ; 


dec λ 1 ; 
18. icine τὰ log (cos x + sin x). 


dx 1 af 
19. 11 οὐκ Ξε ΨΩ tan (<5 tan x) ° 
20. fa /(a? + 2%) da=2 (at + a*)f, 
dx 1 ΩΝ 
αι. [στη er roe 
22. Evaluate [μ(ω᾽ 1 α ἄς and [ϑ{(6 -- αἢ ἀ by hyperbolic 
substitutions. 


da ΝΜ J(1 τ x) 


Ow 12 (g®— Ba? 2 ἣν 

ΓΞ ε τ - λει 
EXAMPLES. XXVIII. 
(Integration by Parts.) 

forenle dios = a (ὦ — a) e*/9, 

fa log x da = 32° (log x — 2). 


+1 
(log x -- 


fa sin ὦ; da = — x cos x + sin ὧς 


ahs 
m+1/~ 


7 — 
Sex log x da = a 


ofp © SP 


[5 cos xdx= 2 Sin & + COS ὦ». 
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6. faxsin x cos x dxe=— 4a cos 26; + isin 2a. 


m SiN mx cos naw — nN COS max sin nz 
7. {cos mx cos nada = ---- 
: m*—%” « 

21. SiN mx COS NX --- Mm COS Mx sin nw 


m—n? - 


8. fsin max sin nada = 


m COS mx COS Nx - nN SiN MZ sID NW 
mm — 2 


9. fsin mx cos nada = -- 


10. fsinadax=asin~ τ (1 — αὖ). 

ll. ftan™ «da = tan ὦ -- log ,/(1 +"), 
1, Jsec™! a da: = a sec αΣ — cosh™ x, 

18, fatan ada =} (1 + οἷ tana — da, 

14. [« 560 α ἀκ =x tan x + log cos a 


15. ee dee = 2 ton δα, 
ao | 
16. Ta was =~ ΜᾺ -- δ sine + 


17. fcosh x cos x da = ἃ (sinh x cos ὦ; + cosh x sin 2). 

18. fsinh xsin ὦ dx = } (cosh x sin α; —sinh x cos x). 

10. fcosh x sin ὦ de =} (sinh « sin a — cosh x cos 2). 

20. fsinh a cos a da =} (cosh x cos ὦ; + sinh x sin αὐ. 

21. fe" sin x cos ὦ dx = ἂν (sin 2% — 2 cos 20) 65. 

22. fare* da: = — (αὐ + Bar + 2023 + 602% + 120% + 120) 6- 

23. far sin x das = — (a ~ 1207 + 24) cos α + (4a* — 240) sin αἱ 

24, If ee U, = fa" sinh x dz, 
prove that =a" sinh ὦ —nvy_}, VU, = x" cosh x— ntt,_,. 

Deduce the mae of μι, and »,. 

[w= (at + 120% + 24) sinh a— (da? + 24.) oak 2, 
0, = (a* + 1207 + 24) cosh α — (427 + 24.) sinh a.) 
25. If w be a rational integral function of x, prove that 


jovani Pe 
where D = d/dz. 
26. Determine the coefficients A, B so that 
J _ Asing | a 
(a+bcosz)* atbcosx a+bcon οἷ 


[4 -- -- δί[(αἷ --- ὃ), B=a/(a* -- 8... 
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EXAMPLES. XXIX, 
Ξ (Rational Fractions.) 


dx x 
faa)" Jay 


2 ὃ (« —1)8 
———, 75, du = log = _——, 
az (@—1)(@+2) "Fee aye 
levee 2) (6 - ὃ) 
\ = flog (ὦ -- 1) -- 4 log (e ~ 2) + $ log (a — 8). 
20 — ὃ 
. ξ ἡ ος 3)” 
= 5 log (ὦ Ὁ 1) -- +, log (ὦ -- 1) — 43 log (2a + 3). 
5 a dx Lo αἰ -- 2 
᾿ς απ FOE 
6 va eee +} lo te 
438d S(er2) > ὅκα: 8 
a? dsc a 
is lea e Dead” Gers ἜΘ ὦ 
δ οὗ 
* Daa Baa) 8-9) * Goayensy 8 
dx | 
᾿ ἰττὔττο" ΠΤ - ἜΣ ao 5a) 
9. ada a 1 lo a+ a? 
᾿ς τατον) Tea απ δ᾽ 
x? das “ἰῷ ῶ 
10. Fre πὴ "τ αι (αἰ εξ - b tan), 


11. | FTA GTR TEL {a* log (x? + a”) — 6" log (a* + δ5)}. 


12. Cee a ag 
(. - 1(ω τ 2}» w+2 α-εἭἢλ} 
18. πτατηρ- —* + log (w+ 1). 
Oe este os ee ot 
15. leap SER oT + flog= ot. 


16. 


17. 


EXAMPLES 


9. --- 


leq <2 log -- 
αὐ (1 --αἡὐ «(1 -- α) 1 - 


fey 


1 @ 
2 2? —1 


— ΠΝ = Peg i 


Fer 


das: 
(ω — 1) 


3a + 2 x 
xe ten 28 7 


1 
7 Se 
+ 
lo ἡ τὰ 
= τς ores Wad 


+  — log («+ 1)+loga. 


vel Fer 


3 κα 1 x 


8 atl 4 (@-1)" 


1+2 “ὦ 
lean’ i re ae 


ΓΞ = }log ἘΣ 5 43 tan~ a, 


a 
1— 


τς 


ΞΕ log τ" -- ἰδ τα, 


(1 os 


ΕΚ 2 a+ai/3 


x dx 


x log 


] -- αὐ 


[ταῦ δ᾽ 5 τῶν 


da 
la +x) (1 + οὔ 
x da 
Tra) (a 


x? das 
len +2 — 


[ x? dx 
a + 3a? + 


ia } log (w ~ ἢ - } log αὐ + 1) SGT 


ω--Ἰ 


gees % 
gatos it 


3 log (2 + 2) 


rae 22 ~1 
8 J/3 ° 


1 oe 2.-- 


NB 78 


-- log (1 Ὁ α) -- Σὸρ (1 + a) +4 tan a, 


=} log (1 +) + flog (1 -- αὐ) -- ἢ tana 


V2.0 
“3 tan ack 


—i log (αὐ + 1). 


7 eti 
l οδ ater” 


= Φ 


1)" 
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36. 


97. 


= 


cn ὦ 


> 


dx 2 ay 
Wes. lexo@rt = εις tan 


2 


10. 


13. 


14, 
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2 + 327 


dar 38 ~1 
laacey" “tise 2 Ὁ 
l+eJ2+a7 -1 . ,αω}2 
rr" Fae PET ae wh, tee rl 


x da 1 


1--α /2+23 


lo , ἰ. 1 _, @/2 
Tea 43 wT τα δ τα δ᾽ Δ ia 


EXAMPLES. ‘EEX. 


(Irrational Functions.) 


for J +2) de=2(1+2)?-3(1+a)h. 


1+ fa 


feria ome ΤΊ 
fora τατος "θα, Κ( 


— να). 


59) 
9 Φ 


d: = l-a\ 
(1 τὰς Gan nf (= i 


ΔΘ dw 2 f+ log ΜῊ 


de, 
πιὸ" “δ 
dz vA + 2%) 


er Oe nee eee «.-.. 


a? /(1 +2) 


Je-d 
να 1" 


1] 
ἃ lo 


ν(1 τ α) -ὶ 
δ΄ /d+a)+1° 


Pe A id ΞῚ +x)—1 
δ᾽ ita)ei' 


πΞ5» = Le {(α" Ὁ 1)—} sinh 


da: 
Ja sie! v (1 = 2!) τ 
1 


ἴδῃ" 


ἀπε fia “Fa 


2. eae ies + sinh” 9. 


=a 
“03° 
genase 7 + x) 


x /2— 


J +a) 


Ὡ -- > (ωὡταλ- το} 
: ἐπατοτ σατο 5-H i πθνον 


"8 
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CHAPTER VII 
DEFINITE INTEGRALS 


87. Introduction. Problem of Areas. 


__ The problem of integration, in the sense now to be explained, 
is one of the oldest in Mathematics, but it Was not till the time 
of Newton and Leibnitz that a general method of solution was 
evolved. We proceed in this Art. and the next to explain this 
method briefly, without special attention to logical details, taking 
the ‘problem of areas’ as a sufficiently typical case. In this way 
the essential principle will be easily apprehended. Afterwards, in 
Arts. 89-94, the question will be taken up de novo and discussed 
in ἃ more general and more rigorous manner. 


Suppose that it is required to find the area* included eee 
a continuous curve 
Y= P(A); ἀν ῥουὶ θεν εν ναίω .....(1) 


the axis of a, and two ordinates =a, τε. For definiteness we 
will suppose that y is positive over the range of considered, and 


Fig. 48. 


* The term ‘area’ is used, in this Art. and the next, in the ordinary intuitive 
sense. From the modern point of view the area of ἃ curve needs definition ; see 
Art. 99. 
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that b>a. We may divide this range ὃ — a into a series of sub- 
divisions, f,, fy, ..., An, and erect on these as bases a series of 
rectangles whose altitudes ¥;, Y, ..., Yn are ordinates of the curve 
at arbitrarily chosen points within the respective bases. The sum 
of the areas of the rectangles thus constructed may be regarded as 
an approximation to the area required. The result may, indeed, 
happen to be exact, but it is evident that the approximation will 
as a rule be better, the smaller the subdivisions, h,, ἦν, ..., hy are 
taken, their number being of course correspondingly increased. 
The limit to which the sum of the rectangles tends, when the sub- 
divisions are infinitely small, is the area required. 


Before the invention of the Calculus this procedure, or some- 
thing equivalent to it, had to be carried out if possible for each 
curve separately, the methods employed being often highly in- 
genious. The following examples may serve as illustrations. 


Ex... To find the area included between the parabola y =a, the 
axis of x, and the ordinates # =a, x= ὃ. 


Fig. 44. 
Putting h,=h,=...=hy, =h, 
Yyi=a, y,=(ath), yy=(at 2h)’, ...... Yn = {at+(n—1) 13, 


we have to consider the sum .᾿ : | 
@h+(ath)h+ (at 2hPh+...+{a+(n—1) h}* 
=neh+2{14+2+...+(n—1)} ah? + {127+ 274 ...4(n—1)} 23 
=nath +n (n—1) ah? +%(m—1)n(2n—-1) 2 


=a'(5—a)+(1-2)a(6—a)'+ (1 Ξ' -) (1 - 5.) 6- a). ...(2) 
The limiting value of this for n +00 is 


αὐ (b—a)+a(b—a)?+2(b-a), op 3 (δ -- αὖ. ...... (8) 
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ἔων. 2. The general case of the curve 


where m may have any integral or fractional value, positive or negative, 
except — 1, may be treated as follows. 


The abscissae of the dividing points of the range 6 —a are taken in 
geometric instead of (as is more usual) arithmetic progression, viz. they 
are 

a, pa, pra, ..., pa, 
. where p*=b/a. The subdivisions are therefore 
| δι τε (μ -- 1) α, hy=(u—1) pa, hy=(u—1) μδα, ..., Ay=(u—1) pa, 
The ordinates at the initial points of these are 
a™, pm a™, pom a™, ies pee a™, 
and the sum to be considered is therefore 
(p = 1) qm (1 x pm + prima) he + pl (m+1)) 
(m+) _. 1 = 1 F 
μ μ 
-- (μ -- 1) απ Ἢ SAL] = yey (6™*?— am), ...(5) 
The subdivisions are made infinitely small by making » tend to the 
limit 1, πὶ becoming infinite. Since 


m+) __ 
Lim κα ΓΞ  ΡΗ (6). 


by Art. 22, the result is 


If we put m=2, we get the case of Ex. 1, above. 


The above ingenious procedure is due to Wallis (1656). It needs 
modification when m=— 1. In place of (5) we then have 
1 


b\n 
n(u-l)=n {(=) Ξ 1}, incase .......(8) 
the limit of which when πο is, by Art. 43 (9), 

| b 


. log -. ssundipadieewtade Ga νὰ iain’ pauonsaee( 9) 
Kz. 3. Let the curve be 
$f SBI aint νον οὐ τ Sbesuewed teneuiias (10) 
the range extending from w=atovw=8. Taking equal subdivisions 
fis B Ha) ΠΣ oiiccastedtaswerandd( lh) 


we consider the limit of the sum 
Σ, = {sin (a + $h) +8in (a+ ZA) +... +8in (B—Fh)+ sin(B—$h)}h, (12) 
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? where the values of sin x at the middles of the respective intervals have 
4 been taken. Now 


=r , B= 2sin δ} εἰν (a + fh) +2 sin JA sin (a + 32) +... 
+ 2 sin ἐλ sin (B—$h) +2 sin $h sin (B — 1) 
= cosa —cos(a+h) 7 
+cos(a+h) —cos(a+ 2h) 
" cevccccee 
4+ cos (B — 2h) — cos (β —h) 
+cos (B-A) —cosB . 
= COS a — cos β. | τ LS) 
Hence, proceeding to the limit (ἢ, +0), the required area is 
COB = COS Bs. sciscxbsicieuwsvensatecadeeees (14) 


88. Connection with Inverse Differentiation. 


Calculations of the above kind are now superseded by the rule of 
the Integral Calculus, to which we proceed. 


If, keeping a fixed, we regard 6 as variable, the area considered 
in Art. 87 will be.a function of ὦ, which vanishes when 6 =a. When 


CS OS BEE τὰ τῷ αν SSE KE SAK τρ δὲ ἣν τῷ ὧν ὦ ἢν τ 15. ὦ τῷὸ ὃν ὧν τὖῦ τὰ «Ὁ» 


Fig. 45. 


b receives an infinitesimal increment 83, the increment of the area 
will ultimately be equal to a rectangle of breadth δύ, and height 
φ (0); see Fig. 45. Thus, if A be the area in question, 


SA = (2) SD, sccsccsnssrercensconecss (1) 
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ae “5 = (0). Penn sear: (2) 


Hence if (x) be a function such that ψ' (x) = ¢ (2), 1.0. if yr (x) be 
the ‘indefinite integral’ of (a), we have | 


dA ? 
| a 5 AE (Os oS senses cnosinewadesuuseiecns (3) 
It follows from Art. 56 that 
A=W (+0, ceccacee idsevnsharevinks (4) 


where C is some constant; and since A must vanish for b=a, we 
must have C=—p(a). Hence 


A =P (bl) — Ya). ssesessssseereen. ....(6) 


The problem of finding the area is thus reduced to that of indefinite 
integration, which formed the subject of the preceding Chapter. 


Ex.1. If ¢(«%)=2", we have p (a) =a™+1/(m + 1), and 


except when m=—1. 
If $ (a) = 1/x, we have wp (x) = log a, and 


A slog ®. CRO cere rerseseeceseseceeres ees (7) 
Haz, 2. Tf ¢(x)=sin x, we have (x) = -- cos a, and - 
A =-—cos B -- (-- cosa)=cosa—cos B. ............ (8) 


The above results agree with those obtained, by much greater labour, 
in Art. 87. 


89. General Definition of an Integral. Notation. 

As the process of finding the limiting value of the sum of a 
series of infinitesimal quantities is one which has numerous appli- 
cations in Geometry and Mechanics, we proeeed to treat it in a 
. more formal manner, attending at the same time to various points 
of theoretical importance which have hitherto been passed over. _ 

Let y, = φ (2), be a function of a which 15 regarded as given (and - 
therefore finite) for all values of « ranging from a to ὦ, inclusively. - 
᾿ Let the range b—a be subdivided into a number of intervals 


ἜΜ See Το (1) 
all of the same sign, so that 


hy tht cost hn=b—-G. ..ccccceees ssosene(2) 
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Let y, be one of the values which y assumes in the interval h,, 
y, one of the values which it assumes in the interval h,, and so on; 
and let | 

Σ τε Yih Ἔ Yalta $ ce FY nline  sacecccsceeceee(B) 


The value of this sum will in general vary with the mode of sub- 
division of the range ὃ —a, and with the choice of the values y,, 
Ya, +++) Yn Within the respective intervals (1). But if we introduce 
the condition that none of these intervals is to exceed some assigned 
magnitude &, then in certain cases, which include all the types of 
function ordinarily met with in the applications of the Calculus 
(and more), the value of = will tend, as & is diminished, to some 
definite limiting value S, in the sense that by taking & small enough 
we can ensure that > shall differ from S by less than any assigned 
magnitude, however small. 


‘The sum which we have denoted by © is more fully expressed 


Sy Sa or Th (we) δα, v.ccccececccseerceees (4) 


5x standing for the increments ἢ), he, ...... »h, οἵω. The limiting 
value (when it exists) to which this sum converges, as the incre- 
ments da are all indefinitely diminished, and their number in 
consequence indefinitely increased, is called the ‘definite integral’ 
of the function ¢ (2) between the limits a, and b*, and is denoted by 


[νὰ δὲ [e@ ἜΤ (5) 


the object of this notation being to recall the steps by which the 
_ limiting value was approached f. 


by 


Problems in which we require the limiting value of a sum of the 
type (3) occur in almost every branch of Mathematics. The area of a 
curve has already been referred to; other simple instances are: the 
length of a curved arc, regarded as the limit of an inscribed (or circum- 
scribed) polygon, the volume of a solid of revolution, and so on. These 
will be considered more particularly in Chap. vim. 


_ Again, in Dynamics, the ‘impulse’ of a variable force, in any interval 
of time, is defined as the ‘time-integral’ of the force over that interval ; 
viz. if # be the force, considered 88. ἃ function of the time ¢, the impulse 
in the interval ἃ, -- ἔρ is the limiting value of the sum : 


Τί τι το, Ἔν... Big tyyy  seccencoccvcccccsecss (6) 


* It is a little unfortunate that the word ‘limit’ has to be used in several 
different senses. The word ‘terminus’ would perhaps be more appropriate in the 
present case. 

+ The symbol { is a specialized form of S, the sign of summation employed by 
the earlier analysts. The mode of indicating the range of integration was intro- 
duced by Fourier. 
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where 7, Τὰν -..9 Τρ. are subdivisions of the interval ¢, —7,, such that 
ΕΝ Trt Tat et τῷ τε δ — yy τννον ἜΤ (7) 


whilst 2, Fy, ..., /, denote values of the force in these respective 
intervals. Hence, in our present notation, the impulse is 


[Fae ΡΠ: 
Fate 


Newton’s Second Law of Motion asserts that the change of momentum 
of any mass (m) is equal to the impulse which it receives, or 


4 
MV, — MV, = [ πόστον (9) 
t 


where v,, #, are the initial and final velocities. - 


Again, the work done by a variable force is defined as the space- 
integral of the force. If 2" denote the force, regarded now as a function 
of the position (8) of the body, the work done as s changes from 89 to 3, is 


“,7Ὗἦσσσν (0) 
89 


For example, the work done by unit mass of a gas as it expands 
from volume », to volume 2, is 


[ρα ΠῚ ὌΠ (11) 


if p be the pressure when the volume is v. This is seen by supposing 
the gas to be enclosed, by 8 piston, in a cylinder of sectional area unity. 


The graphical representation of the integral (10) or (11) is frequently 
employed in practice. Thus, in the case of (10), if a curve be constructed 
with 8. as abscissa and 27 as ordinate, the work is represented by the 
area included between the curve, the axis of s, and the ordinates corre- 
sponding to s and @,. This is the principle of Watt’s indicator- 
diagram *. | 


90. Proof of Convergence. 


Whenever the sum & has ἃ definite limiting value, in the manner 
above explained, the function ¢ («) is said to be ‘integrable.’ It 
may be shewn that every continuous function is integrable in this 
senset, but as regards the formal proof we shall confine ourselves 
to the particular case where the range of the independent variable 
_ ean be divided into a finite number of intervals within each of which 
the function either steadily increases or steadily decreases, This 
will be sufficient for all practical purposes. 


Before, however, introducing any restriction (beyond that of 
finiteness) we may note that two fixed limits can be assigned 


* See Maxwell, Theory of Heat, 6. v-; Rankine, The Steam-Engine, Art. 48. 
t It is not implied that a mathematical formula for the integral can be found. 
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between which > must necessarily lie. For if \ and u be the lower 
and upper limits (Art. 17) of the values which the function ᾧ (2) 
can assume in the interval b—a, it is evident that = will lie 


between | 
λ (ὦ, that... thy), =r (Ὁ — a), 


and My that ... + An), =p (b — αλ. 

We will now suppose, for definiteness, that b >a, and that ¢ (zx) 
steadily increases as x increases from ὦ to 6. Consider any par- 
ticular mode of subdivision 


ἜΘ (1) 


of the range ὃ -- α, and let 


Σ = Yh, + Yala tee + Ynlny  cocccecsceeeees(2) 


where, as in Art. 89, y, denotes some value which the function 
assumes in the interval h,. | 


Now if in (2) we replace %, ¥s, ... Yn by the values which the 
function has at the beginnings of the respective intervals, none of 
the terms will be increased ; and if the resulting sum be denoted 
by Σ΄, we shall have | 

ΣΠΌΡΟΣ Capa sariaiks cnidhsiestiveDenaweeeas (8) 


Again, if we replace ¥;, %, ... Yn by the values which the function 
has at the ends of the respective intervals, none of the terms will 
be diminished ; hence if the resulting sum be Σ΄, we shall have 


Ses ΒΕ ohare (4) 
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In Fig. 46 the quantity Σ΄ is represented by the sum of a series 
of rectangles such as PN, and Σ΄ by the sum of a series of rect- 
angles such as SN. Hence the difference Σ΄ — Σ΄ is represented 
by the sum of a series of rectangles such as SR. The sum of the 
altitudes of these latter rectangles is KB— ΗΑ, or φ (6) --- φ (a), 
and if & be the greatest of the bases, 1.6. the greatest of the inter- 
vals (1), we shall have 


Σ΄" — Σ΄ ἢ ἢ (φ (b) —P(a)p. , «τον νοννννοννον (5) 


Now, considering all possible modes of subdivision of the range 
b—a, the sums Σ΄, being always less than μ (ὁ -- α), will have an 
upper limit, which we will denote by S’, and the sums Σ΄, being 
always greater than ἃ (Ὁ — a), will have a lower limit, which we will 
denote by 8’, and it is further evident that S’ +S’. It follows, 
from (5), that the difference 5" -- S’ must lie between 0 and 
k ip (b) ~ (a)}; and since, in this statement, & may be as small 
as we please, it appears that S’ and S” cannot but be equal. We 
will denote their common value by S. 


Finally, it is evident that 
ΙΣ -- 51 « Σ΄ - Σ΄ «κι {φ (δ) -- Φ(α)); vse (6) 
hence by taking & small enough we can ensure that | > -- ' [ shall 
be less than any assigned quantity, however small*. 


A similar proof obviously applies if the function ¢ (2) steadily 
decreases throughout the range ὃ -- a. 


It follows that the final result also holds when the range admits 
of being broken up into a finite number of smaller intervals within 
each of which the function either steadily increases or steadily 
decreases. See Fig. 47. 


ὮΝ 
-- 
Fig. 47. 


3 


* The proof is ἃ development of that given by Newton, Principia, lib. i., 
sect, i., lemma iii. (1687). It would be easy to eliminate all geometrical conside- 
rations and present the argument in a purely quantitative form. 


1.1. C, 14 
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It has been supposed that b>a. If b<a, the intervals ἦ,;, 
hy, «--, dy will be negative, but the argument is substantially 
unaltered. =< 


ὃ 
91. Properties of | $ (a) de 


1°. If we compare the integrals 


[φῶ and [}φΦ 4. 


we see that they may be regarded as limits of the same summation, 
with this difference, that in one case the increments /,, hg, ..., hn 
of x, which make up the interval ὃ — a (or a — ὃ) have the opposite 
sign to that which they have in the 

other. Hence Y 


["$(@ydz=— [φῶ de (1) 


2°, Again, it follows from the defi- 
nition that 


[Ὁ (2) de =| $(@) 45: | (a)den 


Fig. 48. 


This is illustrated graphically in Fig. 48. 


3°, ΤᾺ, μ᾿ be the least and greatest values which ¢ (x) assumes 
as a ranges from a to 8, the integral 


δ᾽ 
[Φ«, 
being intermediate in value to ἃ (ὖ -- α) and p(b—a), must be 
equal to 
ν (6 ΝΣ a), 


where ν is some quantity intermediate to , μ. 


If, as we suppose, φ (ὦ) is continuous, it assumes within the 
range b—a all values intermediate to 
r, w. Hence there must be some value 
(c) of a, between ὦ and 8, such that 


φ (cy= ν. 

In the graphical representation, Fig. 49, 
the area PABQ is equal to a rectangle, on 
the base AB, whose altitude is equal to the 
ordinate at some point C of the range AB. 


We may evidently write | Fig. 49. 
c=at+6(b—a), 
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where θ is some quantity between 0 and 1. On this understanding, 


[ $(@) dx =(6—a) $(a+ 05-4). ες δυὸ οὐ (8) 


4°, More generally, if u, v, y be three functions such that for 
values of # ranging from a to ὦ, 


[1 U > ψ » υ, .οφιφρουοδηοιοϑουνθοροδοδεινοονδοφϑδουθ (4) 
: | 
then the integral YOR .. ὁ... Se eT er ree (5) 
a . 


will be intermediate in value to 


b ὃ | | : 
{ udx and | MODY ἰός ες τ, εν (6) 
a 


ᾶ 


‘Suppose, first, that b>a. We have 


[ude - | yde= | (u—y) da, 


In virtue of (4), every term of the sum, of which the latter integral 
is the limit, will be positive. Hence : 


> b 
[ γα < [ ude, Miao scutes eauone ne eees (7) 


δ δ ms 
Similarly | yda > | ΡΥ ΠῚ (8) 


If ὃ « a, the inequalities in (7) and (8) must be reversed. 


92. Differentiation of a Definite Integral with respect — 
to either Limit. 


Let ? i= i φ (@) da. ...... ioguildnietineicemotnnes (1) 


Evidently, [is a function of the ‘limits of integration’ a, b, and 

will in general vary when either of these varies. Regarding a as 

fixed, let us form the derived function of J with respect to the 
upper limit 6. We have 


b+6b 
ΤῈ] - φ(ω) de 


b b+8b 
={ ¢@de+ [ (a) da, secs. μον (Ὁ) 
by Art. 91, 2, Hence 
b+6b 
ΣΙ =| h(a) dw=8b.p(b+O8b), ........ὕ.. (3) 
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by Art. 91, 3°. This shews that δ] vanishes with 5b, so that J is 
a continuous function of ὁ. Also, since 


ol 
BF ΟΦ ΕΘ δ), crcxictesssncettets (4) 
we have, on proceeding to the limit (δῦ + 0), 
al 
Se Ome ae (5) 


In the same way, if we regard the upper limit ὃ as fixed, and 
the lower limit a as variable, we find that J is a continuous function 
of a, and that 


PREG Gy: ciiernaiednn®) 


93. Existence of an Indefinite Integral. 
We can now shew that any function ¢ (2), having the character 


postulated in Art. 90, has an indefinite’ integral, 1.6. there exists a 
definable (but not necessarily calculable) function yf (7) such that 


WG) 6 @)) mittee: (1) 

or AW (a) = DADA L)...ccccercneecnsneeeeeees (2) 
For if we write : 

ψίθ- | BO) eer rerrtesseseetese (8) 


the expression on the right hand is, by Art. 90, a determinate 
function of £, and the investigation just given shews that it satisfies 


the condition 
ψ' (E)= φ(ξλ coececscnsceveercesceoes (4) 


The lower limit of integration in (8) is, from the present point 
of view, arbitrary, and the function yf (&) is therefore indeterminate 
to the extent of an additive constant. For, by Art. 91, 2°, the 
substitution of a’ for a, as the lower limit in (8), is equivalent to 
the addition of 


@ 
[φῶ 
to the right-hand side. Cf Art. 72. 


94. Rule for calculating a Definite Integral. 


Whenever the analytical form of a function > (2), which has a 
given function ¢ (2) as its derivative, is known, the value of the 
definite integral 


1- [φῶ ΠΣ sede τῆς ἐνονεῶς eed (1) 
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can be written down at once. For, if we regard a as fixed, we have, 
by Art. 92, : 


by hypothesis. It follows by Art. 56 that 7 and y (Ὁ) can only 
differ by a ‘constant,’ 1.6. a quantity independent of ὃ; thus 


[ ¢@a=yo+e νυν (3) 


To find the value of Οὐ we may, since it does not vary with ὦ, 
put b=a, whence 


(a) +0=["$ (2) de=0. eon eee (4) 
Hence C=— (a), and 
[ $@de=4@)-¥a eee (5) 


This is the fundamental proposition of the Integral Calculus. 
It reduces the problem of finding the definite integral of a given 
function ᾧ (4) to the discovery of the inverse function Ψ' (2), or 
D~ p(x). The reason why this inverse function is usually denoted by 


[Φ (a) dat... +0000. ΠΥ (6) 
is now apparent. The form (6) is simply an abbreviation for 
_ 
| OO) 0a. εἰριθοιροιθεριρλνος (7) 


where ais arbitrary. We have seen that a change in a is equivalent 
to the addition of a constant. 


The notation | + Ὁ} γϑ εν ερδνιϑοιν δω νον οὐννν δ νος (8) 


is often used as an abbreviation for ψ' (Ὁ) -- (a). 


Ex.1. To find Pe specks es ae tac enes (9) 


Here φ()- "5, ψ() 1 δ 


ὃ 
whenee | dia = 7 (C—O). acassnneseseseneees (10) 
α : ; : 
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ἐπ ὟΝ 
Κα. ἃ. To find | gine ON τροειρονον νει 611) 
: 0 
Here φ (x)=sin*s, p(x) -- δα -- 1 sin 2a. 
ἀπ 
Hence | Gin? @ die =F mss geccisticeesvecvonces( 12) 
9 


95. Cases where the function ¢ (a), or the limits of in- 
tegration, become infinite. 


Before proceeding to further examples, it will be convenient to 
extend somewhat the definition of an integral given in Art. 89. 
It was there assumed that the limits of integration a, ὃ were finite, 
and also that the function ¢ («) was finite throughout the range 
b—a. We proceed to explain how, under certain conditions, these 
conditions may be relaxed. 


1°, Suppose ¢ (a) to be finite and continuous for all finite 
values of x, and consider the integral 


[BO de Ἀερβι εκ seed) 


where wo >a. If, as ὦ is increased indefinitely, the integral tends 
to a definite limiting value, this value is denoted by 


[ Cs arene veseee(2) 


The integral (1) is “then said to be‘ convergent’ forw->oo. As 
might be anticipated from the theory of infinite series (Art. ᾿ it 
is not a sufficient condition for convergence that 


img Soh (@) S05 aviateceeislseeuse (3) 


this condition is moreover not essential, for there may even be 
convergence when ᾧ (x) has no definite limiting value for v-»0o. 


A similar definition of 


[- $@de Cece rrccercccesccncenccecs (4) 


can obviously be framed. 


2°, Let φί(ω) become infinite at or between the limits of 
Integration. 


It will be sufficient to consider the case where there is only . 
one value of # for which ¢(#)--0. The general case can be 
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reduced to this by breaking up the range b~—a into smaller 
intervals* 


If ¢ (x) become infinite at the upper limit (only), we consider 
in the first place the integral 


[φ COE Ce EP ae (5) 


where ε is positive. If, as ε is diminished indefinitely, this integral 
tends to a definite limiting value, this value is adopted as the 
definition of : 


b 
i φ (x) da. 
a 
A similar definition applies to the case where ¢ (x) becomes 
infinite at the lower limit a. 


If @(x) becomes infinite between the limits a, ὃ, say for «=¢, 
we consider the sum 


[“e@dsf  $(a)de sn subnossupans oes (6) 


If, with diminishing e (and ε΄) each of these integrals tends to a 
finite limiting value, the sum of these values is adopted as the 
definition of . 


“$ CO ee ee en eee (7)t 


The cases where ¢ (a) becomes infinite, or is discontinuous, at 
a finite number of isolated points, are dealt with by dividing the 
range into shorter intervals bounded by the points of discon- 
‘tinuity. 


Eo, [re-ede=[-Ze- Ὁ = SOG π ...(8) 
0 a 0 a 
- As ὦ increases this tends to the limit 1/2. Hence we say that 
τα i re ee eee eee ee νυ συ δου νυν. 
Ι ὁποίας το νος (9) 


* It being assumed that ¢ (x) becomes infinite only at a finite number of isolated 
points. 
+ Cases may arise in which each of the integrals 


C~e b 
ib ¢ (x) dz and [9 4 


is ultimately infinite, whilst if some special relation be imposed on the ultimately 
vanishing quantities e, ε΄, the infinite elements of the two integrals cancel in such a 
way that the sum remains finite, Ifthe relation in question be e =e, the result, 
when it exists, is called by Cauchy the ‘ principal value’ of the integral (7). 
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Ex. 2. [°S-[los a |" = log o. ΟΠ LO) 
| ι: ὦ 1 


This increases without limit with w. Hence there is no limiting value 
for ὦ -»-οὐ, although : 


; 1 
eee aU: ΤΥ ΤΥ A ats (11) 
1 dex 
. i yaa 2) 
The function 1/,/(1 — x) becomes infinite for «=1, but 
eee 2/(1 1 2.-.-2.} (13) 
--- τ Se τὰ —2x =2— γε εν σοὶ 
i ν (1 - x) : ν ) 0 : 
and as ε is indefinitely diminished this tends to the limit 2, Hence 
1 dx 
eae a Pe ee eee 14 
 Ja=2) (4) 
| ἢ 
Ee. 4. [ Ἰο ἀν ῖδι. κρυοι νον ὀκοφυ λένε; (15) 
We have 
1 1 Ε 
[ log ede =| slog # — 2 ere (16) 


_ By Art. 43 (5) we have 


lim, +9 log «=0. 
Hence 


1 4 
[ ay ee 1. «ον νον νον νον ενννννμννννν (17) 
A . 


96. Applications of the Rule of Art. 94. 


We give a few more typical examples of the evaluation of 
definite integrals. 


Hz. 1. ie sin σα = |- cos o |= ee ree (1) 
0 0 
[cos xda = sin .}" = Ly οὐροῖοῤνο δέον ρον θεοὶ (2) 
0 0 
[sin x cos «dat = E sin? 1 os ee eee (3) 
“Jo 0 


Hx. 2. By Art. 80 we have 


ω ‘ sin Bx + B cos Ba ω 
| e~*% sin Badz = — pa Sill ΤΟΣ ca 6:6} 
0 : α τ 9 


[—— CER ae I ey e~ ee 
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If a be positive the last term tends, as w is increased indefinitely, to 
the limiting value 0. Hence 


[ e-~* sin pede! Keciateestaes .“...(0 


τοῖς ne _ a 
Similarly [ e~* cos Badx = FO ea ἢ ἐμ (5) 
Ex, 3. We have 


. » dx ‘ ῳ 
--- -- ~ = tan™! ὦ — tan! 0, 
l= tan |" n +o n 


The function tan-'a is many-valued (Art. 16), but it is immaterial 
which value we take, provided we suppose it to change continuously as ΄ 
a varies through the range of integration. Henceif we take tan-?0=0, 
we must understand by tan™'w that value which increases continuously 
from 0 with w. .As ὦ increases indefinitely, this value tends to the 
limit 47, so that } 


Ὁ dx 
[ T+ = dr. TURE CCP Tee eS δου δου (6) 
Kz, 4. By Art. 78, 4° we have 


Γ τατος pas = lem code @, zen aI. 


Now, as @ increases from 0 to 47, ,/(a/B). tan @ increases from 0 to οὐ, 
and we may therefore suppose that tan™ {,/(a/@).tan 6} increases from 
0 to ἐπ. Hence 


αθ τ΄ 
[ asin?6 τ Bcos*6 8,.7(αβ)᾽ οὐ οὺ νυν τους νε: (7) 


The student may have remarked in the course of the preceding 
Chapter that when:an ‘indefinite’ integration is effected by a 
change of variable (Arts. 77, 79) the most troublesome part of the 
process consists often in the translation back to the original 
variable. ‘This part is, however, unnecessary when the object is 
merely to find the-definite integral between given limits. It is 
then sufficient to substitute the altered limits in the indefinite 
integral as first obtained. 


. Ex. 5, To find | "Nat at) dit. «0 νννννονονονεννμμενενοον (8) 
0 
We found (Art. 79), putting =a sin 6, that 
, [«“(ὦ -- 2:*) da = a? cos? 6d6 = λα" (6 + ξαὶ sin 26). 
Now, if 6 increase from 0 to ἐπ, 2 will increase from 0 toa. Hence 


fy νὠτ εὐ do= 30 E + dein 26 | = ἀπαλ..........0) 
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97. Formule of Reduction. 


The methods of Arts. 81, 82, when applied to the reduction of 
definite integrals, sometimes lead to specially simple results, owing 
to the vanishing of the integrated terms at both limits. 


ἐπ : 
15, If aes | COS" OUD, ...Ἅ.νονονονννννννννονον (1) 
0 
we have, by Art. 82 (2), 


ἐπ ἊΣ 
Un = Ε sin @ cos*— 9 + : κ : Τὰ του νον (2) 


If n >1, the first part vanishes, since 
sinQ=0, cos ἐπ ΞΟ. 
ἀπ n—1 {τ 
Hence Γ΄ costede = et 0S" θάθ.. cassessesess (8) 
0 m 09 | . 
Similarly, from Art. 82 (6), . 


ἀπ ἈΞ ἀπ . 
[sine 849-- " : | sin"? 0d0. ceeceseseee. (4) 
0 nm 09 


_ If n be a positive integer, we can, by successive applications 
οὗ (3), express 7 


ἀπ 
|” cose 6a 
0 
in terms of either 
ὁπ ἐπ ᾿ 
| cos 0d9,=1, or | oe | ee (5) 
0 0 | 
according as n is odd or even. In the same way 
ἐπ 
Γ΄ εἰμ" θα 
0 
can be made to depend either on 
᾿ ἐπ 
| εἴη ad 1, or on | en: ee (6) 
0 \ 
ἐπ ἀπ 
Ez, 1. [ cos θάθ = 4 ih cost 0d 
0 0 


ἐπ 
-Ξ-ᾧ. ὃ [ COs θαθ = 8. 
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After working out one or two. examples in this way, the student will 
be able to supply the successive steps mentally, and write down at once 
the factors of the result ; thus — | "Ἢ 


i cos 0d0 = ἃ. 3.2. 2a= om. 
0 

The general values of the preceding integrals can be written 
down without difficulty. Thus, if n be odd, we have 


pe fe 7g. πρὸ (n—8)...2 
[ οὐδ θ49-- sin ὠς σα peal) 


- whilst, if ἢ be even, 


(n—1)(n—8)...1 ὅπ 


ἐπ wos dd -- [ἢ sin od6 8 
[: cos p= | sin πο @ ee) ἐδ (8) 


Integrals of this type are of frequent occurrence in the physical 
applications of the Calculus. 


dr ᾿ 
95, If γεν | sin” 8 cos" 0d0,....essseseeeeees: (9) 
o | ) 
we have, by Art. 82 (10), 
1. i 5.--} 
-- ΤῈ AQgn— 
imam | ez πα 12 cos "97 +n tm (10) 


Ifn>1, the expression in [7 vanishes at both limits, and we have 


ἐν _ ἐπ : 
{ sin™ @ cos" θ49 =" - { sin™ 6 cos"-* θάθ. ...(11) 
“29 ὍΝ m+tnNjigqg | 
In the same-way from Art. 82 (11) we obtain, if m >I, 
ἐπ ~1 | 
sin™ θ cos” 6d0 = ἼΞΙ | sin™—? θ cos” θαθ. ...(12) 
0 Mtn o 


By means of these formule, either index can be reduced by 2, 
and by repetitions of this process we can, if m, n be positive | 
integers, make the integral (9) depend on one in which each index 
isl or 0. The result therefore finally involves one or other of the 
following forms: 


ἐπ i 
sin 6 cos θ d0, = ἃ; | d0, =47r ; 
0 0 


ἀπ 
| sin 949,-ε; [Π cos 6 a8, =1. 
0 0 


, 
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Hx. 2. We have | 


[- θ cos® θαθ = 4 [sins 6 cos* 6d6 = 4 . 2 ie sin @ cos® θάθ, 
0 | 0 
by (12). Again, by (11), - 


Γ οἴη θ cost Od6=2. [sin 6 cos θαθ = 2. }. 
0 0 


ir 
Hence : sin’ 6 cos’ θαθ = 4.2.2.2 -- δι 


After a little practice, the result can be written down immediately. 
Thus | 


i 
εἰ sin’ θ᾽ cos? θάθ -- δ. ὃ.1.3.π--- 5.7. 


The formule (11) and (12), as well as (3) and (4), are often 
required in practice, and should be remembered. 


_ Again, the algebraic integral 
1 
[ BOCES BM, sae cian κει φυρουονὸΣ (14) 
0 
is reduced by the substitution 2 =sin*@ to the form 
ἐπ 
2 [ sin 0 COs OOO... ,..... ἀν νννννος (15) 
0 | 


and can therefore be evaluated by means of the formule given 
above, whenever 2m-+1 and 2n+1 are positive integers or null. 


Similarly, if we put «= sin 6, the integral | 


1 d 
| [ may de ie sues (16) 
0 
takes the form | | 
7 | 
i sin™ 0 coHOdO. ....Ψ.Ψννννννννννις (17) 
0 
Ex. 3 [za -- ajhde=2 [" εἴα 9 cost θαθ 


- 2. .3.3.1.1- δ. 
1 
Hix. 4. [ x (1 -αὐϑ- [ sint 6 cos θαθ 
0 


πὲ δ ὁ ἐπ τ gym, 
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98. Related Integrals. 


There are various theorems concerning definite integrals which 
follow almost intuitively from the definition of Art. 89. 


For example, 
i § (a)de= |” φ(α -- αὐ de, ἐαφυν τε οὐλεὰνν Νὴ (1) 
0 ΄ 
This is proved by writing 
e=a-—27, da = — dx’, 


the new limits of integration being z’ =a, 2 =9, corresponding to 
a=0,#=a, respectively. Thus 


[e@) da = - [6 (aw) de = |" $(a-2)da, 


the accent being dropped in the end, as no longer necessary. 


This process is equivalent to transferring the origin to the 
point #=a, and reversing the direction of the axis of a The 
areas represented by the integrals in (1) are thus seen to be 
identical. 


An important case of (1) is 
ἐπ ἐπ 
| 7 (sin 6) dé =| f (cos θ) 40. ............(Ὁ) 
0 0 . 
α.1. Thus ᾿ I sin? θαθ =|" cos® 648. 
| 0 0 
Hence each of these integrals 
τί τι | ro 
“ὦ (sin? 8 + cost 6) do = ἃ [ a 


Again, if φ (x) be an ‘even’ function of a, that 1s 


GP (—B) HP (a) cesesererersnenes ae. 18} 
. Y 


& 
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we have 
a φ() dr =2 [ DD) AG. Bivaspiinceice (4) 
ΝΣ ; 


the area represented by the former integral’ being obviously 
bisected by the axis of ψ. 


On the other hand, if ¢ (a) be an ‘odd’ function of a, so that 
ΠΕ αν (5) 


we have 


Y 
Fig. 51. 


since in the sum, of which the definite integral is the limit 
(Art. 89), the element ᾧ (1) δὼ is cancelled by the oppositely- 
signed element ¢ (— a) da. | 


Ex. 2. We have 
i. ie 
[οἰῶ 9 cost 90 = 2 [ sin? 6 cos θ ἀθ =2.3.2.1= 45, 
= ; 0 


whilst [ i sin? θ cos? θαθ = 0, 


since sin’ @ changes sign with 6, 


For similar reasons, if 


Φ (α — 2) = (a), ..ccccccacceseneccrceces (7) 


we have [4 (2) dx Ξῷ 2 [4 COV Ὁ τὶ δ τεῶξ neue (8) 
o 9 

whilst if P(A —BL)=— P(A), crcececccecccccceaces (9) 

we have he (0) dav =O. scesesseseeeseseeeee. (10) 


As a particular case of (8), we have 


| Sf (sin θ) 4θ -- 2 [ 7 (sin θ) dO, .......ΨΨ ..(11) 


since sin (7 — 0) =sin 0, 
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Ex, 3. 


T ᾿ ἐπ | : 
[ sin® θ cost θάθ-- 3. [ sin® θ cos? 0d0 --2.3.1..1 τι ἀξ; 
0 0 


whilst [ ” sin? 6 cos? θαθ = Ὁ. 
Σ 0 ; \ 


EXAMPLES. XX&XI. 
1. Prove by the method of Art. 87, Ex. 1 that 
[Ξὠ-ἢ (64 -- αϑ. 
2. Prove from first ἘΟΛΤ ΤΗΝ that 
| [οι wd =sin β sin a. 
8. Also that " | 


a k 
4. Shew by graphical considerations that 


[ #9 @)dv=k [ $@) de, 
[ sae =["b(era)de, 


ὃ 1 kb 
[ ¢ e) den = 7 (a) de 
δ. Prove that 
ὃ ὃ 
[ ¢@ade-=f $ (a+b -- αἡ de, 


6. Prove that if πὶ and p are positive integers 
lim (= 4 1 Γ 1 


dea) 


+ see t ΤῚ = log p. 
pn | 


n n+l n+2 


EXAMPLES. XXXII. — 


uf 


1 5 1 da 1 dx _ ff 
1 | Jodo=3, [3-2 [-πξω- “3 1. 

a da ‘ UW's de  @ 
[πίξ . να --ϑ 4/8" 


oO dx ἢ, 7 | ᾿ 
i at + bat Bab" | 
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1 κα ὦ x de 
yaaa" | gage?) 


1 dx 

5. fafy-! ] 2), [32 , 
dx 2 dx 

6. ore a a [-τΩ΄ῥο- 2 log 2. 

7 _ ar . 

' jo ςῳφεὶ 3,3" 
ee aa a ee 

8. Re aia eee 

9. dx π 


» (a + a) (α +8) δα (a+ δ) 
10 a2 da T 
' Γειξῶτης- 2 (α- δ) 
= lo 
[ rT a— δ BF 
οΌ die oe ee 
12 I aaa 71H, [πιξρ- hs? 2 
13, | 


14. ΠΣ πῇ ΠΝ af ey hel εν 


11. 


15. ΩΝ { JG) ) dae = bm. 
16. {_./ Gage" 


B 00 
ei [ῃῃ κἤα- ΠΟΙ 


[«(Ξ ) de = [ /G3 ) die = $x (Ba). 


19. ἄρον i. 
0 6 ; 


18. 


co 


20. [- 20 ἀθ--Ἰ, [7 00s 20 a0 =0. 
0 0 


ἐπ ροϑθ ἐπ = gin 0 
in τπῦσος }———4 6 = e 
2: o 1+sin?é - Tey Ἢ ἐπ 
tr ae ἐπ 
22. | sect 6 dO = 3, i tan‘6d0 -- ἦπ -- 
9 ο 
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7 αθ π᾿ | 
88. i 1 pie Ja-2)’ ὑπ 951} 
π᾿ it καθ 
si f ase* . l+sing— 
ἐπ | 
25. te tan θ d6 = 0, f° sec 6 αἷϑ =log 48 + 2 ,/2), 
-ἷτ -ἰν 


ἐπ 
26. | (sec 6 — tan 6) d6 = log 2, 
: 


27 [πεεριΐξ σε τιαῖαι 
᾿ ο a -- 2αὖ cos 6+ 6? | a? -- δ5 
: | 
1 
28. n soe = 
[- log x da (n+ iy 


1 1 
29. [ 3! wde = 4m -1, [tant wdin= 4x — log 
0 0 
i ἐπ 
80. | Osin 9d6=1, [°° 60s 9 a0 = 3m —1. 
0 @ 
ἀπ : ὁπ 
31. θ5 sin 0d0 = x -- 2, [9 cos d0 = ἐπ" — 2, 
᾿ς AO , 0 . 
82. [θα -- θ) sin θ49 =4, [96 - 8) 008 606 =0, 
e . 6 


33. [. (1 — x”) cos Bz dx = = (sin B — B cos £). 


Ὁ ¢ tan z 


84. ἘΠ rai dx = ὅπ. 
35. ποις Ὁ ΞΕ) dz =m {a—,/(a? --}}, i a a>tl. 
-| a- 


‘86. Γ θ sec? θάθ = Jax — 2 log 2. 


0 
87. [ ee (a+ {πὴ (αὐ. 

88. [κρένω τ 

ὼ [ ate* an = = tan-? : 

= " cosh? 5 δὲ sinhi —, tan} δ 


L. 1.0. | | | 15 
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pa adx cosa cosh~'a : 
4] [ ἂν sinha Ja - a)’ or «Καὶ -- ’ according as a? = 1, 
49 " dé _ απ’ ἐπ οοπδθαθ ς΄ πόα 
"Jy ὁο583α -- οοβθ sinh 2a’ i cosh?a —cos?@ 2sinha’ 


EXAMPLES. XXXIII. . 
(Formule of Reduction, &c.) 
1. Write down the values of the following integrals : 


(1) Ι τ sin’ θαθ, ᾿ cos‘ θαθ, [ ὡ sin’ θαθ. 
Jo 0 


0 


(2) [sin 6 00s 048, [ ἐπ nin’ θ cos db, [  sin® θ cos* θάθ. 
Ra 0 [) 
(3) | " sin’ θάθ, " cos’ 6d8, | " sin® 6 cos‘ θάθ, 
0 0 7 0 ᾿ 


(4) " sin‘ θάθ, ἐὲ sint a8, [ 


” cost6 dd, 
br ᾿ 
| sin® @ cos* θαθ. 
—tr 
2. Prove from first principles that 
1 4 
[ απ ( — 2)" dee= | a" (1 — a)" dan, 
0 ms 0 ὴ 
Prove that the common value is 
min! 
ἘΣ ΞΙΣΙ 
8. Prove that 


[s@yde=2 [φωγά, [φ(δεά-ο, 


4. Prove that 
[ts @de= [φ Ὁ ΦῈ )} de 


and ['§¢@)-$(-a)} de=0, 


a 
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ἐτ 
δ. Τῇ ene | tan" θάθ, 
0 
that Se 
prove tha Ug a ae 
1 
6. [9 -οῦῦ de = dy. 
9 


1 
7. [2 —2) de= qh 
ὃ 
} 
8. [ eG -a)t do= rhe 
J | 
Pe ea 1 gh de 


aan J, =a πεν 


10. ile θ sin 0 cos 6d0 = 41, [Γ θ sin* 0d6 = 0, 
~in | -ἶν 

11. [° @sin 0 cos? 6d0 = ἐπ, | sin*@ cos 040 = $. 
9 0 


ἀπ Φ . 
dO = hn, i] Se a ΓΞ 58 49... π. 
6 0 4 


12. sin θ sin 6 


bo 

Σ- 
rt 
m 
Β 
yo 
> 


18, [ (sin 6 + 008 6)° ἀθ -- 1. αὐ + Sab? + 2abs 
0 ᾿ 


ἐπ BE: Φ ; 
14. cos ὦ -- 81n ὦ; dx =0, 


υ 1 Ἐ δία ὦ 005 x 
16. Prove that 


ἐπ cos? 6d6 τ 

[ αἢ cos?6+6%sin?6 δϑαᾷ(α « by’ 
ἐπ sin? 0d6 π 

[ αἢ οο583 9. δ᾽ δἰηΣθ ὃ (α 4 δ)᾽ 


106. Prove that 
1 
| (1 + x)* (1 —2)* de = 2™*"*? [ zs sin™*+! 6 cos*™+1 9 4, 
“1 ΠΣ ᾿ 


17. Prove that 
᾿ ‘ da 2n-—3 (° dz 

| a ( ταῦθ 2n-2 J, (1+ a9 

[Put #=tan 0.] 
18. Prove that if πὸ be a positive integer 
| [ dx 4.4.6... (2n—2) 
o (ταῦ 1.3.5... (2η-- 1)" 
15—2 
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19. Prove that, if n> 1, 


Ἕ dx γι 
! for αι ,/(x? + 1)\" ~ 1 


(Put « = sinh w.] 
20. Prove that | 
ω du n-2(? du 
| Sarees oat, “cosh 
[Put cosh ὦ = sec θ.] 


ἐπ 
21. Τῇ ὡς = | 6 cos" θάθ, 
. | 
1 n-1 

prove that , . Un = τ = Ἐπ Unmae 

Prove that | ty = °2694.... 

2a 

22, If ‘ies | αν /(Qace — a) de, 

0 

: 2n+1 
prove that Un = ey Mn 


Find, sce ically or otherwise, the value of u,, and deduce the 
values of Uy, Uy. 


| EXAMPLES. XXXIV. 
1. By considering the value of 
1 
| (1—a*)* de, 
A 


prove that if n be a positive integer 


i” pre 1) _n(n—lj(m—4) 2.4.6... 2n 
1. 1.2.6 1.2.3.7 ms pe ee .. (2 τ 1)" 
2. Τί (1 - αὐ = 1+, 2 + pyr? +... ἘΡ,οΝ 
prove that 


Ἢ 1 
—trthrn nt (re =ltht+ gt. te. 


8. Prove that when a is large the sum to infinity of the series 


1 Fe 1 " 1 " ae 

α αἴ-..1} a®§+2% °° : 

is ἔπ|α, approximately. 
4, Prove that : 

τ gsin ἃ 


gl er eee 
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δ. Prove from first principles that 
| i] a sin*t! 60 < I Z sin” θαθ. 


6 0 
Hence shew that im lies between 


2.2.4.4.6.6... 20. In 
1.3.3.5.5.7... (Qn—1) (2π 1) 


and the fraction obtained by omitting the last factors in the nume- 
rator and denominator. ( Wallis.) 


6. Prove from first principles that 
ὼ [ - tan**! θαθ < i . tan" θάθ. 
Hence, using the elk of Ex. XXXIIL 5, shew that 
[ ᾿ tan" θὼθ 


on 1 | 
lies between Tasi) and 5 (πὰ τ Ὁ 
7. -Shew that | 
| sin θαθ and i cos θαθ 
0 0 


are indeterminate. . : 


8. Shew from graphical considerations that 


a ane δι. 
9 


6 


is finite and determinate. 


9. Prove that if ¢(a) be finite and continuous for values of ὦ 
ranging from Ὁ. to a, except for «=0, when it becomes infinite, the 
integral 


will be finite, provided a postive quantity m can: be found, less than 
unity, and such that 
lim, » x” φ (2) 
is finite. [Put «=%",] 


10. If $(m) be finite and continuous for all values of ὦ, the 


integral 
| Ε: (x) de 


will be finite, provided a quantity m can be found, greater than unity, 
and such that 


lim,» 2” (2) ° 
is finite. [Put 2=2-".] 
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11. Prove that 
I cosa*dx and [ sin a da 
9 9 


are finite and determinate, 
12. Prove that 


[ w#de=3, [πα = 0, 
18. Prove ne the siiteyral 
ΕΣ 
ϑ 
(where ἢ» -- 1) is finite and determinate. 
14. Prove that, ifn>1, _ 
[ ᾿ϑοτλάα = i(n—-1) i ” h-3 e~* doe, 
Hence shew that, if πὶ be a positive integer, 
I “aie-@da -- Ὁ τ]. 


15. If ui, = | xte- «ὦ dan, 
a 0 . i 
prove that u, = " Una) 


m being positive. 
Hence shew that, if n be integral, 
[ a*e~ 0% dae = τς 
16. Tables of the elliptic integral 
Φ a6 
» V(1 — # sin? 6) 
have been constructed for values of ¢ at intervals of one minute of 


angle. Find a formula for the difference of successive entries in a | 
given part of the table. | 


- For example, if k=}, φ- 60", prove that the difference will be 
000323, approximately. 


~ 17, Tf f(a) and ¢ (2) be finite and continuous, and if ¢ («) retain 
the same sign, throughout the interval from ἃ τ ὦ to @ = δ, then ᾿ 


[σωφὼ de =s[a+6(6—a)) | (a) de 


where 1>6@>0. 
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18. Shew how it follows from the equality 


fs — Ξ]Ἰορ 


that. the sum of n terms of the harmonic series 
L+24+3+... 
lies between log (n+ 1) and 1 + log x. 


Shew that the sum of a million terms of this series ΤῊΣ between 
13°8 and 148. 


19. Shew from graphical considerations that if f(a) steadily 
diminishes, as 2 increases from 0 to «, the series 
SI) +f (2) +f (3) +. 
is convergent, and that its sum lies bebieee 1 and I+/(1), provided 
the integral 
=| S(@)a, 
be finite. | 
Apply this to the series | 
ΘΝ ΤῊΝ ὙΤ 
(1 1} (Ὲ2} (πιτ85} °°" 


EXAMPLES. XXXV. 


1. Prove that if the pressure (p) and volume (v) of a gas be 
connected by the relation 
py = const., 


the work done in expanding from volume v, to volume 2, is 


v 
Po% log - ; 
0 


2. Prove also that if the relation be 


pv" = const., 
the work done is - 


l 
“pa (δε Pith). 


3. If the tension of an elastic string vary as the increase over the 
natural length, prove that the work done in stretching the string from 
one length to another is the same as if the tension had been constant 
and equal to half the sum of the initial and final tensions. 


4. Prove that the work done by gravity on a pound of matter, as 
it is brought from an infinite distance to the surface of the Earth, 
is πὶ foot-lbs., where is the number of feet in the Earth’s radius. 
Dasari that the force varies inversely as the square of the distance 
rom the Earth’s centre. ] 


CHAPTER VIII 
GEOMETRICAL APPLICATIONS 


99. Definition of an Area. 


In Euclid’s Elements a system of propositions is developed by 
means of which we are able to give a precise meaning to the term 
‘area,’ as applied’ to any figure bounded wholly by straight lines. 
In particular it‘is shewn that a rectangle can be constructed equal 
to the given figure, and having any given base, say the (arbitrarily 
chosen) unit of length. The ‘area’ of the figure in question 18 
then measured by the ratio of this rectangle to the square on the 
unit length. - | 


This process obviously does not apply to a figure bounded, in 
whole or in part, by curved lines, and we require therefore a defini- 
tion of what is to be understood by the ‘area’ in such a case. To 
supply this, we imagine two rectilinear figures to be constructed, 
one including, and the other included by, the given curved figure. 
There is an upper limit to the area of the inscribed figure, and a 
lower limit to that of the circumscribed figure, and these limits 
can be proved to be identical. The common limiting value is 
adopted, by definition, as the measure of the ‘area’ of the given 
curvilinear figure. 


Thus, in the case of a circle, if, in Fig. 17, p. 31, PQ be the side 
of an inscribed polygon, the area of the polygon will be }>(ON.PQ). 
Now ON is less than the radius, and Σ (PQ) is less than the peri- 
meter, of the circle.* Hence the upper limit to the area of an 
inscribed polygon cannot exceed 4a x 27a, or 7a’, where a is the 
radius. Similarly we may shew that the lower limit to the area 
of a circumscribed polygon cannot be less than 7ra*. Moreover, 
the difference between the area of an inscribed polygon, and that 
of the corresponding circumscribed polygon, is represented by 
x (PN : NT), and is therefore less than >(PN).e, where ¢ is the 
greatest value of NT. Since this can be made as small as we 
please, the upper and lower limits aforesaid must be equal, and 
each is therefore equal to πα. 


In the same way we may. prove that the area of any sector of 
a circle of radius ὦ is 4a70, where @ is the angle of the sector. 
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100. Formula for an Area, in Cartesian Coordinates. 


If the equation of a curve in rectangular coordinates be 


y= φ (Q)y:, Sexsthtetaepewwencndeen (1) 


the area included between the curve, the axis of xz, and the ordinates 
x=a, c=), 1s ; 


_ [ ¢@ae or [ να, se bbavetiecseaees: (2) 


it being assumed that ¢ (x) is a function of the type contemplated 
in Art. 90. 


This follows at once from the definition of the preceding Art. 
and the investigation of Art. 90. 


If the axes of coordinates be oblique, making (say) an angle w 
with one another, the elementary rectangles yx which occur in 
the sum, of which the area is the limit, are replaced by elementary 
parallelograms ψ δὰ; sin w; the area included between the curve, the 
axis of «, and two bounding ordinates is therefore given by 


SIN WI YAL .ecrcrccscrscrceecenereners (3) 
taken between the proper limits. | 


Y 


Fig. 52, 
Ex. 1. The area of a quadrant of the ellipse 
a 
a? + Ὁ 1 :οοὐυνοφονοοοοροφΦυφοοουθδοσρονοθο (4) 
b a 
is given by [ y dx= a | κ[(αϑ — x?) da. 
0 9 


The value of the definite integral was found in Art. 96 to be 47a’, 
Hence the whole area of the ellipse is arab. 


Ex, 2. In the rectangular hyperbola 
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we may put, for the positive branch, 
ec=coshu, y=sinhw, ............ poaasaee (6) 
since these satisfy (5), and give the required range of values of a and y. 


The area included between the curve, the axis of x, and the ordinate 
defined by the variable w, is therefore 


[yde= [sind udu=3 | (cosh 2: — 1) du 
1 ες Jo 0 


Ξε 1 5188 200 -- fe. oo... ccccecees. (7) 
- Y 


Fig. 53. 


This gives the area PAWN in the left-hand figure. Hence the area 
of the hyperbolic sector 40 is 


bP. ON -- area PAN =}. ....«νοοννννννννν (8) 


We have here an analogy between the ‘amplitude’ (w) of the hyper- 
bolic functions cosh uw, sinh τὸ, &c., and the amplitude (6) of the circular 
functions cos 6, sin 0, &c.; viz. the independent variable in each case 
represents twice the sectorial area AOP corresponding to the point P 
whose coordinates are (cosh w, sinh «), or (cos 6, sin θ), respectively. 


In the case of the general hyperbola 


the coordinates of any point on the positive branch may be represented 
by ᾿ 
e=acoshu, y=bsinhw, 00 νον ννννννννεσον (10) 


and the sectorial area is ζαὖ τι. 


Ex, 3. The equation of a parabola, referred to any diameter and 
the tangent at its extremity, is 7 
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The area of the segment cut off by the chord «=a is therefore ~ 
2 sin w [yao = 4a't sin ω [/ at ἀυ-- ϑαϑω sin ω 
= ξαβ SIN Wy. seeeeecerseceeeereeerrreeeeees (12) 


if 28 be the length of the chord. 


Hence the area of any segment of a parabola is two-thirds the rect- 
angle contained by the intercept (a) of the chord on its diameter and 
the projection (26 sin w) of the chord on the directrix. 


101. On the Sign to be attributed to an Area. 


It was tacitly implied in Art. 100 that b> a, and that the 
ordinate ¢(z) is positive throughout the range of integration. If 
we drop these restrictions, it is easily seen that the integral 


[e@ ΜΈ ἀν ἀκ ἴδον (1) 


is equal to +S, where S is the area included between the curve, 
the axis of z, and the extreme ordinates; the sign being + or — 
according as the area in question lies to the right or left of the 
curve, supposed described in the direction from P to Q, where 


Fig. 54. 


PA, QB are the ordinates corresponding to =a, «=6, respectively *. 
If the curve cuts the axis of z between A and B, the integral 
gives the excess (positive or negative) of the area which lies to th 
right over that which lies to the left. | 


Even with these generalizations, the formula’ 


| [ ¢@dnss se veduecen sees πη) 


still applies in strictness only when there is a unique value of ψ, 
or φ (2), for each value οὗ # within the range b—a. If however 


* ΤΊ is assumed here that the axes of x and y have the relative directions shewn 
in the figures. In the opposite case, the words ‘right’ and ‘left’ must be inter- 
changed, 
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we replace w, as independent variable, by a quantity ¢ such that, 
as ¢ increases, the corresponding point P moves in a continuous 
manner along the curve*, the formula 


will give in a generalized sense the area included between the 


Y wae 
Β ES 
rs} 


curve, the axis of ᾧ, and the ordinates of the points P,, P, for which 
t=t,,t=t, respectively, viz. it will give the excess of those portions 
of the area swept over by the ordinate y as it moves to the right 
over those swept over as it moves to the left, or vice versd, according 
as y 1s positive or negative. 


Fig. 55. 


If, for a certain value of t, P return to its former position, 
having described a closed curve, the integral 


taken between proper limits of ¢, will give the area included by. 
the curve, with the sign + or —, according as the area lies to the 
right or left of P, when this point describes the curve in accordance 
with the variation of t+. If the curve cut itself, the formula (4) 
gives the excess of those portions of the included area which lie to 
the right over those which lie to the left. (See Fig. 55.) 


It is sometimes convenient, in finding the area of a curve, to 
use y as independent variable, instead of w The area included 
between the curve, the axis of y, and the lines y =h, y=k, is evi- 
dently given, with the same kind of qualification as before, by 


[ ady. Oe ere Te en mee (5) 


* For instance, we may take as the new variable the are s of the curve, measured 
from some fixed point on it. . 

{ Thus, in the indicator-diagrams referred to on p. 207, the area enclosed by 
the curve gives the excess of the work done by the steam on the piston during the 
forward stroke over the work done by the piston in expelling the steam during the 
back stroke, and so represents the net energy communicated to the piston in a 
complete stroke. , 


=) 
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The more general formula, analogous to (3), is 
ts dy ᾿ 
| PLE | See eee eee 6) 
te 


but it will be found on examination that the rule of signs must be 
reversed. 


Allowing for this, we have the expression 


ἐ{(ὁ ἢ - ν Gy ae οὐδος νιον eee ΤΣ ἐπ οὶ (1) 


for the area of a closed curve, the limits of ¢ being such that the 
point (x, y) returns to its initial position. The rule of signs is 
. now that the expression (7) is positive when. the area lies to the 
left of a point describing the curve in the direction in which # 
increases. 


102. Areas referred to Polar Coordinates. 
If the equation of a curve in polar coordinates be 


1 = 4b.(0 ), Sar senanienie ta ΠῚ (1) 


the area included between-the curve and any two radii vectores 


6=a, 9=8 is given by the formula _ 
β β 
} [ rd or κα i {φ (6)}d6. ...(2) 


For we can construct, in the manner 
indicated by the figure, an including area 
S, and an included area δ΄, each built up 
of sectors.of circles. The area of any one 
of these sectors is equal to $7760, where r 
is its radius, and 60 its angle, and the 
sum of either series of sectors is therefore 


given by a series of the type 
: ὁ 
£2? 7980.0... eee ee es (3) Fig. 56. 


Hence either series has the unique limit denoted by (2). 


It is here assumed that 8 >a and that each radius vector 
through the origin intersects the arc considered in one point only. 
If however we introduce a new independent variable ἐ, such that, 
as ¢ increases, the corresponding point .2 moves in a continuous 
manner along the curve, the expression 
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will give the net area swept over by the radius vector as ὁ varies 
from ¢ to t, 1.6. the (positive or negative) excess of those parts 
which are swept over in the direction of @ increasing over those 
swept over in the contrary direction. Moreover if, as ¢ increases, 
P at length returns to its original position, having described a 
closed curve, the expression 


d6 7 
a [Sa ἀπο ἀρῆς ee (5) 


taken between suitable limits of ¢, gives in a generalized sense the 
area enclosed by the curve; viz. 1b represents the excess of that 
part of the area which lies to the left of P (as it describes the 
curve in accordance with the variation of ¢) over that part which 
hes to the right. Cf Art. 101. 


It may be noted that the formula (5) is equivalent to (7) of 
Art. 101. If the coordinates of two adjacent points P, Q be (a, y) 
and (7+ δῶ, y+ dy), respectively, the area of the elementary triangle 
OPQ is, subject to a convention as to sign, 


ὁ (ady — yd) 


by a formula of Analytical Geometry. The same thing is de- 
noted in our present notation by $7°60. 


Hx. 1. The area of the circle 
7 = 2a BIND oo... ννονονννόνον ἀνε νὸ οδιονοδὰ (6) 
(see Fig. 38, p. 124) is given by 


4 | rd0 = 208 [᾿ sint 0.40 = wot. eee Ἔν (7) 


This is of course merely a verification, or rather a new evaluation of 
the trigonometrical integral. | 


Hz. 2. The area of a sector of the parabola 


included between two focal radii is 
ὁ fr°dd = δα" [sect 46 dd 
= ξαῦ [(1 + tan? 26) sect 16 d6 
= 4a? (tan 46+ 4 ὑδπδ 167, ........ shade cise (9) 


taken between proper limits. If the limits be — ἀπ᾿ and ὅπ, we get the 
area of the segment cut off by the latus rectum, viz. 4a*. 


~ 
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Ex. 3. The equation of an ellipse in polar coordinates, the centre 
being pole, is 


1 cos?@ ~~ sin?@ 
; 7 a ny δὲ <a eae aie NS οδιν sees ae (10) 


—_— 
-π 


Hence the area is 


αδὸ3 ee αθ 
+ |” χακθεσοο4θ- 20 " α sin? 6 + 67 cos? θ᾽ (1) 


The value of the latter integral has been found in Art. 96 to be }a/(ad). 
Hence the required area is rab. 


103. Area swept over by a Moving Line. 


The area swept over by a moving line, of constant or variable 
length, may be calculated as follows. 

Let PQ, P’Q be two consecutive positions of the line, and let 
their directions meet in C, Let R, R’ be the middle points of 
PQ, P’Q’, and let RS be an arc of a circle with centre C. Then if 
the angle PCP’ be denoted by 50, we have, ultimately, 


area PQQ P’ = AQCQ’ — APCP’ 
= 400.80 —10P?. 80 
= PQ.4 (CP + CQ) 30 
= PQ.OR.30= PQ. RS. 


Q’ 
5 


o 5 
Fig. 57. 


Hence, if we denote the length PQ by τι, and the elementary dis- 
placement of £, estimated in the direction perpendicular to the 
moving line, by dc, the area swept over may be represented by 


- PUG: που ρος το διχῶς δ α ον οθν (1) 


It will be noticed that the formule of Arts, 100, 102 are par- 
ticular cases of this result. Thus in the case of Art. 100 (8) we 
have u=y, ὃσ = da. sin ὦ. | 


It is tacitly assumed® in the foregoing proof, that the areas are 
swept over always in the same direction. It is easy to see, how- 
ever, that the formula (1) will apply without any such restriction, 
provided areas be reckoned positive or negative according as they 
are swept over towards the side of the line PQ on which ὃσ' is 
reckoned positive, or the reverse. For example, the area swept 
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over by a straight hne whose middJe point is fixed is on this 
reckoning zero. 


We will suppose, for definiteness, that 5c is positive when the 
motion of & is to the left of PQ as regards a spectator looking 
along the straight line in the direction from PtoQ. If PQreturn 
finally to its original position, its extremities P, Q having described 
closed curves, the integral (1) will, on the above convention, re- 
present the excess of the area enclosed by the path of @ over that 
enclosed by the path of P, provided the signs attributed to these 
areas be in accordance with the rule of Art. 102, 


Ζ 


-- - 
Fig. 58. | 


104. Theory of Amsler’s Planimeter. 


A ‘planimeter’ is an instrument by which the area of any 
figure drawn on paper 18 measured mechanically. 


Many such instruments have béen devised*, but the simplest and 
most popular is the one invented by Amsler, of Schaffhausen, in 1854. 
This consists of two bars OP, PQ, freely jointed at P, the former of 
which can rotate about a fixed point at ὦ. Ifa tracing point attached 


of 


-“ 
-- “«-αῳα τ δ 


Fig. 59. 
* See Henrici, ‘Report on Planimeters,’ Brit, Ass. Rep., 1894, p. 496. 


103~104 | GEOMETRICAL APPLICATIONS 241 


to the bar PQ at Q be carried round any closed curve, P will oscillate 
to and fro along an arc of a circle, describing (as it were) a contour of 
zero area. Hence by the theorem stated at the end of Art, 103, the 
area of the curve described by Q will be equal to 


where / is the length PQ, and fdo represents the integral motion of 2, 
the middle point of PQ, estimated always in the direction perpendicular 
to PQ*. 


Now if, as is generally the case in the actual use of the instrument, 
PQ return to its original position without making a complete revolu- 
tion, the integral motion of 2) at right angles to PQ is the same as 
that of any other point #’ in the line PQ. For if dc, dc’ be corre- 
sponding elements of the paths of #, &’, estimated as aforesaid, we 
have 

da — do’ = Κ΄. δθ, 


where 50 is the angle between the consecutive positions of R’R. 
Hence 
fdo=fdo'+R'R {dé 


πέσ έ (2) 
since, under the circumstances supposed, we have {dé = 0, 


R ᾽ 
Fig. 60. 


In the instrument, as actually constructed, the integral motion 
normal to the bar of a point 2’ in YP produced backwards, is recorded 
by means of a small wheel having its axis in the direction PQ. As Q 
describes any curve, the wheel partly rolls and partly slides over the 
plane of the paper on which the curve is drawn, and the rotation of 
the wheel is in exact proportion to the displacement of R’ perpendicu- 
lar to its axis. The wheel is graduated, and has a fixed index for the 
record of partial revolutions ; the whole revolutions are recorded by a 
dial and counter. 


There is also an arrangement for varying the length PQ; this 
merely alters the scale of the record. 


A more compact proof can be given analytically. Taking rect- 
angular axes through Ο, let 6 and ¢ be the angles which OP and PQ 
make with the positive direction of the axis of x Putting 


OP =a, PQ =i, 


* This is of course not in general the same thing as the length of the path of R.’ 
L. I. ©. 16 
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the coordinates of Q are 


 g=acosO+lcosd, y=asinO+Ising,. ............(8) 
Hence 
x Sy —y Sa = (a cos 6 + I cos ¢) (a cos 686 + cos φ δφ) 
+(asin 6+Zsin φ) (asin 6 66+/sin ¢ δφ) 
=a? 660+ 2d + al cos (φ — @) (80 + 8h) 

= ὃ {a6 +p 4+ alsin (φ — 6)} | 

+ 2al cos (φ — 8) 80. ....ceseceescesceseeeeee(4) 

An infinitesimal displacement ὃσ of any point # in PQ, estimated 


at right angles to PQ, may be regarded as madé up of the displacement 
relative to P, and the resolved displacement of P. Hence, if δὴ -- ὃ, 


Oo = ὃ Op + ἃ COS (φ — θ) OB. .«οὐνννννννοννονον (5) 
Hence ᾿ 
4 (x dy -- ψ dx) = 45 {70 - ἢ (ἢ -- ὃ) 6 + al sin (φ -- 8)} 
tL Ooi sa sarat aap snaweueearinei pawns (6) 


Tt follows that, if Ὁ describes a complete circuit such that θ and } 
return to their initial values, ἢ | 


ἢ [(φ ἀν —y die) =fldo. .....(.νννονενεννννον (7) 


The expression on the left hand is then equal to the area include 
within the circuit, by Art. 101 (7). : 


105. Volumes of Solids. 


It is impossible to give a general definition of the ‘ volume,’ 
even of a solid bounded wholly by plane faces, without introducing, 
in one form or another, the notion of a ‘limiting value.’ 


It may, indeed, be proved by Euclidean methods that two 
rectangular parallelepipeds are to one another in the ratio com- 
pounded of the ratios, each to each, of three concurrent edges of 
the one to three-concurrent edges of the other; and, more 
generally, that two prisms are to one another in the ratio com- 
pounded of the ratio of their altitudes and the ratio of their 
bases. In this way we may define the ratio of any prism to that 
of the. unit cube. 


But it is not in general possible to dissect a given polyhedron 
into a finite number of prisms. The simplest general mode of 
dissection is into pyramids having a common vertex at some 
internal point O, and the faces of the polyhedron as their bases. 
And the volume of a pyramid cannot be compared with that of a 
prism without having recourse to the notion of a limiting value. 
A. triangular prism may, indeed, be dissected into three pyramids 


104-106] GEOMETRICAL APPLICATIONS (243 


of-equal altitude standing on equal bases (Euc. x1. 7); but we 
cannot prove these pyramids,equal to one another except by a 
process which involves the consideration of infinitesimal elements 
(Kue. xu. 5). ὰ 


_ A general definition of the volume of a solid bounded by any 
surfaces, plane or curved, may be framed similar to that of the — 
area of a plane figure (Art. 99). It is always possible to construct 
two figures, built up of prisms, such that one figure includes, and 
the other is included by, the given solid, and that the difference 
between their volumes admits of being made as small as we please. 
The limiting value to which the volume of either of these figures 
tends, as the difference between them is indefinitely diminished, 
is adopted as the definition of the ‘volume’ of the given solid. 
We may easily satisfy ourselves, as before, that this limiting value 
is unique. 


The volume of any cylinder (right or oblique), with plane 
parallel ends, is equal to the product of the area of either end into 
the perpendicular distance between the two ends. For we may 
construct an including, and also an included, prismatic figure, 
whose bases are polygons respectively including, and included by, 
the base of the cylinder. The above statement is true of each of 
these figures, and therefore in the limit it is true of the cylinder. 
Thus the volume of a circular cylinder is παρῇ, where a is the 
radius of the base, and h is the altitude. 


Having found the volume of a cylinder with parallel plane 
ends, we are at liberty, if we find it convenient, to use such 
cylinders, in place of prisms, to build up the accessory figures 
employed in the general definition given above. The limit finally 
obtained in either way must evidently be the same. 


106. General expression for the Volume of any Solid. 


The axis of x being drawn in any convenient direction, let the 
area of the section of the solid by a plane perpendicular to this 
axis, ab a distance « from the origin, be J (a). If we draw a 
system of planes perpendicular to a, at: intervals 82, it is evident 
that the required volume will be the limit of the sum 


Dif (2) O05. seeerets cdtisious νους  υῶν τ: (1) 


since each element of this sum represents the volume of a cylinder 
‘of height δὰ and base f(z). Hence the volume will be given by 


I) ep chanwsntoast teenies isc, (2) 


taken between suitable limits of a, 
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Ex. 1. Thus, in the case of a cone (or a pyramid), right or oblique, 
on any base, we take the origin O at the vertex, and the axis of x per- 


pendicular to the base. If A be the area of the base, and ὦ the alti- 
tude, the area of a section at a distance # from O will be 


FD (Z) de χε ον θρνυφονινον νον (3) 


since similar areas are proportional to the squares on corresponding 
lines. Hence the volume, being equal to 


is one-third the altitude into the area of the base, 


Ex. 2. The volume of a tetrahedron is 


FRAG SING, Siradevsrssesiveraves ἐὺ νει όξῳ (5) 


where a, a’ are any pair of opposite edges, A their shortest distance, 
and a the angle between their directions. 


Fig. 61. 


Divide the tetrahedron into lamine by planes parallel to the edges 
a, a’, and therefore perpendicular to the shortest distance A. It is 
evident, on reference to Fig. 61, that the section made by a plane of 
the system at a distance x from the edge a is a parallelogram whose 
sides are 
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and whose area is therefore 
“a a (ἢ -- 2) sin a. 
aa’, h 
Hence the volume = 7a Sina ω (ἢ, — 2°) dar, 
| 0 
which reduces to the value given above. 


/ 


107. Solids of Revolution. 
Let the equation of the generating curve be 


YD Ὁ); Seeaaer telocetewiedeaeeds (1) 


the axis of # being that of symmetry, and let the solid be bounded 
by plane ends perpendicular to 2 In this case, the area f(z), 
being that of a circle of radius y, is πη Hence the required 
volume is 


taken between proper limits. Each element of the sum, of which 
this integral is the limit, represents, in fact, the volume of a 
circular plate of thickness δὰ and area my’. | 


Hx. 1. The equation of a circle, referred to a point on its circum- 
ference as origin, is = 7 
PSD 2B), γεν νον ϑουν ετονὸρουοο ϑ ον (8) 


Hence the volume of a segment of a sphere, of height A, is 


- ['2(2a-2)de=s | avt—32° | 
= mh? (a—h),  wcscceeee svecseusel4) 


a being the radius of the sphere. For the complete sphere, we have 
k= 2a, and the volume is $7a’, or two-thirds the volume (πα x 2a) of 
the circumscribed circular cylinder. 


Eu, 2. The volume of a segment, of height h, of the paraboloid 
generated by the revolution of the curve 


about the axis of x, is 
h h 
© i! y*da = πα [3.1] -- 2 ταΐδ,, .....0(ονοοννο (6) 
- 90 (1D 


If ὃ be the radius of the base, we have δ3 -- 4ah. Hence the volume is 
37b*.h, or one-half that of the cylinder of the same height on the same 
base. 
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Ex. 3. To find the volume of the ‘anchor-ring,’ or ‘tore,’ generat 
by the revolutiom of the circle | 
PSB) SO sions νι ουςνος ουρῥεονει (7) 
where a> ὦ, about the axis of x. See Fig. 66, p. 256. 


For each value of x between + ὃ we have two values of y, say ¥,, Yo3 
viz 


y,=a+/(8—2"), yy=a— (65 27)... ....(8) 
The area οὗ a section of the ring by a plane perpendicular to 2 is 
therefore 
ry? — ryt = πα, / (0? — αἷν....ἀὁονοννννοσό νόσον (9) 
and the required volume is 
v 
dma | J(B8— αὐ doe = 2B} ....Ἅ«νοννννννννον (10) 
=) | 


by Art. 96, Ex. 5. 


This is the same as the volume of a cylinder whose section (πὸ) is 
equal to that of the ring, and whose length (27a) is equal to the circum- 
ference of the circle described by the centre of the generating circle. 

108. Some related Cases. 

We give some further examples of the general formula (2) of 
Art. 106. | 


Ex. 1. The section of the elliptic paraboloid 


by a plane «=const. is an ellipse of semi-axes ,/(2px) and ,/(2qx), and 
therefore of area 27,/(pq)#. Hence the volume of the segment cut off 
by the plane a =A is 


h 
Om (pq) | (2 dea ar (29) Be esssesetsesene (2) 
‘This is one-half the volume of a cylinder of the same height A on the 
same elliptic base. 
Ex. 2. In the ellipsoid ac | 
a yf κ" 
3 + 3a + a = 1, οἰὸς δου deeb in φὸ ἐὺ ον ον δοῦν (3) 


the section by a plane «= const. is an ellipse of semi-axes 


6 / (1-5) and e/(1-3)> ee (4) 


and therefore of area abe ( -- ἢ o Washing θνο δ νιὸς ον ὐνόο ν amen (5) 
a 
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The volume included between any two planes perpendicular to 2 
therefore | 


ee Ι (2 SB cng pa cestecaatas tenia (6) 


taken between the proper limits of x For the whole volume the limits 
of x are +a, and the result is 47rabe, . 


109. Simpson’s Rule. . »Ε | 


Most of the preceding results are virtually included in a 
general formula applicable to all cases where the area of the 
section by a plane perpendicular to # is a quadratic function of a. 


The volume included between two parallel planes can then be 
simply expressed in terms of the areas of the sections made by 
these planes, of the section half-way between them, and of the 
interval (2h) between the two extreme planes. | 


Since the form of a quadratic function is not altered by the 
addition of a constant to x, we may conveniently take the origin 
in the middle section: Putting 


F(a) =A + Ba + Ca’, ....... ilues owes exes) 
we have. [Γ᾿ Τὼ do=2Ah+ 30m seawuwereeaseiene (2) 


Denoting the areas of the sections ὦ Ξξ -- ὦ, «= 0,a=h by S,, Sg, 
S;, respectively, we have 


A-Bh+OW=8,, A=, A+Bh+Ch'=&,, ...(3) 
h 
‘whence Ι _f (2) de = §h (ϑι τ 48, + 8) eoeseesserree (4) 


which gives the rule referred to. We may interpret this as 
expressing that the ‘mean’ section is 


1 (δὲ + 4S, + Sg). oe. ccceee eens Pe eee (5) 


It is easily seen that the addition of a term Dz in (1) would 
make no difference to the form of (4). The result 15 thus extended 
to the case where f(x) is of the third degree. 


The formula (1) is obviously applicable to the case of a cone, 
pyramid, or sphere, and also to the case of a paraboloid, ellipsoid, or 
hyperboloid, provided the bounding sections be perpendicular to a 
principal axis. The student who is familiar with the theory of surfaces 
of the second degree will easily convince himself, moreover, that the 
latter condition is not essential. 
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Another case coming under the present rule is that of a solid 
bounded by two parallel plane poly- 
gonal faces and by plane lateral 


faces which are triangles or trape- ae 


ziums. We may even include the 
case where some or all of the lateral 
faces are curved surfaces (hyper- 
bolic paraboloids) generated by 
straight lines moving parallel to 
the planes of the polygons, and 


each intersecting two straight lines i «aan 
each of which joins a vertex of one : 

polygon to a vertex of the other | Fig. 62. 

(see Fig. 63). 


Fig. 63. 


And since the number of sides in each polygonal face may be in- 
creased indefinitely, the rule will also apply to a solid bounded by any 
two plane parallel faces and by a curved surface generated by a straight 
line which meets always the perimeters of those faces. 

Hx.1. To find the volume of a frustum of a right circular cone. 

If a, ὃ be the radii of the two plane ends, that of the middle 
section will be $(a+6). Hence 

5: -- παῦ, ὅ,- Ζπία τ δ), Sy=7b% 
The volume is therefore 
ἐπ (a7 + αὖ τ δ5),...«ννονννννονονννν νον νον σον (6) 
if h be the height of the frustum. 


fix, ἃ. A cylindrical hole of radius 6 is bored centrally through a 
solid sphere of radius a; to find the volume which remains. 


109-110 | GEOMETRICAL APPLICATIONS 249 
Here S,=0, 3,-- παῖ -- 8), S,=0. 


The mean section is therefore 8π (a*— δ). The length of the hole is 
2,/(a* — δ). The required volume is therefore | 


ΝΟ σὰν (7) 


110. Rectification of Curved Lines. 


The perimeter of a rectilinear figure is the length obtained by 
placing end to end in succession, in a straight line, lengths equal 
to the respective sides of the figure. 


But since a curved line, however short, cannot be superposed 
on any portion of a straight line, we require some definition of 
what is to be understood by the ‘length’ of a curve. The definition 
usually adopted is that it is the limit to which the perimeter of 
an inscribed polygon tends as the lengths of the sides are indefi- 
nitely diminished. It is assumed that the gradient of the curve 
is continuous, except possibly at isolated points; ae. that the 
mutual inclination of the tangents at two adjacent points P, Q 
can be made as small as we please by taking Q sufficiently near 
to P. It will appear that, under proper conditions, the above 
limit 1s unique; and it can also be shewn that it coincides with 
the corresponding limit for a circumscribed polygon. 


If (a, y) and (x + da, y + dy) be the rectangular coordinates of ᾿ 
As adjacent points P, Q on a curve, the length of the chord 
PQ is 


v{(Sx)* + (8y)}. 


It has been shewn, in Art. 56, that if y and dy/dx be finite and 
continuous, the ratio δυ δα is equal to the value of the derived 
function dy/dx for some point of the curve between P and 0. 
Hence with a properly chosen value of dy/da, we have 


PQ= oe {1 ‘i Gali δα 


The limiting value of the perimeter of the inscribed polygon is 


therefore 
ῤ Μψῳιτ(ῷ}}ω ecu pniaene) 


taken between proper limits of # The fact that this limiting 
value is unique has been established in Art. 90. 


If x be regarded as a function of y, the corresponding formula is 


[./ ii + (Ge) dy. «νννννννονον π" 
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If we denote by s the arc of the curve measured from some 
arbitrary point (x), and if as in Art. 60, we put dy/dxz = tan w, the 
formula (1) becomes 


ὁπ [Γ 50 dee cuca ον ῳ ον ἀὐα νυ θοῇ (3) 


There is of course a similar transformation of the formula (2). 


Haz. 1. In the catenary 


| 2 
we have [/¢ + (3) | dee [,/( + sinh? 2) ὧν 
“λας 6 
= foosh = de=esinh 5. 
δ δ 

Since this vanishes with w, the arc (8) measured from the lowest point 
is given by - 
| 8=c sinh = δυο δ εξ ρου διδῶ τὐταιθολρξο  τιρεν (5) 
Ex. 2. In the parabola 


we have [Jf {1 + (2) ΝΣ" =< *) ubcsseestect a) 


This may be integrated by the method of Art. 76, first rationalizing the 
numerator, or we may put 
. 2 =a sinh? τι, 


and obtain 2a | cosh? de =@ [ (1 + cosh 2x) ἄμ. 


=a(u +} sinh 2w). “ΡΥ νῶν ἡψαδὲ (8) 


Since w vanishes with a, this gives the length of the arc mieesured from — 
the vertex. 


For example, at the end of the latus-rectum we have 
sinhw=1, coshw=,/2, τὸ τ ἰορ (1 + ,/2), 
whence we find that the length of the arc up to this point is 
a {log (1 + ,/2) + ,/2} = 2:29θα. 


111. Generalized Formule. 


It is a consequence of the definition above given that any 
infinitely small arc PQ of a curve 18 ultimately in a ratio of 


equality to the chord PQ. 
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For a formal proof of this theorem, which is a generalization of that 
of Art. 22, 2°, let PP,, P,P., ..., P,Q be the sides of an open polygon 
inscribed in the arc, and let ες», €&, ..., & be the angles (positive or 
negative) which they respectively make with the chord PQ. It is 
obvious that | 


PQ< PP OP Ll A sce + PyaQ. ἐκειυιεοννυνεννις (1) 
On the other hand 
PQ =PP, cos ες, + P, Py cos ες +... + Pa_1Q 008 €q 
SCP PAP Pt en Fp A) C08 6, sc cestoseisctekanss (2) 


where ε is the greatest in absolute value of the angles εἰ, «, ... 


ratio 
oe (3) 
PP, + Pies ΠΝ +P,_,Q @evcceversese @eccecee a 


therefore lies between 1 and cose. Since the chords PP,, P,P2,..., 
P,Q, a8 well as PQ, are parallel to tangents to the arcs at points 
between their respective extremities, it follows from the continuity 
of the gradient that [εἰ can be made as small as we please by taking 
Q sufficiently near to P. The limiting value of the ratio (3) is therefore 
unity. - & 


This may be verified immediately by differentiating the formula (3) 
of the preceding Art. with respect to the upper limit (x) of the integral. 
We thus find ~ 


lim © = 00 y. ss ΤΡ ΤΡ ΕΤ (4) 


Since, when @ is taken infinitely near to P, sec Ψ is the limiting value 
of the ratio of the chord PQ to dx, we have, ultimately, 


The above principle leads to several important formule. In the 
first place, if the coordinates 2, y of any point P on the curve 
be regarded as functions of the arc s, we have, in Fig. 19, p. 45, 


ΡῈ δα δὲ _QR ὃν 8s 
cos CP R= BQ τς PQ? MRLPE= DO 35° PQ? 
da d 
and therefore © cosp=—-, sinyy = 5% ΠΝ (6) 


It follows that 


(22) 4 (4 PO, eee ten) 
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Again, if x, y be functions of any other variable ¢, we have 
1 ((8a\? © (By? 
PQ= (5) + (3) }% 


and therefore lim = [Ε2] + (2) , 


or. ᾿ Z ." (a) n (}}}. ΤΡ (8) 
Hence 8 =| / ὦ) + ( Ἵ Cis δ δε δ φθν οὐ (9) 


This may be regarded as a generalization of Art. 110 (1). The 
formula referred to was obtained on the supposition that there is 
only one value of y for each value of #, within the arc considered. 
The result (9) is free from this restriction ; all that is essential is 
that as ¢ increases, the point P should describe the curve con- 
tinuously. 


In the.same way, the formule (6) may be taken to apply to 
any rectifiable curve, provided we understand by Ψ' the angle 
which the tangent, drawn in the direction of s increasing, makes 
with the positive direction of the axis of ὦ. 


The formule (8) and (9) have an obvious interpretation in Dynamics. 
If x, y be the rectangular coordinates of a moving point, regarded as 
functions of the time ¢, then dx/dt and dy/dt are the component velocities 
parallel to the coordinate axes, and if v be the actual velocity, we have 


0a MG) Bp rll 


The formule (8), (9) are thus equivalent to 


_ Ha. In the ellipse | 
| ῶ τ ὦ Βἷῃ, hd, Y=hCOSP...........ceeeeeveee(12) 


we have (5) = (FG) + (3) =a cos’ >  ὁ5 sin? ᾧ 
-- α (1—e*sin*¢), 


where 6 is the eccentricity. Hence the arc δ, measured from the 
extremity of the minor axis, is 


ema [VC — δ᾽ sin® φ) ἀφ. svesesesecseeese(18) 
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This cannot be expressed (in a finite form) in terms of the ordinary 
functions of Mathematics. The integral is called an ‘elliptic integral 
of the second kind,’ and is denoted by Z (6, @). It may be regarded as 
a known function, having been tabulated by Legendre*. ‘he whole 
perimeter of the ellipse is expressed by 


4a i PMS aD) ad, av edontacst (14) 


The integral in this expression is denoted by Z (6, $7), or more shortly 
by £,(e). It is called a ‘complete’ elliptic integral of the second kindft. 
The quantity 6 is called the ‘modulus’ of the integral. : 


For the calculation of the integral (14) by means of a series see 
Art. 180. 


112. Arcs referred to Polar Coordinates. 
Let OP, OP’ be two consecutive radii of the curve, and let 
PN be drawn perpendicular to OP’. If we write 
OP=r, OP=r+6r, 2POP =80, 


then, as in Art. 68, PN will differ from ré0, and NP’ from Sr, by 
quantities which are infinitety small m comparison with PN, NP’ 
respectively. Hence PLP”, or /(PN?+ NP), is ultimately in a 
ratio of equality to 


v {r? (80)? + (87). 
It follows that, if @ be the independent variable, 
ds_ ,. PP dr\? 
τὸ - tim γι τὰ {18+ (3H) | eeecvccveces (1) 


and therefore 


ΓΕ [ | \" ip (5a) | dO, secececcseserene(2) 


provided the integral be taken between the appropriate limits of 0. 


If r and @ be given as functions of an independent variable t, 


we have 
f= lim=s = (3) +r? (a) | ἜΤ (8) 


* Traité des Fonctions Elliptiques (1826). 
+ The elliptic integral of the ‘ first kind’ is 
φ ἀφ 
0 ν( -- 62 sin? φ) 
and is denoted by F(e, ¢). The corresponding ‘complete’ integral (with ἀπ as the 
upper limit) is denoted by ΕἾ (e). 
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= [AG τη (@) 


which includes (2) as a particular case. 


and therefore 


(G) fae || re (4) 


o 


Fig. 64. 


Again, if r, 8 be regarded as functions of the arc 8, and if ¢ 
denote the angle which the tangent-line, drawn in the direction of 
8 increasing, makes with the positive direction of the radius vector, 


we have op ἮΝ 
cos NP'P=s 5» cin NPP =75, 
and therefore, in the limit, 
| , ar ; aé 
008 ᾧ Ξε γε, 81:0 ᾧ Ξε τ τς. ΤῊΝ (5) 


These results, again, have a dynamical illustration. If v denote the 
velocity of a moving point, the pomponesy velocities along the trans- 
verse to the radius are 


wpa it ἀν ἄν 
PCOS P= dst dt’ 6) 
. Shas aap ee 
and vsingd= το πε a lt? 
respectively ; and the farmula (4) is equivalent to 
a=|vdt, a inne eee (7) 


as before. 


113. Areas of Surfaces of Revolution. 


To frame a general definition of the area of a curved surface, 
and to prove that the area so defined has a determinate value, is 
a matter of some nicety. We shall here only consider the case of 
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a surface of revolution limited (if at all) by planes perpendicular 
to the axis. . 


We begin with the circular cylinder. The curved surface may 
be defined as the limiting value of the sum of the areas of the 
lateral faces of an inscribed prism. These faces have all the same 
length, and their sum is equal to this common length multiplied 
by the perimeter of the cross-section of the prism. In the limit 
this perimeter becomes the perimeter of the cylinder. Hence the 
curved surface of a right cylinder of radius a and height ὦ is 2παῆ. 


Take next the surface of a right cone included between two 
planes perpendicular to the axis. We can inscribe in this a frus- 
tum of a pyramid, whose bases are similar and similarly situated 
regular polygons, inscribed in the two bounding circles. ‘The curved 
surface in question may be defined , 
as the limit of the lateral area of 
this frustum. This area is made 
up of anumber of trapeziums having 
a common altitude, viz. the perpen- 
diculardistance between their parallel 
sides, and is therefore equal to this 
common altitude multiplied by the 
arithmetic mean ‘of the perimeters 
of the two polygons. In the limit, 
these perimeters become the circum- 
ferences of the bounding circles, and 
the common altitude becomes the 
length of a generating line of the 
cone included between these circles. 
In other words, the curved surface Q’ 
generated by the revolution of a Fig. 65. 
straight line PQ about any axis in 
the same plane with it is equal to PQ multiplied by the arithmetic 
mean of the circumferences of the circles described by P and Q. 
This is the same as the product of PQ into the circumference of 
the circle described by its middle point. 


‘ Next consider the surface generated by the revolution of any 
are of a curve | 


YAP (Ὁ),  ccccerscccccvercssscevcenes (1) 


about the axis of 2 Taking any number of points in this arc, and 
joining them by straight lines, we obtain an open polygon; the 
curved surface is then defined as the limiting value to which the 
sum of the areas described by the sides of the polygon tends, when 
the lengths of the sides are indefinitely diminished. Hence if 
PQ be the chord of any element 5s of the generating curve, and 
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y the ordinate of the middle point of PQ, the curved surface is 
the limiting value of the sum > (27y. PQ). Ultimately, PQ is in 
a ratio of equality to 5s, and y may be taken to be the ordinate of 
the curve; the surface is then equal to the limiting value of 


27rd (y. 5s), that is, to . 
ΠΥ EE (2) 


taken over the proper range of 8. 


Ex. 1. In the case of the sphere the coordinates of any point of 
the generating curve may be written 


= ACSI, y=asinO, ..........cccccceeees (3) 
whence 8) OO Gi. essen ao eid dutelecnecedason: (4) 


- Hence the surface of a zone bounded by planes perpendicular to z is 


@, 
πα Ι sin θ αθ = 2Ζπαδ (cos 6, --- cos θ,) 
θ, 


= 2πα (0 — αλ)ὸ««.ὐνννννννν μενον κεν εν νον (5) 


where the suffixes refer to the bounding circles. Hence the zone is 
equal in area to the corresponding zone of a circumscribing cylinder 
having its axis perpendicular to the planes of the bounding circles, 
In particular, the whole surface of the sphere is 27a. 2a, or 47a? 

Ha. 2. ‘To find the surface of the ring generated by the revolution 
of a circle of radius ὁ about a line in its plane at a distance a from its 
centre, We may put ) 

z=bsin0, y=a—bcosd, ds/dG=b, ......00000. (6) 


x’ Oo x 
Fig. 66. 
and obtain Qn | yds = πὸ | (a ~ 5 c08 8) dO. .......ὕΨ. ae 


The limits of @ being 0 and 2z, the result is 275 x 22a, which is equal 
to the curved surface of a right cylinder of radius 6 and length (27a) 
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equal to the circumference described by the centre of the generating 
circle. 


Hz. ἃ. To find the surface generated by the revolution of the 
ellipse 


| e=asin φ, y= 6 cos φ ὡϑύδν δνι διοϑὰ φον δ δὸ ...«(8) 
about the major axis, we a | 
ae yds = 2π y & a dd 
= 2Qaab / ν -- δ᾽ sin® φ) ἃ (sin φ), «....ννννννονν (9) 
by Art. 111. If weput esing=sind, .......ονοννννννννννννων (10) 
this | 
- Ξ:| faut a d0= "2 0 sn 8080), Ὁ (1) 


To find the whole surface we take this. ἀμώμων the limits $= Ἐ ἀπ, 
or §=Fsin~¢e The result is 


αὐ tin- 6+ ; J — ey}, 


sin- Kd 


or | ᾿ς 9 η63.. Qrab seulaceasastie ere (12) 


By a similar process we find, for the surface generated by the revo- 
lution of the ellipse about its minor axis, the value. 
See foinh to εδώ ὁ oy, 


where δ΄ = ,/(a’ — b*)/b, or 


πὶ 
ΠΥ ἘΝ το αι ΝΠ Ἐ Ὴ (13) 
This may also be put into the form | 
2πα + 1? , - : - 108 =e Sasdoawceeveeeseee ...(14) 


114. Approximate Integration. 


Various methods have been devised for finding an approximate 
value of a definite integral, when the indefinite integral of the 
function involved cannot be obtained. For brevity of statement, 
we will consider the problem in its geometrical form ; viz. it is 
required to find an approximate value of the area included between 
a given curve, the axis of ὦ, and two given ordinates. 


1, 1. 6. 17 
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The methods referred to all consist in substituting for the 
actual curve another which shall follow. the same course more or 
less closely, whilst 1t is represented by a function of an easily 
integrable character. ᾿ 


The simplest, and roughest, mode is to draw n equidistant 
ordinates of the curve, and to join their extremities by straight 
lines. ‘The required area is thus replaced by the sum of a series 
of trapeziums. If h be the distance between consecutive ordinates, 
and 4, Y,---, Ya the lengths of the ordinates, the sum of the 
trapeziums is : 


LG ἐν λῈ RG TY DA + +b Gant ye DA+EG Ea ἐγ)λ 
= (EY + Yat Yat «+ Ynat Ynat $Yn) ἢ...) 


that is, we add to the arithmetic mean of the first and last ordinates 
the sum of the intervening ordinates, and multiply the result by 
the common interval h. ἜΣ 


᾿ ᾿ ‘The value thus obtained will obviously be in excess if the curve 
is convex to the axis of 2, and in defect in the opposite case, 


Fig. 67. 


Another method, originally given by Newton and Cotes*, is to 
assume for y a rational integral expression of degree ἢ — 1, thus 


y= Ag+ Aya t+ Aga? + 00+ Ag χαρτιὰ oo ..e eee. (2) 


* See the latter’s tract De Methodo Differentiali, printed as a supplement to the 
Harmonia Mensurarum, Cambridge, 1722. 


: « 
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and to determine the coefficients.A,, 4... ..«(4,...80 that, for then equi- 
distant values of x, y shall have the prescribed values Yrs Yas o005 Yn- 
The area is then given by 


ly dx, = Ay + 4$A,a°+4A,a +... +e An ,@", .+.(8) 


taken between proper limits of 2. 


Thus, in the case of three equidistant ordinates, taking the 
origin at the foot of the middle ordinate, we assume 


2 
y= Apt Ae + Aa(Z), eee: (4) 
with the conditions that | 


Ψ 7 Ψι, Ya> Ys; 
for a=—h, 0, h, 
respectively. These give 

A,—A,+A4, ΞΞ γι, Α,-νς, .A,+4,+ A= Ys, ...(6) 
so that 


Ἄς τῷὸ,, 4,- (ψε --  γι)),). Ar=EY+Ye— 2yo). .....ΨΨ. (7) 
Hence [ “y dz=2(A,+ Ash 
=H (γι + dat Ys) Re ««ὐνννονννννννν, (8) 
Cf. Art. 109. | 


The method here employed is equivalent to replacing the 
actual curve by an arc of a parabola having its axis vertical; and — 
the result represents the difference between the trapezium 


ἀ (γι Ἐ 29)" 2h 
and the parabolic segment 
ὃ. ( ("t+ 4) — ys}. 2h; 
see Art. 100, Ex. 3. 


In the case of four equidistant ordinates a similar process 
leads to the formula 


B(Yrt BYe t+ BYet+ Ys), «ονννννννννννννννν (9) 
whilst for five ordinates we get — | | 
Bs (γι + θυ, + 12y, + B2y, + Ty.) he «οννννοςς (10) 


17—2 
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With an increasing number of ordinates the coefficients in 
this method become more and more unwieldy*. A simple, but 
generally less accurate, rule was devised by Simpsont. Taking 
an odd number of ordinates, the areas between alternate ordinates, 
beginning with the first, are calculated from the ‘ parabolic’ 
formula (8), and the results added. We thus obtain 


$ ἵν, + 42 + Ys 


+ Ys + ἄγε + Yo 
+ Ys ἀνε" Y, 
πε τος ee . | 
+ Yon—r + Yon + Yond A 
=$ (Mi + Yonts) + 2 (Ys + Yst ooo Ἔ Yon—1) +4 (Yat Yat ... + Yon)t A. 


That is, we take the sum of the first and last ordinates, twice the 
sum of the intervening odd ordinates, and four times the sum of 
the even ordinates, and multiply one-third the aggregate thus 
obtained by the common interval ἢ. 


Hx. To calculate the value of π᾿ from the formula 
, 1 
dors : =. jaschaeues ἘΠΕ ΤΕ (12) 
Dividing the range into 10 equal intervals, so that A= Ἵ, we find 
. w=1, y.='9900990, y= 9615385, 
y,= 9174312, y; = 8620690, 
ψς -- °8000000, y, = “195294]1, 
y,= "6711409, γψ,-- "6097561. 
Yu="b, Y= "5524862, 
‘Hence | ψι εν = 15, 
Ys t+ Yet Yrt Yo = 3'1686577, | 
| Yat Yet Yot Yat Ye = 3°9311573. 
The formula (11) then gives | 
Lar = Jy (1°5 + 6°3373154 + 15-7246292) 
= ‘78539815, 
* The coefficients for the cases n=3, 4, 5, ... 11, were calculated by Cotes; see 


also Bertrand, Calcul Intégral, Art. 363. 
+ Muthematical Dissertations (1743). 


ΣΝ 
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whence, retaining only seven figures, 
w = 3141593, 
This is correct to the last figure. 
The formula (1) would have given 
| dr = 78498150, w= 3-139926, 
which is too small by about one part in 2000. 


115. Mean Values. 


Let ψι, Ys,.---+ Yn be the values of a function ¢ (a) corre- 
sponding to m equidistant values of # distributed over the range 
ὃ -- α, say to, the values of ὦ which mark the middle points of the 
nm equal intervals (A) into which this range may be subdivided. 
The limiting value to which the arithmetic mean 


1 
5 it Yat eee + Yn) 008 d.0 Siw ee eb ees sees (1) 


tends, as 7 1s indefinitely increased, is called the ‘mean value’ of 
the function over the range b—a. 
Since h =(b —a)/n, the expression (1) may be written 
Yih t+ yht+... tYnh 
b—a 
and the limiting value of this for n > 0,h—0, is 


[ $@)de 


b—a 


᾽ 


ere ἘΣ Σου ere: (2) 


In the geometrical representation the mean value is the alti- 
tude of the rectangle on base  -- α whose area is equal to that 
included between the curve y= ᾧ (ὦ), the extreme ordinates, and 
the axis of a See Fig. 49, p. 210. 


The theorem of Art. 91, 3° may now be stated as follows: 
The mean value of a continuous function, over any range of the 
independent variable, is equal to the value of the function for 
some value of the independent. variable within the range. | 


The various formule of Art. 114 may be interpreted as giving 
approximate expressions for the mean value of a function, over 
a given range, in terms of a series of values of the function taken 
at equidistant intervals covering the range. For example, in 
terms of three and of four such values, the mean values, as given 
by Cotes’ method, are | 


ἐ (νι Ὁ 4yat+ ys) and ὁ (νι + ὅν. + 3¥.+ γὼ, 
respectively. 
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In applying the conception of a mean value it is essential to have 
a clear understanding as to what is the independent variable to which 
(in the first instance) equal increments are given. Thus, in the case 
of a particle descending with a constant acceleration g, the mean value 
of the velocity in any interval of tume ἐλ from rest is 


: “δες: Σ [gtdt = 3943 
t, 0 


4.6. it is one-half the final velocity. Βαῦ if we seek the mean velocity 
for equal infinitesimal increments of the space (8), we have, since 


= 298, 
4 
- [ὦ - 29)" [ stds = ΕἸ (2gs,)*; 
$1 JO § 290 
t.e. it is two-thirds the final velocity. 


Ex. 1. The mean value of sin 6 for equidistant intervals of 6 
ranging from 0 to π is 


: ᾿ ἰδ 5 0900. Serenata: (8) 
a jo π 
Hence the mean value of the ordinates οὗ a semicircle of radius a, 
drawn through equidistant points of the arc, is '68θθα, 


If the ordinates had been drawn through οπυτοϊείληι points on the 
diameter, the mean value would have been 


ὅς | Μ᾽ -αὴ dam pe foo θάθ Bonnett 


or ‘7854a. It is easily seen ἃ priors why this latter mean should be 
the greater. 


Ex. %, A disk has the form of a very fiat ellipsoid of revolution. 
To find the ratio of its mean thickness to the thickness at the centre. 


If a be the radius, the ratio of the thickness at a distance r from 
the centre to that at the centre is 


J (1-3): ΠΤ ta (5) 


The required ratio is therefore 


af / (1-5) σ᾿ 


Ex. 3. If the density p of a sphere be a function of the distance r 
from the centre, taking as the element of volume 


8V = δ ($a9°) = 4ar8r, 
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the mean density is 
Ξ 3 (6 
: p = 4r [mbar + $mat== | ργ ἀν, ΠΥ (0, 


if a be the external radius. 


Thus, if po r", the mean density is 3/(n + 3) of the density at the 
surface. 


Again, assuming that in the Earth 


mere er | ΠΕ ΡΥ (8) | 


we find P= poll — BK) =f (Zoot 3p), .sreeveserereeeene (9) 


where p, is the density at the surface (r=a). If the above law of 
density be applicable to the case of the Earth, then since p = 2p,, roughly, 
we infer that p, =Zp,, or the density at the centre is 34 times the density 
at the surface. | 7 7 


116. Mean Centres of Geometrical Figures. 


The ‘mean centre’ (G, say) of a system of geometrical points 


(a, Yr), (Bar Ya)s sey (Ons Yn) -ce-crcnseneoes (1) 
may be defined as the point whose coordinates are 
| , ΣᾺ) 
B= - (ti, + yt ... + On) τε τ τς, τ 
4 ἐν [eee 
y= ᾿ς (Wt Yat ...+ Yn) = =f). 


Since these relations are linear, and since transformations of 
Cartesian coordinates are effected by linear formule, it easily 
follows that the distance of Οἱ from any line is equal to the 
arithmetic mean of the distances of the given points from the 
line, these distances being taken of course with the proper signs 
according as they lie on one side of the line or the other. . 


There is, in like manner, ἃ mean centre of a plane curve, or of 
a plane area, whose distance from any line in the plane is the 
mean (in the sense of Art. 115) of the distances of the infinitesimal 
elements of the curve, or of the area, from the line. 


Thus, for a curve we have 


- ye, (eds) 
# = lim S (8s) ” y= 11m Σ (δ) ; seeuwaseseclo) 
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and for an area 


. »2(@8A) . ,. 
ΩΣ = lim S(6A)’ y=hm (5A) ° Covccsces (4) 
where 6A is an element of area. In the limit the summations 
take the form of integrals. | 


Ex. 1. In the case of a circular arc, if the origin be taken at the 
centre, and the axis of x along the medial line, we have y=0, by 
symmetry. Writing s=acos 0, $s =add, 

= ᾿ 1 α sin α 
=5, |" acosoa0- πο" Re (5) 


if 2a denote the angle which the whole arc subtends at the centre. 


As a increases from an infinitely smal] value to x, ἃ decreases from 
atoQ. For the semicircle, we have α -- ὅπ, and 


5--2α-- 6374. 
Tv 


Ex. 2. For the area of a segment of the parabola 


ν = 4ax «οοφϑοοοοοοφοοοουφροοφοφθθ ΣΧ Σ (6) 
bounded by the double ordinate x =h, we have 


The notion of the mean centre can obviously be extended to 
three-dimensional figures, distances from a line being now replaced 
by distances from a plane. Thus in the case of a surface, we have 


(6S) .. B(ys8) __ ,. (288) 
Ss) Y= SSS” = lim S58)’ ...(8) 


where δ denotes an element of the surface. Similarly, for a 
volume, 


% == lim 


5 (w8V) Σὺ) . B(28V) 
TOV SOV) San 


where ὃ" is an element of volume. 


a= lim 


3 ἢ = lim 


΄ 


In the case of a surface, or ἃ solid, of revolution the mean centre 
is evidently on the axis of symmetry, and if we take this as axis of 
x, we have only to calculate the value of % If y be the ordinate 
of the generating curve, we put, in (8), 5S = 27ryés, this being 


- 
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(Art. 118) the area of an annular element of surface, whose points 
are all at the same distance from the planea=0. Hence 


_ _fe.2nyds  jxyds 


7 c= f2aryds ae fyds © CORP LEE ere anesreres (10) 
Similarly, in (9) we put 6V = cry*éa, and obtain 
| _ je.nyda  faypdx : 
| c= γα ~ (eda ee (11) 
Ex, 3. For a zone of a spherical surface, putting 
2=a2C0s 0, y=asin 0, 88=G00, ......cccrceeee (12) — 
| " cos θ sin θαθ ᾿ ᾿ 
we have εὐ = ἃ *—————_- = 1 4, C081 2 — cos’ B 
[isin 0a 7” cos.a—cos 8 
= 2a (cos a+ cos B) = 2 (a + X_)) .«ονννονοννννοσνος (13) 


if a, B be the limits of 0, and 2,, x, the abscisse of the bounding circles. 
Hence the mean centre of the zone is on.the axis, half-way between 
the planes of the bounding circles. 


For example, the mean centre of a hemispherical surface bisects 
the axial] radius. 


These results might also have been inferred immediately from the 
equality of area of corresponding zones on the sphere and on an en- 
veloping cylinder (Art. 113, Ex. 1). 


Ex. 4. In the case of a solid circular cone, the origin being at the 
vertex, the section varies as 2%, so that 


da 
x = ° — = ih, Φοοοοοονφοοροοοροοθθυφθοοο (1 4) 
wd 
0 
if ἃ be the altitude. _ . 
Ex. ὅ. For the segment of an elliptic paraboloid 
ye 
22 = = + q Saelseeiee ees σοδοοονοοδδοους (15) 


“cut off by a plane 2=A, since the section varies as a, as in Art. 108, 
Ex. 1, we have 
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Hz, 6. Hor a hemisphere of radius a, putting γῆ = a? —?, we have 


The same formula gives the position of the mean centre of the half 
of the ellipsoid 


which lies on the positive side of the plane yz, since f(z) in this case 
also varies as αἷ-- αὐ, See Art. 108, Ex. 2. 


117. Theorems of Pappus. 


1°, If an arc of a plane curve revolve about an axis in its 
plane, not intersecting it, the surface generated is equal to the 
length of the arc multiplied by the length of the path of its mean 
centre. 


Let the axis of 2 coincide with the axis of rotation, and let y 
be the ordinate of the generating curve. The surface generated 
in a complete revolution is, by Art. 113, equal to 


2ar fy ds, 
the integration extending over the arc. Butif y refer to the mean 
centre of the arc, we have 
7 -- 5415 
y= fds’ 
by Art. 116. Hence . 
| Qarjyds = ry Χ fds, ...... segues ivisvesc(1) 
which is the theorem. | 
2°, Ifa plane area revolve about an axis in its plane, not 


intersecting it, the volume. generated is equal to the area multiplied 
by the length of the path of its mean centre. 


If 5A be an element of the area, the volume generated in a 
complete revolution is | 


lim Σ (2ary . 5A). 
But if 7 refer to the centre of mass of the area, we have 


lim ~ ye) 
Ὦ = lim (5A)? 
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- by Art. 116. Hence 
lim © (ὥπῳ. 5A) = ὃπῦ x lim & (5A), ...ὐνννννννν (2) 
which is the theorem *. 


The revolutions have been taken to be complete, but the 
restriction is obviously unessential. 


The theorems may be used, conversely, to find the mean centre 
_ of a plane arc, or of a plane area, when the surface, or the volume, 
generated by-its revolution is known independently. See Ex. 3, 
_ below. | 


Ex. 1. The ring generated by the revolution of a circle of radius ὃ 
about « line in its own plane at a distance a from its centre. ) 


The surface is πὸ x πα, = ἀπδαδ; 
and the volume is ab* x πα, = 2a? ab* 
Cf. Art. 107, Ex. 3, and Art. 113, Ex. 2. 


Ex, 2. A segment of the parabola ψ = 4ax, bounded by the double 
ordinate #=h, revolves about this ordinate. 


If 2k be the length of the double ordinate, the area of the segment 
is 44k, by Art. 100; and the distance of its mean centre from the ordi- 
nate is 24, by Art. 116, Ex. 2. Hence the volume generated is 


$hk x gah= To ah®k. 


Ex. 3. For ἃ semicircular are revolving about the diameter joining 
its extremities, we have 
: 70x Ir¥ = παῖ, 


. 2 
whence | y=—& 


Again, for a semicircular area revolving about its bounding diameter, 
daa’ x πῇ = $70, 
whence | Ces a 
ἀπε 
A similar calculation leads to a simple formula for the volume 
of a prism or a cylinder (of any form of cross-section) bounded by 
plane ends. | | 


In the first place we will suppose that one of the ends, which 
we will call the base, is Hod aera to the length. Let P be 
any point of the base, and let z be the length of the ordinate PP’ 


'* These theorems are contained in a treatise on Mechanics by Pappus, who 
flourished at Alexandria about a.p. 300. They were given as new by Guldinus, 
de centro gravitatis (1635—1642). (Ball, History of Mathematics.) 
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drawn parallel to the length, to meet the opposite end in P’, and 
let 2 be the ordinate of the centre of the oblique end. If δά, 5A’ 
be corresponding elements of area at P and P’, we have 


5 = lim 702-94) _ lim x (2. dA) 
OTS (5a SE (64) ’ 
since 6A, being the orthogonal projection of 84’, is in a constant 
ratio to it. Hence the volume of the solid . 
| = Σ (¢.6A)=2X & (5A); .«οονοοννννννννονν (3) 


that is, it is equal to the area of the base multiplied by the ordinate 
of the mean centre of the opposite face. It is easily seen that this 
is the same as the ordinate drawn through the mean centre of the 
base. | 


e 


A prism or a cylinder with both ends oblique may be regarded 
as the sum or as the difference of two prisms or cylinders each 
having one end perpendicular to the length. We infer that in all 
cases the volume is equal to the area of the cross-section multiplied 
by the distance between the mean centres of the two ends. 


Hx. 4, The volume of the wedge-shaped solid cut off from a right 
circular cylinder by a plane through the centre of the base, making an 
angle a with the plane of the base, is 


$ra? x =a tana = 3@* tan a; 
cf, Art. 118, Ex. 1. 


The theorems of Pappus. may be generalized in various ways; 
but it may be sufficient here to state the following extension of the 
second theorem. 


If a plane area, constant or continuously variable, move about 
In any manner in space, but so that consecutive positions of the 
plane do not intersect within the area, the volume generated is 
equal to 


_ where S is the area, and do is the projection of an element of the 
_ locus of the mean centre of the area on the normal to the plane. If 
ds denote an element of this locus, and @ the angle between ds and 
the normal to the plane, the formula may also be written 


[COBO CBs  υῶς ἐτοῖν ρυφε ρον αὐ δός (5) 


This theorem is the three-dimensional analogue of the pro- 
position of Art. 103, relating to the area swept over by a moving 
line. It is a simple corollary from the theorem above proved. 
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118. Multiple Integrals. 


This book deals mainly with functions of a single variable, and 
therefore, as regards the Integral Calculus, with problems which 
depend, or can be made to depend, upon a single integration. 
Multiple integrals occur however so frequently, as a matter of | 
notation, in the physical applications of the subject, that it may 
be useful to give here a few explanations concerning them. We 
shall pass very lightly over theoretical points; what is wanting in 
this respect may be supplied by a proper adaptation of the method 
of Art. 90. 


Let σ be a continuous and single-valued function of the inde- 
pendent variables 2, y; say ΝΕ 


B= ᾧ (ὦ, Y). ccscceccsscess ΡΠ ΤΥ (1) 


This may be interpreted, geometrically, as the equation of a surface 
(Art. 34). Take any finite region S in the plane zy, and let a 
cylindrical surface be generated by a straight line which meets 
always the perimeter of S, and is parallel to the axis of z. We 
consider the volume (V) included between this cylinder, the plane 
wy, and the surface (1). See Fig. 68. 

Ζ 


Χ 


Fig. 68. 


If the region S be divided into elements of area δά,, δ4,., 

A,, ..., and if 2,, 2, %,,... be ordinates of the surface (1) at 

arbitrarily chosen points within these elements, then, the coordinate 
axes being supposed rectangular, the sum 


2,0A, + Ζ.δ 4, + 2,545 +... «ὡς ee oe (2) 
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- will give us the total volume of a system of prisms, of altitudes 
Ζ1» 2, 25, -.., Standing on the bases 6A,, d4,, 54,,.... And if the 
function ᾧ (ὦ, y) be subject to certain generally satisfied con- 
ditions*, the above sum will, when the dimensions of 5A,, dAg, 
5A,,... are taken infinitely small, tend to a unique limiting value, 
viz. the aforesaid volume V. 


If the subdivision of the region S be made by lines drawn 
parallel to the axes of x and y, the elements 64,, 5A,, 5As,... are 
rectangular areas of the type δαδν, and the sum (2) may be denoted 


by | 
2008: ὐὐξρούφον ον τοις ἐς φωε νος (8) 


where the sign = is duplicated because the summation is in two 
dimensions. The limiting value of this sum is denoted by 


A 2OROY,. > acdivsentveswsansdedadesiess (4) 
and we have the formula 


Υ᾽-- [[φ (a, γ) ἀσάψ. ....ssseeccessereeee(5) 


The expression on the right hand is called a ‘double integral’; it 
is of course not determinate unless the range of the variables 
z, y, a8 limited by the boundary of S, be specified. 


The volume V may, however, be obtained in another way. If 
f(a) denote the area of a section by a plane parallel to yz, whose 
abscissa is 2, we have, by Art. 106, : ! 


γε i ” f(@) ἄα, ......Ψ.Ψ..ὕ seegeaceuaet@) 


where a, ὃ are the extreme values of a belonging to the area J. 
But, by Art. 100, 


fe={" ΣΝ ΠΤ (0 


where a, 8 are the extreme values of y in the section f(«), and are 
therefore in general functions of z Hence we have : 


ὅ ( [β 
γε. ||" ee yay} da, ΓΤ (8) 
or, 88 it is more usually written, . 
ὃ (β 
V= | | φία, y) ἀν. cercececersevereee (9)+ 


* The already stipulated condition of continuity is sufficient, but the proof is 
simplified if we introduce the additional condition that ¢(z, y) shall have only 
_@ finite number of maxima and minima within any finite area of the plane zy. 
Cf. Art. 90. 

+ The first { refers to the dz, and the second to the dy. There is not absolute 
uniformity of usage, however, on this point. . | 
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If the limits of both integrations be constants, 1.e. if the region 
S take the form of a rectangle having its sides parallel to # and y, 
the volume V is expressed also by 


| ᾿ | | Φ (ῳ, 2) ae} ὌΝ (10) 
and we may assert that 
| | ; | ᾿ φ(ω, y) daedy = i i Φ (a, y) dy da. .....004. (11) 


This is illustrated by Fig. 23, p. 63. In other cases the limits 
of the respective integrations require to be adjusted when we invert 
the order. 


The above explanations have been clothed in a geometrical 
form, but this is not of the essence of the matter. The same 
principles are involved, for example, in the calculation of the mass 
of a plane lamina, having given the density at any point (2, y) of 
’ it, and in many other physical problems. 


Another mode of decomposition of the area S is often useful. 
Taking polar coordinates r, θ in the, plane xy, we may divide the 
area into quasi-rectangular elements by means of concentric circles 
and radii. The area of any one of these elements may be denoted 
by 786. δ᾽, if r-be the arithmetic mean of the radi of the two 
curved sides. The formula (8) is then replaced by 

Vie [lard 0 Or. τωςοςουρξςιςυ ςςςανούςι (12) 
where z is supposed given as a function of r and 0. | 


After what precedes, the meaning of a ‘ triple-integral,’ 


!: Ἢ" ([’¢@, Y, 2) de) ay Ot, sccesteet ..(14) 


where the integration is with respect to z between the limits a and 
Ὁ, which are in general functions of # and y, then with respect to 
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y between the limits a and , which are in general functions of a, 
and finally with respect to 2 between the limits a and ὁ. If the 
limits of integration be all constants, they are unchanged when the 

order of integration is varied. | 7 


As an example, consider the determination of the mass of a 
solid, whose density 1s a function of a, y, z. 


Hx. 1. To find the volume of the wedge included between the plane 
z=, the cylinder 


ao? + yf? = a’, ον ἐστόν ΉΉῊΉ σοοοο. (15) 
and the part of the plane z= tana for which z is positive. 
Wehave Ὁ ] [eddy = tan a [ ‘ere seclac chy. ............(16) 
0 J —s/(a?—2) “ 


The integration with respect to y gives 


[oy nn = 20/(at—at 
= 2a ,/(a? — a8), 
Ἢ - ν(α3--αὮ 

We then have 


[ 22 ,{(α--- 2”) da = [-Ξ (a? — αἣ) Τ- fa’, 


_ The required volume is therefore τ ys 
RO CAN α. ......ν νιον νον κεν νον όνοενον (17) 
Ez. 2, To find the volume included within the sphere | 
| SEP EM SO. .νενννιυν εἰν νονον μος κε 118) 
by the cylinder — PP HAL. «ολοννλννον scivtiswsend ee ...(19) 


(The cylinder has a radius half that of the sphere, and its axis bisects 
at right angles a radius of the sphere.) | 


If we introduce polar coordinates in the plane zy, the equation (19) 
ι takes the form | 
1 BOOK, racdercsccccersccesorons .. (20) 


and (18) gives BM a )y νους ccc ctessvasebineses (21) 
The required volume is therefore given by 
θ θ ᾿ 
2 | Ἔ [Or erabdr = 4 | “i [rr Mt) rbd. ...(22) 
—tn JO 0 20 
Now 


. an Mar ae [- 3 (at mp 2a? (1 —sin® 6), 


0 
and [re _ sin? 6) 4θ-.3π--8. 
The final result is 8 rat — 8a. oo... ΠΡ (23) 
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EXAMPLES*. .XXXVL 


(Areas.) 
1. Ifa curve be such that 
y™ o& a”, 
the rectangle enclosed between the coordinate axes and lines drawn 


. parallel to them through any point on the curve is divided by the 
curve into two portions whose areas are.as m:n. 


2. The area included between the axis of 2 and one semi-undulation 
of the curve 
: y=6sin x/a 
is 2ab. 
3. The area included between the catenary 
y =c cosh x/c, 
the axis of x, and the lines 2 =0, x=, is 
e*sinh 2,/c. 
4. The curve  @y=2? (w+ a) 
includes, with the axis of a, an area ret. 
5. The areas included between the axis of # and successive semi- 
undulations of the curve 
| y =e sin Bx 
form a descending geometric series, the common ratio being e~*~“8, 
6. ‘he area imcluded between the axis of # and the parabola 


cy = (α -- a) (x — ὃ) 
is ἃ (a—b)*/c. : 


7. Find the area included between the two curveg 


2y—-sy=a-1l, y—W=2-3. [2.] 
8. Find the area included between the two parabolas 
| y=3e—-—a2-3, y=— 2a? +424 7, {4.] 
9. Find the area of the segment of the parabola 
ψταβ-Ἴω 9 


cut off by the straight line 
y= 8 — Qa. 7 [1.} 
10. The area included between the two parabolas 
| 3 y=4a(e+a), y?=4b (ὃ -- α) 
is 8 (a +b) ,/(ad). 


. ™ Some further Examples for practice will be found at the end of the Chapter (rx) 
on ‘Special Curves.’ 


L. 1, @, 18 


274 INFINITESIMAL CALCULUS [CH. VIII 


11. Prove that the whole area (when finite) included between the 
axis of x and the curve 


is independent of the value of a. 
’ 12. The area included between the positive branch of the curve 

y=6 tanh x/a, . 
its asymptote, and the axis οὗ y, is αὖ log 2. (See Fig. 26, p. 81.) - 


13. The area common to the two ellipses 


is 4ab tan! b/a. 
14. The area included between the coordinate axes and the 


᾿ς parabola 
x 
Θ΄.) = 
is Σαὖ sin w, where ὦ is the inclination of the axes. 
[Put w=asin‘6, y=6 cos‘ θ.} 
15, The area between the parabola 
2cy = αὖ + a? | 
and the two tangents drawn to it from the origin is ἢ αὖο, 
16. The area common to the two parabolas 
yi=4ax, x= 4ay 
is 148 α 
17. Prove by integration that the area of an ellipse is 
| παβ sil w, | | 
where a, β are the lengths of any pair of conjugate semi-diameters, and 
wis the angle between these. 


18. The formula (Art. 80 (2)) for integration by parts may be 
written 


fudv = uv — frdu ; 
interpret this geometrically in terms ne areas, 


19. A curve AB is traced on a Jamina which turns in its own plane 
about a fixed point O through an angle @. Prove that the area swept 
‘over by the curve is 

+ (OA? ~ OB?) 0. 


20. Trace the curve | 
r=3+2 cos 8, 
and find its area. | [11π.] 
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21. Find the area of that portion of the curve 
r= 2a (1 + 008 0) 


which lies outside the parabola 
2a 


ig ae 2,16,2 
"= T+ cos 0" Ling se 


22. Prove by transformation to polar coordinates that the area of 
the ellipse 
is 7/,/(AB — 53. 


23. A weightless string of length /, attached to a fixed point Ο, 
passes through a small ring which can slide along a horizontal rod AB 
in the same vertical plane with O, and the lower portion hangs ver- 
tically, carrying a small weight P. Find the locus of P, and prove 
that the area between this locus and AB is 


lL (@—h*) —i* cosh-1J/h, 
where ὦ is the depth of AB below O. 


24, Prove directly from geometrical considerations that the area 
included between two focal radii of a parabola and the curve is half 
that included between the curve, the corresponding perpendiculars on 
the directrix, and the directrix. 


25. What is indicated by the record of the wheel in Amsler’s 
Planimeter when the bar PQ (Fig. 59) makes a complete revolution . 
whilst the point @ traces out the closed curve} 


26. Ina certain form of planimeter the arm carrying the tracing 
point is pivoted at the other end on a vertical axis carried by a small 
waggon which can roll (without slipping) batkwards and forwards over 
the paper, and has a recording wheel attached to it, to measure the 
rolling. Prove that when the tracing point describes a closed curve, 
the record gives the area, on a certain scale. 


27. If δὰ, Sg, Sq be the areas of the closed curves described by 
three points A, B, C on a bar which moves in one plane, and returns to 
its original position without performing a complete revolution, prove 
that 

BC .S,+CA.S3+ AB. 8 =)9, 


where the lines BC, CA, AB have signs attributed to them according to 
their directions, and the signs of S,, S,, Sg are determined by the rule 
of Art. 101. : 


28. If P be a point on a bar AB which moves in one plane, and 
returns to its original position after accomplishing one revolution, 
prove that : 


18—2 


‘ 
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where a=AP,b=PB8, and the meanings of S,, 3» Sp are as in the 
preceding question. 
Hence shew that if the extremities A, B of the bar move on a 
closed oval curve 
S,—Sp= rab. (Holditch.) 
29. If a straight line AB of constant length move with its 


extremities on two fixed intersecting straight lines, any point P on it 
describes an ellipse of area 7. AP PB. 


 EXAMPLES*. XXXVII. 


(Volumes.) | 


1. The volume generated by the revolution of one semi-undulation 
of the curve 


| , y=bsin w/a 
about the axis of x is one-half that of the circumscribing cylinder. 

2. The volume of a frustum of any cone, with parallel ends, is 

| th {A, + ,/(A,4,) + Aj}, 

where 4,, A, are the areas of the two ends, and ἦ is the perpendicular 
distance between them. 

8. In the solid generated by the revolution of the rectangular 
hyperbola 

x -- γα =a 

about the axis of x, the volume of a segment of height a, measured from 
the vertex, is equal to that of a sphere of radius a. 


4. The volume of a segment of a sphere bounded by two parallel 
planes at a distance ἢ apart exceeds that of a cylinder of height ἢ and 
sectional area equal to the arithmetic mean of the areas of the plane 
ends, by the volume of a sphere of diameter ἢ. 


5. A plane is drawn parallel to the base of a hemisphere of radius 
a at a distance 2asin 10° from the base. Prove that it bisects the 
volume of the hemisphere. : 


6. The portion of a solid sphere of radius @ which is included 
within a spherical surface of radius ὃ (< 2a), having its centre on the 
surface of the sphere, is removed. Prove that the volume of the cavity 
is less than that of a hemisphere of radius 6 by 4b‘/a. 


7. The volume generated by the revolution about the axis of a of 
the area included between that axis and the parabola 


cy = (1 ~ a) (# ~ ὃ) 
is ayn (a -- δ). 


* See the footnote on p. 278. 
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8. If a segment of a parabola revolve about the ordinate, the 
volume generated is «ὃς of that of the circumscribing cylinder. 


9. The volume of the solid generated by the revolution of a para- 
bola about the tangent at the vertex is } that of the circumscribing 
cylinder. 


_ 10. The segment of the parabola γῇ = 4az which is cut off by the 
latus-rectum revolves about the directrix. Prove that the volume of 
the annular solid generated is 152-7ra’. 
ll. The segment cut off from the curve 
ay? = αὐ 
by the chord #=h revolves about the axis of z. Prove that the volume 
generated is one-fourth that of a cylinder of height 4 on the same base. 


12. The volume of a frustum of a triangular prism cut off by any 


two planes is 
§ (A, + hy +hs) A, 

where h,, h,, hs are the. lengths of the three parallel edges, and A is the 
area of the section perpendicular to these edges. 

18, If ὃ be the radius of the middle section of a cask, and a the 
radius of either end, prove that the volume of the cask is 

rst (3a? + 4ab + 863) ἡ, 

where ἢ is the length, it being assumed that the generating curve is an 
arc of a parabola. 

14. An are of a circle revolves about its chord; prove that the 
volume of the solid generated is 

δ πα sin a + 27a' sin a cos’ a — 27ra* a cos a, 

where ὦ is the radius, and 2a is the angular measure of the arc. 

15. The figure bounded by a quadrant of a circle of radius a, and 


the tangents at its extremities, revolves about one of these tangents ; 
prove that the volume of the solid thus generated is 


5 π ᾿ 
G- 5) ταὶ. 


16. The volume enclosed by two right circular cylinders of equal 
radius a, whose axes intersect at right angles, is 2:5 αδ, 


If the axes intersect at an angle a, the volume is “ι΄ αὐ cosec a. 


17, If the hyperbola - 
a γῇ 
an} 
revolve about the axis of x, the volume included between the surface 
thus generated, the cone generated by the asymptotes, and two planes 


perpendicular to a, at a distance h apart, is equal to that of a circular 
_ cylinder of height A and radius 6. 
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18. A right circular cone of semi-angle a has its vertex.on the 
surface of a sphere of radius a, and its axis passes through the centre. 
Prove that the volume of the portion of the sphere which is exterior to 
the cone is ἔπαῦ cos* a 


19. If in Sone method (Art. 109) of estimating the volume 
included between two parallel sections §,, S, the intermediate section S, 
is at unequal distances h, k from 8§,, S;, respectively, the formula is 

h+k 
6hk 


{(2h — k) kS, + (ἃ +k)? Sy + (2h — h) AS}. 


EXAMPLES*, XXXVIII. 


(Curved Lines and Surfaces.) 


1. The length of a complete undulation of the curve of | sines 
y=bsin c/a 
is equal to the perimeter of an ellipse whose semi-axes are ,/(a? +b?) 
and a. | 


᾿ 2, Prove the following formula for the saad of the perpendicular 
(p) from the origin on any tangent to a curve: 


ds 
p = = 5 ae" 

‘Also prove that the orthogonal projection of the radius vector on 
the tangent is 
| x = + dy or r 

de” ds ds’ 
8. The surface generated by the revolution about the directrix of 
an arc of the catenary 
Ψ =c cosh a/c, 
commencing at the vertex, is 
| π (cx + 8), 
where x, y, 8 refer to the extremity of the aro, 


4. The curved surface cut off from a paraboloid of revolution by a 
plane perpendicular to the axis is 


ἐξα (4+ oy oy, 


- 


where h is the length of the axis, and ὁ the Te of the bounding 
eircle. 


5. The curved surface soneraiea by the revolution about the axis 
of x of the portion of the parabola ψῇ = (αι included between the origin 
and the ordinate a = 3a is 587. 


* See the footnote on p. 278. 
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6. The segment of a parabola included between the vertex and the 
latus-rectum revolves about the axis; prove that the curved surface of. 
the figure generated is 1-219 times the area of its base. 


7, A circular arc revolves about its chord; prove that the surface 
generated is . 
| 47a? (sin a -- α 608 a), 


where ὦ is the radius, and 2a the angular measure of the arc. 
8, A quadrant of a circle of radius ὦ revolves about the tangent at 


one extremity ; prove that the area of the curved surface generated is 
a (π — 2) a. 


9. A variable sphere of radius r is described with its centre on the 
surface of a fixed sphere of radius a; prove that the area of its surface 
intercepted by the fixed sphere is a maximum when r= 4a. 


10. A tangent cone is drawn to a sphere, and with the vertex of 
the cone as centre two spherical surfaces are described cutting both the 
sphere and the cone. Prove that the areas of the zones intercepted on 
the sphere and on the cone are equal. 


EXAMPLES. XXXIX. 


᾿ς (Approximate Quadrature. Mean Values.) 


1. Apply Simpson’s rule to calculate log, 2 from the formula 
log, 2 = [ : Bd . 
9 l+@ 
[The correct value is log, 2 = ‘693147....] 
2. Calculate the value of π᾿ from the formula 


ΕΝ [ + dx 
| er do ψα --αὖ᾽ 
8. If in Simpson’s method with three ordinates (Art. 114) the 


middle ordinate y, is at unequal distances h, k from y,, y¥,, respectively, 
the formula is 


Eth) (ytd ty) τ ὁ ("-ὴ (61 58 Bw), 


.4, The mean of the squares on the diameters οὗ an ellipse, drawn 
at equal angular intervals, is equal to the rectangle contained by the 
major and minor axes. | 


5. A point is taken at random on a straight line of lengtha; prove 
that the mean area of the rectangle contained by the two segments is 
ia’, and that the mean value of the sum of the squares on the two seg- 
ments is $a’, 
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6. Ifa point move with constant acceleration, the mean square of 
the velocities at equal infinitely small intervals of time is equal to 
| FC + Vv, τυ), 


where %, Ὁ, are the initial and final velocities. 


7. Prove that in sin:ple-harmonic motion the mean kinetic energy 
is one-half the maximum kinetic energy. 


8. The mean horizontal range of a particle projected with given 
velocity, but arbitrary elevation, is -6366 of the maximum range. 


9. The mean of the focal radii of an ellipse, drawn at equal 
angular intervals, is equal to the semi-minor axis. 


10. The mean distance of points on the curved surface of a hemi- 
sphere from the plane of the base is one-half the radius. 


11. The mean distance of points of a hemispherical surface of 
radius a from the pole of the hemisphere is -9429a. 


12. Find the mean ‘values of the reciprocals of the distances of the 
points of a circular area of radius @ from the centre, and from a point 
of the circumference, ος [2/a, 4{πα.} 


13. A rod has the form of a very elongate prolate ellipsoid of 
revolution, prove that its mean sectional area is two-thirds that at the 
centre. ? 


14.' The surface-density on an electrified circular disk of radius a 
varies as (a? — 1°) τὰ where r denotes distance from the centre. Find 
the ratio of the average density to the density at the centre. 


15. ΤΆ the orbits of comets were uniformly distributed through 
space, their mean inclination to the ecliptic would be equal to the 
radian (57°296°). 


_ 16. The mean distance of the points of a spherical surface of radius 
a from a point P at a distance c from the centre is 


c+ . or a+ = 
Ἂν BG’ 
according as P is external or internal. 


17, The mean distance of points on the circumference of a circle of 
radius ὦ from a fixed point on the circumference is 1-27 3a. 


18. The mean distance of points within a circular area of radius a 
from a fixed point on the citcumference is 1+132a. | 


19. The mean distance of points within a sphere from a given 
point on the surface is $a. 
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20. If the density at a distance r from the centre of the Earth be 

given by the formula : 
| gin kr 

P = Po kr ? 


where & is a constant, prove that the mean density is 
| sin ka — ka cos ka 


Spo ka? : 


a denoting the Earth’s radius. 


21. If, in a spherical mass whose density p is a function of the 
distance (7) from the centre, D denote the mean density of the matter 
included within a concentric sphere of radius 7, then 


aD 
=< 1 
ρπθεξντε.. 


EXAMPLES. XL. 
(Mean Centres.) 


I. Prove by integration that the mean centre of a trapezium 
divides the line joining the middle points of the parallel sides in the 
ratio 2a + δ: α - 2b, where a, ὃ are the lengths of the parallel sides. 


2. The mean centre of the area included between one semi- | 
undulation of the curve 


y= bsin w/a 
and the axis of is at a distance ἀπὸ from this axis. 
8. The mean centre of the area included between the curve 
a® 
Uae 
and the axis of x is at the point (0, 4a). 
4. Prove that the mean centre of the area of the circular spandril 


formed by a quadrant of a circle and the tangents at its extremities is 
at a distance ‘2234a from either tangent, a being the radius. 


- § The mean centre of the area included between the coordinate 
axes and the parabola : 


3 4 
a fo Y\" - 
Β ἡ (§) τ: 
is at the point (2a, 18) [Put 2 = asin‘ 6, y -- cos‘ 6.] 
6. The distances from the centre of a sphere of radius a of the 


mean centres of the two segments into which it is divided by a plane at 
a distance ὁ from the centre of figure are 


9 (a + ον» 
4 2a+c° 
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7. The figure formed by a quadrant of a circle of radius a and the 
tangents at its extremities revolves about one of these tangents ; prove 
that the distance of the mean centre of the solid thus generated from 
the vertex is °869a. 


8. A solid ogival shot has the form produced by rotating a portion 
APN of a parabolic area, where A is the vertex, and PW an ordinate, 
about PWV; prove that the mean centre divides the axis in the ratio 
6:11. 


9. AP is an arc of a parabola beginning at the vertex, and PY is 
® perpendicular on the tangent at the vertex; prove that the mean 
centre of the solid generated by the revolution of the figure APN about 
AWN is at a distance from A equal to 34 ἢ). 

10. The mean centre of the volume included between two equal 
circular cylinders, whose axes meet at right angles, and the plane of 
these axes, is at a distance from this plane equal to 3 of the common 
radius. : 

11. A quadrant of a circle revolves about the tangent at one 
extremity ; prove that the distance of the mean centre of the curved 
surface generated, from the vertex, is ‘876a. 

12. The mean centre of either half of the surface of an anchor- 
ring cut off by the equatorial plane is at a distance 2b/r from this 
plane, where ὃ is the radius of the generating circle. 

13. The mean centre of either half of the volume of an anchor- 
ring cut off by the equatorial plane is at a distance 46/3r from the 
plane, where ὃ is the radius of the generating circle, 


14 If the ellipse — a+ ¥ 1 


revolve about the axis of 2, the mean centre of the curved surface 
generated by either of the two halves into which the curve is divided 
by the axis of y is at a distance 

2 αὐ + ab + δ᾽ ᾶ 

8 a+b °b+a(sin“e)/e 
from the centre, where ὁ is the eccentricity, it being supposed that 
b<a. . | 

Obtain the corresponding result when 6 > a. 


15. Apply the theorems of Pappus to [πᾶ the volume and the 
curved surface of a right circular cone, and of a frustum of such a cone. 


16. A groove of semicircular section, of radius ὃ, is cut round a 
cylinder of radius a; prove that the volume removed is 


a? ab® — ξπὖϑ, 
Also that the surface of the groove is 
277 ab = Arb}, 
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17, A screw-thread of rectangular section is cut on a cylinder of 
‘radius R. Prove that the volume of one turn of the thread is 
2rabF + ab’, where a, ὃ are the sides of the rectangle, a being that side 
which is at right angles to the surface of the cylinder. 


| 18. If a straight line be drawn through the mean centre of the 

perimeter of a closed curve, the surfaces generated by the revolution 
about this line of the two portions into which the perimeter is divided 
will be equal. 


19. If an area A, revolving about the axes of x and y, generates 
volumes U and J, respectively, find the area generated when it revolves 
about the line | 

ὦ 608 α ὁ Ψ 55. α --», 


assuming that this line does not cut the area. 


EXAMPLES. ΧΙ. 


(Multiple Integrals.) ᾿ 
1, Find the values of the integrals 


᾿ {{{ὖ| νὴ ἀράν, [{{Κ(|-- 3.-- [) aoa, 


taken over the area of the ellipse 


= 
+ Yel. 
2. Prove that the volume enclosed by the cylinders 
e+y®=2an, “ἢ = Zax : 
is 128 a. 

8. A sphere of radius 2a is described with its centre on the 
surface of a cylinder of radius a; prove that the area of that portion of 
the surface of the cylinder which is within the sphere is 16a*. 

4. The volume included between the elliptic paraboloid 

2 
9. ΞΞ- au + y ; 
» 4 
the cylinder a? + y? =a’, and the ee z=0, is 
α' (» 14) 
8pq 


CHAPTER IX 
SPECIAL CURVES 


119. Algebraic Curves with an Axis of Symmetry. 
The method of tracing algebraic curves of the type 


=f (B)s: πππΠπΠπΠΎ συ (1) 


where f(z) is a rational function, including the determination of 
asymptotes, maximum and minimum ordinates, and points of in- 
flexion, has been illustrated in various parts of this book; see 
Arts. 18, 14, 51, 67. 


The study of algebraic curves in general is beyond our limits, 
but a little space may be devoted to the discussion of curves of the 


type : 
P= 7 (&).. ...{{6{00..Ψ edule ἡφιόν φῦ γε Re (2) 


Two points of novelty here present themselves. Since the equation 
gives two equal, but oppositely-signed, values of y for every value 
of «, the curve will be symmetrical with respect to the axis of «; 
also since y* must be positive, there can be no real part of the curve 
within those ranges of « (if any) for which f(a) is negative, 


Thus if f(x) contain a simple factor ὦ — x,, so that the equation 


is of the form 
Y= (ὦ --- 1) PL), cccccercceccvecsccees (3) 

the right-hand member will change sign as ἃ passes through the 
value ὧι. Hence on one side of the point (2,, 0) the ordinate is 
imaginary. 

Also, we have, at this point, 
(#4) =" ,-22 

δ) (@a@~-a,) «-- χ᾽ 

and therefore, dy/da=co. The tangent is therefore perpendicular 
to Ox. 

If, on the other hand, f(x) contain a double factor, say. 


y= (ὦ — αὐλῷ (Ὡ), cesscsecrecseececeece (4) 
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the right-hand side does not change sign as # passes through the. 
value ἃ. Hence the ordinate is real on both sides of the point 
(αι, 0), or imaginary on both sides. In the former case we have 
two branches of the curve intersecting at an angle and forming 
what is called a ‘node’; in the latter case (#,, 0) 1s an isolated or 
‘conjugate’ point on the locus, The directions of the tangent- 
lines at the node are given by . 


(G2) = tim, “= @, 


If f(x) contain a triple factor, say 


y? a (a ae αι) φ (2), Casi sisaecineweswwen (5) 


the right-hand side changes sign at the point (,,0); the curve is 
therefore imaginary on one side of this point. Also since ἀν ας 
here = 0, the curve touches the axis of a, 


We proceed to some examples, beginning with cases where 
J (ὦ) 1s integral as well as rational. 
Hz. 1. In the cases where /(x) is of the first or second degree, say 
φἔπξ 4 Ὁ B, y= A+ Bat, ..ccccccccsesseees (6) 


the curve is a conic having the axis of x as a principal axis. 


Hx. 2. The cubic curves | 
oy? = Av? + Bat + Ca + D sce οὐδ ἐο νυ φοφονοον (7) 
᾿ include some interesting varieties. 


(a) If the linear factors of the right-hand side be real and distinct, 
we may write 


_ ο΄ 8 δ- (ὦ -- a) (ὦ — B) (Wy), . «τονε ννεννονονονννον (8) 


and there is no loss of generality in supposing that ὦ is positive and 
a<B<y. The ordinates are then imaginary for «<a, and for β «ὦ «γ΄. 
Between (a, 0) and (8, 0) there is a maximum value of y*. The curve 
consists therefore of a closed oval, and of an infinite branch. For large 
values of « we have 


$-2(1-0-90- 


so that the curve tends to become more and more nearly perpendicular 
to the axis of a. 


(Ὁ) If the expression on the right-hand of (7) has only one real 
factor, we may write | 
ay” = (α — a) (a+ PO Ὁ 4)» .crccerssverceeceencs (9) 


where p*<4g, The curve then only meets the axis of x once. 


~ 


286 INFINITESIMAL CALCULUS (oH. Ix 


(c) The transition from the form (8) to the form (9) may be imagined 
to take place in two ways. In the first way, the intermediate critical 
case is marked by. the coalescence of the two greater of the quantiti 
a, B, y, so that : 


ay? = (ὦ —a) (ὦ — BY ose ec cece eeceeeen es (10) 


Here y is imaginary for a <a, and real for 2 > a, but vanishes for «=. 
The point (β, 0) is here a node; it may be regarded as due to the union 
of the oval in the former case with the infinite branch. 


(d) If, however, the two smaller of the quantities a, 8, y coalesce, 


so that 
αν = (α -- ἃ) (ὦ --- Ὑ),  csvcesccereecsccscees (11) 


y will be imaginary for ὦ; «γ, except for =a, when it vanishes. The. 
point (a, 0) is therefore an isolated point; it may be regarded as due to 
the evanescence of the oval in the first case, 


Y 


Y¥ 
Fig. 69. 


All these cases are illustrated in Fig. 69. Beginning on the right 
we have a curve of the type (9), consisting of a single infinite branch. 
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Next to it comes the case of an infinite branch associated with an isolated 
point (at 0), the equation being of the type (11). Next in order comes 
an infinite branch, and with it an oval surrounding the point O; the 
equation is now of the type (8). In the next stage, the oval and the 
infinite branch have united to form a node with a loop, the correspond- 
ing type of equation being (10). Finally, we have a single branch 
passing outside the loop in the last case; the equation is again of the 


type (9) ee 


(6) In the very special case where all three quantities a, β, y, in (8), 
coincide, so that 


the curve is known as the ‘semi-cubical parabola.’ It has a ‘cusp’ at 
(a, 0); this may be regarded as an extreme form of a node, due to the 
evanescence of the loop. See Fig. 70, where a = 0. 


Fig. 70. 


If, in the equation (2), f(x) be rational but not integral, the 
real roots (if any) of the denominator will give asymptotes parallel 
to y, provided that, for values of x differing infinitely little from 
these roots, y* be positive. 


* The curves in the figure have been traced from the equation 
y=} («ὃ - 327+ C), 


where C= —2, 0, 2, 4,6. The relation between them is most easily conceived by 
regarding them as successive contour-lines of a surface (Art. 34), as in the neighbour. 


hood of a pinnacle on a mountain side. 


The axis of y is an asymptote. Also, for large values of a we have 


y=+a, nearly. There is no real part of the curve between x= 0 and 
a=a. See Fig. 71. 


“πὸ « ὧν τᾶν δ5 ὦ τ» “ ὧν» ὦ ἂν “ὁ ete eee SE we Se we ww ets Ce eo EES SVSV EAVES swe Te TS es 2 Sew eH wae 


Ex, 4. ¥ eA (14) 


@CeSesseeevesvtesSseseesanseee een 


Here y is imaginary for x negative, and fora>a. See Fig. 72. The 
curve is known as the ‘witch’ of Agnesi. 


Ex, 5. y= a seessesece προ δυο κὰν κϑηνρήνῶν (15) 
There is a node at the origin, and the curve cuts the axis of ὦ again at 


(—a, 0). For «>6, and a<-—a, y is imaginary. The line z=6 is an 
asymptote. See Fig. 73. 


Fe. 6. | Pes ἀλνολερηοολικοεοιθι (16) 


This is obtained by putting a=0 in (15). The loop now shrinks into a 
cusp ; see Fig. 74. The curve is known as the ‘ cissoid.’ 
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παρ ὧν ὦ ῳ. ὦν ὧν οὐ SSP Ὧν τῷ πῷ ὦ ὅν “ὁ τῷ ὦ τῷ Ὁ Ὁ Ὁ ees Ὁ“ ὦ 


Peer enor ea 


SARA δὰ ἐα RR πὸ τῷ μὴ ee ee mo ee a δῸ τ. 


Fig. 74. 


Fig. 73. 
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He. 7. yiaae 1 5 


2 geese ib αι το δ τα ε ταν είς (17) 


Since y is imaginary for a> «>-—a, except for «=0, the origin is an 
isolated point. To find the oblique asymptotes we have 


a\ ἢ 
1+- ᾿ , 
Y = oh eee ἢ 
ae a ᾿ a =£(1+5)(1 a) 
2 
a 
ei (1 224954...) ππυ sence (18) 
Hence the lines YHA) «οοννονννννννοννννννννν. (19) ο 


are asymptotes. See Fig. 75. 


120. Transcendental Curves; Catenary, Tractrix. 


We proceed to the discussion of some important curves, mainly 
transcendental, which are most conveniently defined by equations 
- of the type already referred to in Art. 61, viz. 


w=b(t), Y=X (Oy ....... ee v1) 


where ¢ is a variable parameter. 


The ‘catenary’ is the curve in which a uniform chain hangs 
freely under gravity. It appears from elementary statical prin- 
ciples that if s be the arc of the curve measured from the lowest 
point (A) up to any point P, and ψ' the inclination to the horizontal 
of the tangent at P, then 


where a is a constant. Hence if a, y be horizontal and vertical 
coordinates, we have 


Tp esp 7 008  -αϑοοψ = 800 ἢ 
ΠΕ ΝΣ ee a 
ie dee sin Ψ'. ἃ 5665 yp = a tan yy sec yp. 
Integrating, we find 
a=alogtan(tr+3p), y=aseep. «εὐνννννν (4) 


The omission of the additive constants merely amounts to a special 
choice of the origin, which was so far undetermined. Since the 
formule (4) make «= 0, y=a for = 0, it appears that the origin 
is at a distance a vertically beneath A. 
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From (4) the Cartesian equation can be deduced without diffi- 
culty. We have 
= = log tan (Lar + 4) = log (sec Ψ' + tan wp), 
whence sec yy + tan ψ = e2/4, } (δ) 
and therefore sec yr —tany=e le, fo ἘΠῊΝ 
Hence, by addition and subtraction, 
y = asec Ψ' = acosh <, 


: δ 0) 
8 - α ἴδῃ  Ξ αϑιπῃ-. 


Fig. 76. 


Some further properties follow easily from a figure. If PN be 
the ordinate, P7' the tangent, PG the normal, ΝΖ the perpendicular 
from the foot of the ordinate on the tangent, we have 

| NZ=yoosp=a, PZ=atany=s, 

Since PZ is equal to the arc of the catenary, it is easily seen that 

the consecutive position of Ζ is in ZV; in other words, ZW is a tangent 
192 
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to the locus of Z. Hence this locus possesses the property that its 
tangent ZN is of constant length. The curve thus characterized is called 
the ‘tractrix,’ from the fact that it is the path of a heavy particle 
dragged along a rough horizontal plane by a string, the other end (/’) 
of which is made to describe a straight line (0X). 


Fig. 77. 


The curve has a cusp at A, and the axis of x is an asymptote. 


* Many properties of the tractrix follow immediately from the constancy 
(in length) of the tangent. For example, since two consecutive tangents 
make an angle dy with one another, the area swept over by the tangent 


‘Is given by 
δ [ααψ, 


taken between the proper limits. The whole area between the curve 
and its asymptote is thus found to be κα παῖ. 


121. Lissajous’ Curves. 


These curves, which are of importance in Acoustics, result from 
the composition of two simple-harmonic motions in perpendicular 
directions. They may therefore be represented by 


x=acos(nt+e), y=bcos(nt+e),...... seas 1) 


and it is further obvious that we may give any convenient value 
to one of the quantities ε, ε΄, since this amounts merely to a special 
choice of the origin of t. 


When the periods πη, 2π τ΄ are commensurable, we can by 
elimination of ¢ obtain, the relation between # and y in an algebraic 
form. | 


Ex. 1. In the case n’=n, we may write 


w= acos(nt+e), Y=OCOBNE, ....... ce sceeweeee (2) 
whence . - “ COs € = -- sin 7 sin ε, : sin €= COS 2¢ 81} €. 
Squaring, and adding, we find . 
_ la ea Η ΥΝ (8) 


a αὖ b? 


4 
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This represents an ellipse. -In the special case of e=0 or ¢ =7, the 
ellipse degenerates into a straight line 


If the equality of periods be not quite exact, the figure described 
may be regarded as an ellipse which gradually changes its form owing 
to a continuous variation of the relative phase (e) of the two component 
motions, 
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When the ellipse (3) is referred to its principal axes, the coordinates 
of the moving point take the forms 


ὦ. Ξ- ὦ 608 (πὲ ε), y=bsin (nite). .......c.cc000 (5) 


We identify nt +e with the ‘eccentric angle’; and since this increases 
uniformly with the time it appears that the point (x, y) moves like the 
orthogonal projection of a point describing a circle of radius a with a 
constant velocity ma. Since in the transition from the circle to the 
ellipse any infinitely small chord is altered in the same ratio as the radius 
parallel to it, we see that in the elliptic motion the velocity at any point 
P will ben. CD, where CD is the semi-diameter conjugate to CP, C being 
the centre. : | 
The type of motion here considered is called ‘elliptic harmonic.’ 


Hx. ἃ. If n’'=2n, we may write 
x=acosnt, y=bcos (Qnt +). ..«.νννννον τον ός {0} 


Here y goes through its period twice as fast as x, and the point (0, -- bcos e) 
is passed through twice as nt increases by 27. The curve therefore con- 
sists in general of two loops. 


@ 
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For ¢ = - ἔπ, the curve is symmetrical with respect to both axes, the 
algebraic equation being 


ye οἷ 

ἊΝ 5.(1 - 8). πηι eee (7) 
When ¢ =0, or z, the curve degenerates into an arc of a parabola, viz. 

Yr ( Gs ) 

¥o+ (25 |. ere ener: (8) 


When the relation of the periods is not quite exact the curve oscillates 
between these two parabolic arcs as extreme forms*. 


122. The Cycloid. 


The ‘cycloid’ is the curve traced by a point on the circumference 
of a circle which rolls in contact with a fixed straight line. It 
evidently consists of an endless succession of exactly congruent 
portions, each of which represents a complete revolution of the 
circle. The points (such as A in the figure) where the curve is 
furthest from the fixed straight line or ‘base’ (BD) are called 
‘vertices’; the points (D) half-way between successive vertices, 
where the curve meets the base, are the ‘cusps. A line (AB) 
through a vertex and perpendicular to the base is called an“ axis’ 
of the curve. It is evidently a line of symmetry. 


J 


B Y D 


A 


Fig. 79. 


* A method of constructing Lissajous’ curves is indicated in Fig. 78, where the 
vertical and horizontal lines, being drawn through equidistant points on the respec- 
tive auxiliary circles, mark out equal intervals of time. 

There are numerous optical and mechanical contrivances for producing the 
curves. For a description of these, and for specimens of the curves described, we 
must refer to books on experimental Acoustics. 
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It is convenient to employ the circle described on an axis AB 
as diameter as a circle of reference. Let IPT be any other position 
of the rolling circle, J the point of contact with the base, C the 
centre, 7’ the opposite extremity of the diameter throu gh J, and 
let P be the position of the tracing-point. Draw PMN parallel 
to the base, meeting TI and AB in Mand N respecti vely, and the 
circle of reference in Q. If AZ AB be taken as axes of ὦ and γ, 
the coordinates of P will be 

 @=NP=BI+ MP, y=AN=CT—CM. 


Let @ be the radius of the rolling circle, and 6 the angle (PCT) 
through which it turns as the tracing point travels from A to P. 
We have, then, BJ = a8, PM =asin 6, CM =a cos 8, and therefore | 


z=a(6+sin 8), | 
ie ton 0 8 soba spel tag δὲς ΤΗΝ (1) 


From these equations all the properties of the curve can be 
deduced. Thus if y denote the inclination of the tangent to AT, 
or of the normal to BA, we have. | 


tan yp Ξ 


whence . ἀρ όΡΨρΡΨἌΨψΨΨΨΕΠΨΠΕΨΕΠσσ,ΠἝΠἘἔΕο (2) 


Since the angle TTP is one-half of TCP, it follows that IP is the 
normal, and /7' the tangent, to the curve at P. Cf. Art. 146, below. . 


Again, to find the arc (s) of the curve, we have 
(9) + (9) = a? [(1 + cos 6)? + sin? 6} = 4a? cos? 20, 
whence, by Art. 111, 
8 = 26 [608 ᾧ θαθ = 4a sin 40, 
or, in terms of +, 8. Ξ- ὅπ SI acacia ine cecteaendons (3) 


no additive constant being required, if the origin of s be at A. 
This relation is important in Dynamics. 


Since ΤΡ = ΤΊ sin yr, we have 


arc AP =27P =2 chord AQ. ...........000 (4) 
In particular, the length of the arc from one cusp to the next is 8a. 
If we put — y = IM =a(1 +cos Oy. savieueeieeeiaas: (5) 


the area included between the curve and the base is given by 
[ν΄ da = a?{(1 + cos θ)"6θ = 4a*{cos‘ ἐ θὰθ = 8a?fcos* ψάψ. 
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Taking this bettween the limits + 47, we find that the area included 
between the base and one arch of the curve is three tines the area 
of the generating circle. | 


Fig. 80. 


The-curve traced by any point fixed relatively to a circle which rolls 
on a fixed straight line is called a ‘ trochoid.’ 


If, in Fig. 79, the tracing point be in the radius CP, at a distance 
k from the centre, its coordinates will be 


e=ab+ksind, y=A—KCOSO, ..ccrccccesesecees (6) 


- 
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When &> a we have loops, which in the particular case (4 =a) of the 
eycloid degenerate into cusps, When ὦ <a, the curve does not meet the 
base. Fig. 80 shews the cases k=}a, k=a, k= 3a. 

It is readily proved from (6) that the normal at any point of the 
trochoid passes through the corresponding position of the point of contact 
of the rolling circle, Cf. Art. 146. 


\ 
123. Epicycloids and Hypocycloids. 


The path traced out by a point on the circumference of a circle 
which rolls in contact with a fixed circle is called an ‘epicycloid’ 
or a ‘hypocycloid’ according as the rolling circle is outside or inside 
the fixed circle*. Those epicycloids in which the rolling circle 
surrounds the fixed circle may be referred to, when a distinction is 
desired, as ‘ pericycloids.’ 

Let O be the centre of the fixed circle, C that of the rolling 
circle in any position, J the point of contact, P the tracing point; 
᾿ and suppose that, initially, the other extremity P’ of the diameter 
PCP’ was in contact with A. We take as our standard case that 
in which each circle is external to the other. Let 


OAz=a, CP=b, 410A =0, ZICP’=¢. 


Ρ 


Fig. 81. 
The inclination of CP to OA will be 0+ 6. Hence if we take 
O as origin of rectangular coordinates, and OA as axis of a, we find, — 
by orthogonal projections, that the coordinates of P are 
oe 
y=(a+b)sin 6+ ὁ 81π (θ + ¢), 


* This is the definition as improved by Proctor in his Treatise on the Cycloid, ete. 
(1878). 3 


’ 


τῷ 


at 
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- or, since 


a@=are AT =are P’IT=bd, 0... eee ae (2) 
a= (a+b)cosd+dcos**~ ¢, | 
aie ΠΤ (9) 
y=(a+b)sin 0+ ὃ 51} b 0. 


The epicycloid traced out by P’ is found by changing the sign of ὃ 
in the coefficient of the second terms ; viz. we have 


a+b 
ὀ θ, 


ee i, et Be, κι σν α (4) 
y=(a+b)sin6—bsin “τ ὁ 4 , 


x = (a+) cos 6—b cos 


This has a cusp at A. 


In the above standard case the circles lie on opposite sides of 
the tangent at I. If they lie on the same side, as in the ‘ peri- 
cycloids’ and ‘ hypocycloids,’ we have merely to reverse the sign of 
throughout, the formule corresponding to (3) being then 


2=(a—b) cos -- ὃ cos = ὅ 9 | 
| sstceeese) 
y=(a—b)sin 8 + bein 2%, | 


The verification is left to the reader; see Fig. 82. In the hypo- 
cycloids we have a> 6, in the pericycloids a <6, 


Fig. 82., 
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Similarly, for the locus of P’ we obtain 


b 
α -- ὦ 
b 


To find the eee at any point of an epicycloid, we have from 


(1), since dd/dé = a/b, 
dy _cos0+cos(0+¢) _ 
, i Osean aa) saa (7) 


On reference to Fig. 81, we see that θ- ἐφ 1s the inclination οὗ. 
IP to OA. Hence IP is normal to the epicycloid at P. A similar 
result can be deduced, of course, for the pericycloids and hypo- 
eycloids, from the equations (5). Cf Art. 146. 


Again, from (1), 
da \2 (a+ δ)505 _ 4(a + δ)53 ay 
(i) (82a ronsrntest Moats 


ag 
| εὐ 2(a+)b 
=F gear 


να 


y = (α-- 8) sin θ -- ὃ sin 6, 


or 


cos 16 igen νον ον οδ τὼς (8) 
_4(a+6)b + b)b . 


Hence 


BIA Dy. τοῤυκα εν υξνν οὶ (9) 


no additive constant being necessary, if s=0 for d=0. 


If we denote by ¥ the inclination of the normal JP to OA, we 
have 


+ 2b 
$= 0+46=——— be Boeeessess nae? (10) 
_4(a+b)b . a 
and therefore $= sin op AUG Benesch tative (11) 


The formula (9) has a simple interpretation. It appears from 
Fig. 81 that 7’P = 26 sin 4¢, whence 


8-- 2 5 


ἜΘ Sonor TP «ονοννυνονοννον (12)* 


In particular, the length of - curve from one cusp to the next is 
8 (a+ b) b/a. 


The corresponding results for the pericycloids and hypocycloids 
are easily inferred by changing the sign of ὃ. 


* Newton, Principia, lib. i., prop. xlix. 
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‘The curve traced out by a point of the rolling circle which is not on 
the circumference is called an ‘epitrochoid,’ or a ‘ hypotrochoid,’ as the 
case may be. If & denote the distance of the tracing point from the 
centre of the rolling circle, the expressions for the coordinates a, y in 
the various cases are obtained by writing & for 6 in the coefficients 
(only) of the second terms. 


124. Special Cases, | 


1°. Ifthe radius of the fixed circle be infinitely great we fall 
back on the case of the cycloid. The corresponding equations are 
easily deduced from Art. 123 (1), writing «+a for 2, αθ =bd, and 
(finally) 6 = 0. 


2°, Again, making the radius of the rolling circle infinite, we 
get the path described by a point of a straight line which rolls 
on a fixed circle. The curve thus defined is called the ‘ involute 
of the circle’; see Art. 144. The equations may be obtained as 
limiting forms of Art. 123 (4), or they may be written down at 
once from a figure. We find ‘ 


[ere 1 
y= asin @— a0 οοα 97“ πο τον (1) 


Fig. 83. 
The corresponding trochoidal curve is 


a = (a +h) cos 6+ αθ sin 6, (2) 
y = (a+h)sin 0 + a6 00s 6, voerer err ere a peece 


where h= PQ in the figure, Q being the tracing point. The particular 
case of h =— a gives the ‘spiral of Archimedes,’ see Art. 126. 


3°. If the radii a, b be commensurable, then after some exact 
number of revolutions the tracing point will have returned to its 
original position, and its subsequent course will be a repetition of 
the previous path. In such cases the curve is algebraic, since the 
trigonometrical functions can be eliminated between the expres- 
sions for «and y. Sometimes the equation is more conveniently 
expressed in polar coordinates. 
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Figs. 84, 85, 86 shew the epi- and hypo-cycloids in which the 
ratio of the radius of the rolling circle to that of the fixed circle 
has the values 1, ἀ, 4, respectively. | 


Fig. 84. Fig. 85. 


Fig. 86. 
We proceed to notice in detail one or two of the cases which 
have specially important properties. | 
ἔα. 1. The “ cardioid.’ 
If in Art. 123 (3) we put ὃ =a, we get 
| w= 2acos6+acos26, y=2asin6 + asin 26, 
whence «#+a@=2a(1+cos)cos#, y=2a(1+ cos 6)sin θ. ......(3) 


This shews that the radius vector drawn from the point (— a, 0) as pole 
is given by 
r= 2a (1 + COSA). 0.2 «νον ννννννο νον σσσεσοο (4) 


This is otherwise evident from Fig. 87, p. 302, where 
A'P=2A'N =2(O01 + 4΄ Μὴ. 
_ The corresponding trochoids are given by 
e=2acos0+kcos 20, y=2asin6+ksin 20, 
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Referred to the point (-- ἅν, 0) as pole these formule are equivalent te 
= 2 (G+ C089), cccccceececceceesscerscens (5) 


which is the polar equation of the ‘limacon’ (Art. 127). This equation, 
again, is easily obtained geometrically. 7 


Ρ 


Fig. 87. 
Hx. 2. A circle rolls inside another of twice its radius. 
If in Art. 123 (6) we put ὅ = 4a, we get 
@=BCO8O, Y=O3 ...ἁἀὁεννννννννννοννονον (6) 


t.e. the tracing point on the circumference of the rolling circle traces 
out a diameter of the fixed circle. 


Again, the corresponding trochoidal curve is given by 
w=(b+k)cos6, y=(b—k)sinO, .....c.ccceecs. (7) 


and is therefore an ellipse of semi-axes ὦ +k. Moreover if the rolling 
circle have a constant angular velocity, the motion of the tracing point 
is elliptic-harmonic. | 


These results also follow easily trom geometrical considerations. 
The rolling circle passes always through the centre O of the fixed circle ; 
also, if P be the point of the rolling circle which initially coincides with 
A, the are /P is equal to the are JA. Hence, since the radii are as 
1 : 2, the angle which the are JP subtends at the circumference of its 
circle must be equal to the angle which the are ZA subtends at the 
centre of ὁΐβ circle; that is, OP and OA coincide in direction, and P 
describes the fixed diameter OA. Again, since the angle POP’ is a 
right angle, the other extremity of the diameter PP’ of the rolling 
circle describes the diameter of the fixed circle which is perpendicular 
to OA. Hence P?’ is a line of constant length whose extremities move 
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on two fixed straight lines at right angles to one another. It is known 
that under these circumstances any other point on PJ” describes an 
ellipse. Of. Art. 145, Ex. 1. 


Fig. 88. 
Ex. 3. A circle rolls on the outside of a fixed circle of one-half the 


radius, which it encloses. 

‘The formule (5) of Art. 123 give, for ὃ = 2a, 

7 2 = -- α cos -- 2acos 20, y = -- asin 6 — 2asin 19, 
or #--a=—2a(1+0c0si6)cos 6, y=—2a(1 + cos 36) sin $6....(8) 
If we put θ᾽ = 40+, 


it appears that the pericycloid, referred to the point (a, 0) as pole, has 
the equation 7 
9 = 2a(1L—COS θ΄), ....ceeeeeeecseeeeeenees (9) 


and is therefore a cardioid. 


The connection between this result and that of Ex. 1, above, will 
appear in Art. 150. 


Ex. 4. The ‘ four-cusped hypocycloid.’ 
If in Art. 123 (6) we put ὁ = ja, we get 


x = ξα cos 0 + 4a cos eal 


y = 3a sib θ-- 1α sin 36 Ἐξ a sin® 6, Mecevmane LO) 


from which the curve is easily traced. The Cartesian form is 


This curve is sometimes called the ‘astroid.’ It possesses the 
property that the length of the tangent intercepted between the co- 
ordinate axes is constant. If, in Fig. 89, P be the tracing point, 7’? is 
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the tangent, and it is easily seen that the angle ΟἽ is double the angle 
AOC. Hence HX=207 =a. See also Fig. 125, Art. 145. 


Fig. 89. 


125. Superposition of Circular Motions. Epicyclics. 


The cycloidal and trochoidal curves discussed in Arts. 122—124 
present themselves in another manner, as the paths of points 
whose motion is compounded of two uniform circular motions. 


If an arm OQ revolve about a fixed point O with constant 
angular velocity n, its projections on rectangular axes through Ὁ 
may be taken to be 


C= CCOS Nt, YRCBIN NE, ....ccccccceeceees (1) 


where c= OQ, provided the origin of ¢ be suitably chosen. If 
another arm OQ’ revolve about O with constant angular velocity 
η΄, starting simultaneously with OQ from coincidence with the 
axis of x, the projections of OQ’ will be 


x=ccosnt, Y=C' SIN NE, .....«ὐνννννννννον (2) 


where c =OQ. If we complete the parallelogram OQPQ’, the 
vector OP will represent the geometric sum of OQ and OQ’, and 
the coordinates of P will be 


* If the parallelogram OQPQ’ consist of four jointed rods, and if 0Q, OQ’ be 
made to revolve at the proper rates about O, the distance of P from any fixed line 
through O will represent the sum of two simple-harmonic motions of periods 
2x/n, 2r/n’. This is the principle of Lord Kelvin’s ‘tidal clock,’ which performs 
mechanically the superposition of the solar and lunar tides, 
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said to be ‘direct’; if they have opposite signs it is said to be 
‘retrograde,’ 


Fig. 90. 


Figs. 91—94 shew some specimens of direct and retrograde 
epicyclics *. 


φ» (9 


Fig. 91. Fig. 92. 
Fig. 98. ‘Fig, 94. 


* The variety of such figures is of course endless. Enpicyclics are easily described 
mechanically with a lathe; a number of very interesting diagrams obtained in this 
manner are reproduced in Proctor’s treatise cited on p. 297 ante. 


L. I. Cc. : 20 
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Since the path of P may be equally well defined as that of a 

oint moving in a circular orbit relatively to a point Q which 

itself is in uniform circular motion about O, we see that every 
epicyclic can be generated in two distinct ways. 


It is evident that every epi- or hypo-cycloid, and (more 
generally) every epi- and hypo-trochoid, 1s an epicyclic, since if 
the rolling circle has a constant angular velocity its centre C will 
describe a circle uniformly about O, the centre of the fixed circle, 
whilst the radius CP which contains the tracing point P has a 
uniform rotation about C. See Figs. 81, 82. , 


Conversely, it may be proved that every epicyclic is either an 
epi- or a hypo-trochoid: more particularly that every direct epi- 
cyclic is an epitrochoid, and every retrograde epicyclic is a hypo- 
trochoid. This may be shewn by a comparison of (3), above, with 
the results of Art. 123. A simple geometrical proof will be given 
later (Art. 150), in connection with the theory of the “instantane- 
ous centre.’ : | 

The connection of the direct and retrograde epicyclics in Figs. 91—94 
with the four-cusped epi- and hypo-cycloids will be apparent. 


Epicyclics played a great part in ancient Astronomy. If we ignore 
the eccentricities and inclinations of the planetary orbits, the Sun, may 


be regarded as describing a circle round the Earth, and any other planet. 


describes a circle in the same plane about the Sun. The path of the 
planet relatively to the Earth is therefore an epicyclic. This was the 


accepted view of the matter from the time of Ptolemy down to the 


sixteenth century, when it was gradually superseded by the simpler 
mode of describing the phenomena discovered by Copernicus. 


The relative orbits of the planets have loops, as in Fig, 91. This 
accounts for the ‘stationary points’ and ‘retrograde motions,’ which 
were in fact the occasion of Ptolemy’s invention of epicyclics. 


The orbit of the moon relatively to the sun, on the other hand, 
though an epicyclic, has no loops ; it is, moreover, everywhere concave 
_ inwards. 


Ex. 1. Τῇ the angular velocities of the component circular motions 
are equal and opposite (n’ =— 1), we have | 

i w=(c+e)cosnt, y=(c—c’) sin nt,.............00000(4) 
so that the resultant motion is elliptic-harmonic. In the particular 
case of σ΄ = c, the ellipse degenerates into a straight line. ° 

This example is of importance in Physical Optics. 


Ex. 2. The special form assumed by an epicyclic when σ΄ =c may 
be noticed. 


‘The equations (3) then become 
x= 26 cosi (n+n')t. cos} (n—n’')é, 
y= 2csin}(n+')t.cosg(n—n’) ὁ, } 


e 
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or | τ 0086, y= 97 sin, ..........ccscccsecceees (6) 
. ee ; n—n 
where θ--} (πα τηνὲ, r= 26 οο8---- 6. eee) 
The polar equation of the curve is therefore of the form Ξ 
ΞΕ α 05 MI, ........ 0. cc τυ οοονονυ νος (8) 


where m $1, according as the epicyclic is direct or retrograde. 
Figs. 92, 94 on p. 305 correspond to the cases m=2, m=2, re- 
spectively. | | 
126. Curves referred to Polar Coordinates. The Spirals. 


There are several curves of interest whose equations are most 
conveniently expressed in polar coordinates, We begin with the 
‘spirals,’ 


1°, The ‘equiangular spiral’ is defined by the property that 
the curve makes a constant anglé with the radius vector. 
. _ Denoting this angle by a, we have, by Art. 63, 
ὍΔ St COU Ci οὐ νου ξυνευνὰ νος εν (1) 


r 
dé 


τὰς 


Fig. 95. 


As @ ranges from — © to + 0,7 ranges from 0 to 0. See 
Fig. 95. 


20—2. 
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Since by Art. 112, we have dr/ds=cos a, it appears that the length 
of the curve, between the radii 7,, 74» 18 | 7 


"Od =(t—1) sec a. ἘΠ (9), 


1d 


9°, The ‘spiral of Archimedes’ is the curve described by a 
point which travels along a straight line with constant velocity, 
whilst the line rotates with constant angular velocity about a fixed 


point in 1. 


In symbols, r=ut, 6=nt, 
whence ἐπ Ὁ swuseebeueeueewse eee secaeeeede (4) 
if a=u/n, | 
aa ~~, 
eo a 
ra Ne 
Ζ Ν 
e “Ὁ Ἰὼ ὟΝ Ν 
7 ,.2 δος. ὟΝ 
» 


wo. 
ὟΝ 
= am 


Fig. 96 shews the curve. The dotted branch corresponds to nega- 
tive values of 6. Another mode of generation of this curve has been 


explained in Art. 124. ς 
3°. The ‘ reciprocal spiral’ is defined by the equation 
i ἘΞΑ ΘΙ οὐρενυν ς φρο τὸ ὀδάθθνος .(5) 
If y be the ordinate drawn to the initial line, we have 


y=r sin θ- απ, 


As θ approaches the value zero, r becomes infinite, but y approaches the 
᾿ finite limit a. Hence the line y =a is an asymptote. 
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The dotted part of the curve in Fig. 97 corresponds to negative 
values of 0, 


222285828 Geeww.w om Tere 


Fig. 97. 
127. The Limacon, and Cardioid. ᾿ 
If a point O on the circumference of a fixed circle of radius 4a 


be taken as pole, and the diameter through Ο as initial line, the 
vadius vector of any point Q on the circumference is given by 


P= O08 Ὁ τοὶ φύρτοξοίοα νοις ξεν ...(1) 


Fig. 98. 


310 INFINITESIMAL CALCULUS [CH. ΙΧ 


If on this radius we take two points P, P’ at equal constant 
distances c from Q, the locus of these points is called a‘limagon.’ | 
Its equation is evidently 3 | 

| roe T= WCOBO+E, ccrcccscccccecerecees (2) 
This includes the paths both of P and of P’, if θ range from 0 to 27. 

If c<a, the curve passes through O when 
θ = cos™? (—c/a), 
and forms a loop. See the curve traced by the points P,, P, in 


Fig.98. Ifc>a,r cannot vanish ; see the curve traced by Ps, Yor 
in the figure. | 


In the critical case of c =a, the loop shrinks into a cusp. The 
locus is now called a ‘cardioid’ or heart-shaped curve. Its 
equation 18 

7 ((] -Ἐ 608 66). ....06ι ον νονν νου σοοσσοον (3) 
See the curve traced by P,, P,’ in the figure. Also Fig. 84, p. 301. 


128. The Curves 75 -Ξ a" cos ηθ. 
A number of important curves are included in the type 
x” =o A COSNG, © .icccaseereessens ἘΠῚ (1) 


The curves corresponding to equal, but oppositely-signed values 
of n, are ‘inverse’ to one another; see Art. 130. 


Thus if n= + 1, we have the circle 


: r=ao0s@ ............ ἐδ δ τον Φ πεῖ ὐυλι (2) 
and the straight line | | 
an PCOS O = Oy. ολὺὺουκυνυλ λιν νῶν ὡς ὀδομῇ (8) 
If n = + 2 we have the ‘lemniscate of Bernoulli’ 
| γ3 = αὐ C08 20, ........0006 wad δυο ννς (4) 
and the rectangular hyperbola | 
| 1 608 20 =. ...6ἀ6οννννον ΤΥ (5) 


The equation (4) makes r real for values of 0 between + ja, imagi- 
nary for values between ἀπ and ὅπ, and so on. Also 7? is a maximum 
for 6=0, θ--π, etc. It follows that the lemniscate consists of two 
loops, with a node at the origin. See Fig. 106, p. 321. . 

If n= + 4, we have the cardioid . 
τὲ -- αἷ cos 40, or τΞΞ ξα (] - 608 0), «........ (6) 
and the parabola 


4 —ai gee! = 
γ 5 008 ἀθ τε αἴ, or ΓΞ τοαθ᾽ 5 ΣΝ 
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Tf we differentiate (1) logarithmically, we find, if ¢ denote the angle 
between the tangent and the radius vector, 


1 dr | 
cot φ = Ἢ ao = -—tan ηθ, eer eee ee rer (8) 
or p= am + 70. TT eT STE ee ee ee (9) 


The student should examine the meaning of this result in the various 
special cases mentioned above. | 

129. .The Tangential-Polar Equation. 

If p be the perpendicular from the origin on any tangent, and 
r the radius vector of the point of contact, p will in general be a 


function of r. The equation expressing this relation is called the 
‘tangential-polar’ equation of the curve. 


If the ordinary polar equation be given, the tangential-polar 
equation is to be found by eliminating θ and ¢ between the 
formulze | | 

p=rsin ¢, 1H = cot ᾧ ἜΤ 4) 
(for which see Art. 63) and the given equation. | 
From (1) we obtain . 
11 1 Ρ1 κίγλ' 
τ ᾿Ξ toot $)= Ἐ (29) - ces (2) 


It is occasionally convenient to employ the reciprocal of the 
radius vector instead of the radius itself If we write 


1 du 1dr 7 
| bee we have dé. r*dé’ Tere ee ee (3) 
and the formula (2) takes the shape τὰ 
1 ς, (du? 
Ὁ» =u’ + (2) © οοοοιοοοοοοδοοτοοσοσονου (4) . 


It is important, with a view to some applications in Dynamics, 
to notice that if the tangential-polar equation be given, say 


% p=f (r), ἜΝ (5) 
the curve is determinate save as to orientation. For we have 
Can OR apy gaeedediuemeadn (6) 
dr 7 
whence | θ--α =| om ee eer (7) 


A variation of the additive constant a has merely the effect of 
turning the curve bodily through an angle about O. 


“ 
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Ex. In the equiangular spiral, we have 


DSF SUNG: Bass isis ον να θεν κονοο (8) 


Ex. 2. In the circle P= DOSING οὐλοτουὈ i iretescecucs was ee (9) 
_ we have, as in Art. 63, @=0, and therefore p/r = r/2a, or 
P = γ3[2α. »Φιοοοοονοονφοερουοοσοοϑφοσοοοδθο (10) 
Ex. 8. In the parabola ‘ 
r= ὦ sec? 10, ΉΉΝΝ ΠΝ (11) 
where the focus is the pole, we find ¢=}7—39, p=rcos 40, whence 
| POM a abssicusase ohseave fonts: (12) 


This is a well-known property of the curve. 


This example, like the preceding, is included in a general result 
embracing all curves of the type 


r* = a* cos n0. eT ne Cn 
By Art. 128 (9) we have 
p=rsin =r cos nd, ......... Peereereritrere (14) 
whence, eliminating 6, | 
Ὁ ΞΕ ΎΕ αἷς ύωφες οἰ λένὰς ΠΝ (15) 
Thus in the case of the cardioid (n = 4), we have 
PSP O. wuiciesliterelosiason (16) 


Ex. 4, The tangential-polar equations of the central conics may 
be given here, as they are sometimes employed in Dynamics, although 
the proofs do not require the use of the Calculus. 


First let the origin be at the centre. The Cartesian equation of 
the conic being πον 


we have, if £ be the conjugate semi-diameter, 


pB=ab, and β5- γ3- 5 a4, oes (18) 
by known properties of central conics, Hence 
a*h? se atates 
aoa. se asinawmbuanenosine ...(19) 
In the particular case of the rectangular hyperbola we have 
| P= Gy ευλοος ον ἐεν Δὸν ον τὸν ἀν ξὰ δὴν (20) 


since B=r. This is also obtained by making n =— 2 in (15) above. 


Ex. 5, Again, taking a focus as pole, let us denote the perpendicular 
and radius vector corresponding to the other focus by p’ and 7’, Since 


΄ 
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the tangent makes equal angles with the two focal radii, we have 
 p[r=p'/r’, and therefore 


Now pp’ = δ, and, in the ellipse, r+r'=2a. Hence, for this curve, 
p/r = b/(2a—7), 
or, if 7 denote the semi-latus-rectum (57/a), 


ἐ 2 1 
p = r = a SORES OPC OHO EEO OES OHESEE TED OEE (21) 
In the hyperbola, we find 
ἶ 21 
pap == + τ Ἢ + a’ ean reece erenes* see age eesece (22) 


the upper sign relating to the branch nearest to the origin, the lower 
to the further branch. 
Ex. 6. To find the curve in which 
ρ- τ αν, oo. ccc ccc eveccececcedeceveoocons (23) 
Substituting in (8), and integrating, we find 


a= (a =}sin- © 
| ed Ct, a ane 
or 7? = a? Sin 2 (0 —G),....cercscsecees ..9.....(24) 


‘a lemniscate. 


130. Related Curves. Inversion. 


There are various geometrical theories in which one curve is 
associated with another connected with it by a definite relation. 


A simple instance is that of ‘inversion.’ 


If from a fixed origin O we draw a radius vector OP to any 
given curve, and in OP take a point P’ such that 


OP OP HIB, «οννννννννννον ere (1) 


where k is 8 given constant, the locus of J” is said to be the 
" <inverse’ of that of P. The point O is called the ‘ centre, and 
k? is called the ‘constant,’ of inversion. 


GQ’ 
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A curve and its inverse make supplementary angles with the 
radius vector. For if P, Q be the consecutive points of a curve, 
and P’, Q the corresponding points on the inverse curve, we have 
OP .OP’ = 0Q. OQ’, and therefore 


OP :0Q=00': OF. πππππ 


Hence the triangles POQ, Q’OP’ are similar, and the angles OPQ, 
OPQ are supplementary. In the limit, when Q is infinitely close 
to P, these are the angles which the respective tangents make 
with the radius vector. 


It follows that if two curves intersect, the respective inverse 
curves will intersect at the same angle. In particular, orthogonal 
curves invert into orthogonal curves. | 

It is proved in books on elementary Geometry that the inverse 
of a circle is a circie, except in the particular case where the 
- centre of inversion is on the circumference, when the inverse locus 
becomes a straight line. | ; 

_ There are various devices by which the inverse of a given curve 
can be traced mechanically. ὡ 


1°. Peaucelher’s Linkage. 


This consists of a rhombus PAQB formed of four rods freely 
jointed at their extremities, and of two equal bars connecting 
two opposite corners A, B to a fixed pivot at 0. | 

It is evident that, whatever shape and position the linkage 
assumes, the points P, Q will always be in a straight line with Ὁ. 
If N be the intersection of the diagonals of the rhombus, we have 


OP. 0Q = ΟΝ" ~ PN*= 0A? ~ AP*= const. ......(1) 


A 2 A 


= : 8 
Fig. 100. 
Hencé if P (or Q) be made to describe any curve, Q (or P) will 
describe the inverse curve with respect to O. | ΝΣ 
In particular -if, by a link, P be pivoted to a fixed point S, 
such that SO=SP, the locus of P is a circle through O, and 


consequently the locus. of Q will be a straight line perpendicular. 
to OS. This gives an exact solution of the important mechanical 
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problem of converting circular into rectilinear motion by means 
of link-work. : 


2°. Η art's Linkage. ) 
This consists of a ‘crossed -acbileloprain® ABCD formed of 


a® 
oo" 


Fig. 101. 


four rods jointed at their extremities, the alternate sides bein 
equal. A point 0 in one side AB is made a fixed pivot, and P, 
are points in AD and BC such that 


AP: PD=CQ:QB=A0: OB,=m: Nn, say. 


Evidently O, P,Q will lie in a straight line parallel te AC and 
BD. lf Η, K be the orthogonal projections of A, Οὐ on BD, and 
N be the middle point of BD, we have 


AC.BD=2NH .2NB = DH*— BH*= AD*— AB» 


Now OP: BD=A0:AB=m:m+n, 
and ee 7m +n. 
Hence OP .0Q aay τ τ’ (AD? — - AB) = const. ...... (2) 


"Hence P and Q describe inverse curves with respect to O. 


As before, by connecting P to a fixed pivot S by a link PS 
equal to SO, we can convert circular into rectilinear motion. 


131. Pedal Curves. Reciprocal Polars. 


If a perpendicular OZ be drawn from a fixed point O to the 
tangent to a curve, the locus of the foot Z of this perpendicular 
is called the pecel of the original curve with respect to the 
origin O, | 
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Thus: the pedal of a parabola with respect to the focus is the tan- 
gent at the vertex. The pedal of an ellipse or hyperbola with respect 
to either focus is the ‘auxiliary circle.’ 


_- If OZ=p, and if w be the angle which OZ makes with any 
fixed straight line, then p, Ψ' may be taken to be the polar coordi- 
nates of Z with respect to O as pole. Hence if the relation be- 
tween p and y can be found, the polar equation of the pedal can 
be at once written down. | 


The angle which the tangent makes with the radius vector 
at corresponding points is the same for a curve : 
and its pedal. For let OZ, OZ’ be the perpen- 
diculars from O on two consecutive tangents 
PZ, PZ’, and let OU be drawn perpendicular 
to ZZ’ produced. The points Z, Z’ lie on the 
circle described on OP as diameter. Hence 
the exterior angle OZU of the quadrilateral 
ΟΖΖ'Ρ is equal to the interior and opposite 
OPZ’. In the limit these are the angles which 
OZ and OP make with the tangent to the pedal, 
and with the tangent to the original curve, re- 
spectively. 


δ τ 
‘ Also, by similar triangles, we have | Fig. 102. 


OU : OZ =O! : ΟΡ. vesesssssessreseseees (1) 


Hence if r be the radius vector of the original curve, p the 
perpendicular from O on the tangent, and p’ the perpendicular 
from Ὁ on the tangent to the pedal, we have, ultimately, 


| yp |p = pir, ΟΥ μ΄ -Ξ ρ"}7. ....οοοοοος....... (92) 
Again, if ΟΖ’ meet PZ in N, we may write 
OZ=p, ΟΖ’ --ρ-- ὃ», 42ΖΟΖ’' -426}Ζ' -- ὃψ. 
Neglecting small quantities of the second order, we have 
_ Sp = NZ! = PZ’. ὃψ. 


Hence, proceeding to the limit, when PZ’ coincides with PZ, we 
obtain an expression for the projection of the radius vector on the 


tangent to a curve, viz. 


- PRE, sesh (8) 


This result enables us easily to solve the problem of ‘negative 
pedals,’ viz. to find the curve having a given pedal. Taking O as 
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origin, and the initial line of as axis of a, the coordinates of the 
point of contact P are given by — 


we=O0Zesy~—ZP siny, y=OZsn ψ - ZP cos, 


or = peos p— 22 sin y, 
pd ΠΟ (4) 
y= =psiny + 2 hake 
Ex. 1. If the origin be at the centre of the conic 
| a? 8 
Ee ee ee 


and y be the angle which p makes with Ox, it is shewn in ὙΕῚ on 
Conic Sections that : 


»"- a* cos* y+ Ὁ Gini,  cccceccecssecossavees (6) 
Henee the polar equation of the pedal is : 
γ3 = αὐ cos? O + δ5 sin? θ. ...... «ον νον ννονον ΠῚ 
In the case of the rectangular hyperbola 
a BP eich aes tckseeseeganese ......(8) 


the pedal is the lemniscate 
P79 = αἴ ΟΝ ZO, — cencrcccccccccersogerencccs (9) 
‘Ex. 2. In the case of a circle of radius a, the sale 0 being ata 


distance ¢ from the centre C, and the line OC being the origin of y, we 
have at once from a figure 


PHADACCOKB YW, crccccsecccccecccecssecs (10) — 
Hence the pedal is the limagon 
T= BEC COD, ...cceeeerees waisceaguednaes (11) 


If O be on the circumference, we have 6-- ἃ, and the pedal is the 
cardioid 


7 = B(14+ C089).  .ccccccccrsrcreccencores (12) 
Ea. 3. To find the curve whose pedal is the cardioid 
P= ὦ (1 -᾿ 005 θ)..  .crssescercrceecscvorece (18) 


Writing | P=a(L+COBW), ... .ονονονονονονοννενοον (14) 
the formule (4) make | 
w=acosy+a, y=asiny, 
whence “ (ὦ -- GP + YHA, crrerererreceevece ......((16) 
a circle through the origin. 
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The locus of the pole of the tangent to a curve S, with respect 
to a fixed conic Σ᾿, is called the ‘reciprocal polar’ of S. It is proved 
in books on Conics that if S’ be the locus of the poles of the tan- 
gents to S then S is the locus of the poles of the tangents to 3". 
This explains the use of the word ‘reciprocal.’ 

We shall here only notice the case where the fixed conic & is 
a circle. If O be the centre of this circle, and & denote its radius, — 
᾿ the pole 2” of any tangent to the curve S is found by drawing ΟΖ 


Oo 
Fig. 103. 
perpendicular to this tangent, and by taking in ΟΖ a point P’ 
such that , 
: OF OP πέσ: (16) 


Hence the reciprocal polar is in this case the inverse of the pedal 
of the given curve, with respect to the pomt O. 

_ By the reciprocal property above cited, the original curve must 
be the inverse of the pedal of the locus of P’. This is easily 
verified; for if P be the point of contact of the tangent to the 
original curve, and if OP meet the tangent to the locus of P’ in 
Z’, the angles OP'Z’ and ΟΖ will be equal. Hence OZ'P’ ig 
a right angle, and Z’ traces out the pedal of P’. ‘And, since 
PZPZ’ is ἃ cyclic quadrilateral, we have 

ΟΡ. ΟΖ'- ΟΖ. ΟΡ -τᾷῖῖβ. .......... .....(17) 


Hence P describes the inverse of the locus of Ζ΄, 
Ex. 4. The reciprocal polar of a circle with respect to any origin 
is a conic having the origin as focus. 
As in Ex, 2, the formula for the pedal of the circle is 
_ P= α - CCOBY, ....ccceccccccascoccccceces (18) 
Writing 0 for y, and 4*/r for p, we get the equation of the reciprocal 
polar in the form | ' 
| ἀβ θ 
7 Tate cos γον φιοιθνν ἐνὸς ἐν ο έν νούσων (19) 
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which represents a conic, having its focus at the origin, of eccentricity 
c/a. Hence the conic is an ellipse, parabola, or hyperbola, according 
ag the origin is inside, on, or outside the circle. 


Ex. 5, The pedal of the conic 


«2 2 
tha), ΠΡ (20) 
with respect to the centre, is given by 
τ᾿ pr=arcosty + Daim ψ. .......c cece ween (21) 
Hence the reciprocal polar is | 
| = = a? cos" O + B*sin?O, ......ὅ«νννννννννν, (22). 
or aatt δου =, ροὶει οξκι ra Scie Suerte (23) 


-a@ concentric conic, 


132. Bipolar Coordinates. _ 
A curve may be defined by a relation between the distances 
(r,r’) of any point P on it from two fixed points, or foci, S, δ΄; thus 
ΝΕ Ct ol eee geese (1) 


If we denote the angles PSS’, PS’S by. 4, θ΄, respectively, and 
the angles which the radii r, τ΄ make with the tangent by ¢, ¢’, we 
have, as in Art. 112, 


dr | dr’ p 

‘ade = COs φ, as = cos q, | (2) 
pe aging ' foe sin : | 

d. ; ds 


We have, in addition, the relations © 
rsnO=r'sin@, rcos0+7' cos θ΄ τ 25, ......(8) 
where 6 - 55. 
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fiz 1. In the ellipse we have 


T+r= 2a, COC e reser ene sercceeecccecccees (4) 
, dr dr 
and therefore ata 0, | 
that is, cosP+cos@’=0, or ᾧ' --π -- ᾧ. wrcccccescccees (5) 


The focal distances therefore make supplementary angles with the 
curve. : | 


Similarly, in the hyperbola, 

3 EES 1 SOG. cas stiv νος ἐν οἰ φρο ος λον 16} 
we πὰ | COS ᾧ = 008 Py -..ννννν νον ἐνονου νον σον νον (7) 
θν the focal distances make equal angles with the curve on opposite 
sides, 


Ha. 2. To find the form which a reflecting or refracting surface 
must have in order that incident rays whose directions pass through 
a fixed point S may be reflected or refracted in directions passing 
through a fixed point S’. 


The case of reflection is merely the converse of Ex. 1. The surface 
must have the form generated by the revolution of an ellipse or hyper- 
bola about the line joining the foci (S, S’). 


In the case of refraction, we have, if μ᾽ and p’ be the refractive 
indices of the two media, : | | 


μ 81} X= μ' Βη Y', ..0ννονονονοννοσοονον ...(δ) 
where X=+ (7-9), χ Ξ αὶ (ξπ-- P'). .«οὐνὐνεννννννννν (9) 
Hence #2 COS bt μ' COB P'=0, oo... cece cece scenes (10) 
or 2 | £ ν᾽ ἘΠ oe 5 ARE ee a ere ne (11) 
Integrating, we have . 

pr + pr’ =const. ....... eer .. (12) 


__ These curves, in which the sum (or difference) of given multiples of 
the two radii is constant, are called ‘Cartesian ovals,’ after Descartes, 
by whom the optical problem was first discussed. 


When the lower sign in (12) is taken, the family includes the cirele 


| | TP Slee wae εν ρους ὙΠῸ (18) 
See Fig. 105. 
Hw. 3. The ‘ovals of Cassini’ are defined by 
PE MARS “a cistautetscepssiastosates ..(14) 


ἦς being a given constant. Since for a point P in SS’ the greatest 
value of rr’ is ct, it follows that the curve will consist of two detached _ 
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ovals surrounding S, 5’, respectively, or of a single oval embracing both 
points, according as ὦ < ¢, 


Fig. 105. 


In the critical case of k=c the curve is known as the ‘lemniscate 
of Bernoulli’; this presents itself in various mathematical problems. 
If O, the middle point of S’S, be taken as pole, and OS as initial line, 
of a system of coordinates r,, 0,, we have 


=r! τ οἷ — 2ογ) 608 θ), r2=1,2 + c2+ 207, cos 6,3 
the equation of the lemniscate is therefore 
(συ + c*)*— 4c7r,? cos? 0, = ef, | 


which reduces to . 
Wi = 26" O08 θεν. anstiesincecdeke este. (15) 


Cf. Art. 128. 


Fig. 106. 
L.1 0. ᾿ 21 
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Ea. 4. The magnetic curves. 


If S, S’ be the N. and 8. poles of a magnet, the forces at any point 
P may be represented by μιν along SP, and p/r? along PS’. A ‘line 
of force’ is a line drawn from point to point always in the direction of 
the resultant force. Expressing that the total force at right angles to 
the line is zero, we have 


sings sin ¢ = 
sing + τα 8in > = 0, 
1 4ἀθ 1 αθ' | 
or ry ae r ‘ds = . Φουδοδροιειυ "νϑι θθοδοοφοσοθοο (16) 


Hence, since r sin θ = γ΄ sin 6’, we have 


ἐκ eee ee 
sin 6 τ + sin 6 Je = % 
or cos 6 + cos θ' = const.  ....e.seeeeeeees ....(17) 


An ‘equipotential line’ is a line such that no work is done on a 
_ magnetic pole describing it. Expressing that the total force in the 
direction of the line is zero, we find 


E cos $ — ἐς cos ¢' = 0, 


r” 
Ldr 1dr ἢ 
or. εν τ aa! οὐδοό κου διὸ οδιοοιον νὸς σού (18) 
ΕἾΝ ΒΡ | (19) 
καὶ γ == CONS, sees ονινιυςζιιύςςτς ὐ ewesass 


The equipotential lines will necessarily cut the lines of force at right 
angles. | | 


i EXAMPLES. XLII. 


(Algebraic Curves.) 


1. Trace the curves 
φβτ 45 (1 --οἡὐ, y=atos+l, 
2. Trace the curve 
ay’ =x" (a—2), 
and shew that it forms a loop of area ,8, a. 
Find where the breadth of the loop is greatest, 


Ἔ, 
| 
arg 
a? 


3. Trace the curve 
| aty? = a (a? — οὖ), 


and shew that it forms two loops, each of area 3a%, 
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4. Trace the curves 


γῇ -- α(ω"-- 1), y=2%(1—2), 


5. Trace the curve 
aty? = αὐ (a? — οἷ), 
and ΕΞ that it encloses an area dra’, 


6. Trace the curve 
aty! = αὐ (a? — αὐ ) 
and shew that it encloses an area Sa’. 


ἡ. The length of an arc of the curve 


/ | ay’ = oe 
(Fig. 70), from the vertex to the point whose abscissa is a, is 
: : 
δῇ jacvre - 


8. The mean centre of the area included between the curve 
ay’ = αὐ and the line α -- is at the point (SA, 0). 


9. If the curve ay?=2* revolve about the axis of x, the volume 
included between the surface generated, and any plane perpendicular 
to the axis, is one-fourth that of a cylinder of the same length on the 
same circular base. 


10. Trace the curves 


1 1 
a eal (1 -- α)᾽ 


ll. The area included between the curve 


(Fig. 72) and its asymptote is πα". 
If the same curve revolve about its asymptote, the volume of the 
solid generated is 47’a°. 


_ 12. Trace the curves 


a+] ot — 1. 
y ae et y ΞΞ met 

18. Trace the curves 
+1 α᾽ --Ἰ 


14, Trace the curves 
x δ 
Ὑ παρα Ve 


Determine the maximum and minimum ordinates (if any), and the 
points of inflexion. 
91. .9 
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15. The area included between the curve 
ot 
Yona 
(Fig. 74) and its asymptote is $a’. 
If the same curve revolve about its ee dad the volume of the 
solid generated is }1’a*. 
16. Trace the curve 
a aa 
Y ~ G4 a 
and shew that the area included between its two branches and either 
asymptote is 2a’. 
17. Shew that the area included between the curve 


(Fig. 73) and its asymptote is ἢ (+ 4) a’, 
18. Trace the curve 
y* = a? — oe? 


and shew that the area included between the curve and either 
asymptote is $a’. 


19. Trace the curve 7 
2 
and shew that it forms a loop of area } (7 — 2) αἷ. 
20. ‘Trace the curve 
y= %, (2a —2) (@—a) 
and shew that it encloses an area $7ra*. 
21. Trace the curve 
y= = (aw b)* - οἷ. 
22. Trace the curve 
ατεξ-- ἰδ y=1-4, 


for real values of ¢; and prove that it forms a loop of area 4%. 
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EXAMPLES. XLIII. 
( Catenary, Cycloid, ete.) 


1. Prove that, in the catenary y = c cosh a/c, 
= -- οἷ. 
2. Prove that the catenary is the only curve in which the perpen- 


dicular from the foot of the ordinate on the tangent is of constant 
length. 


3. Of all the catenaries which pass through two given points at 
the same level, and have their axes vertical, shew that there is one. 
in which the depth of the directrix below the given points is a 
minimum. 


Also prove that in this catenary the tangents at the given points 
meet on the directrix. 


‘ If 26 be the distance between the given points, the depth of the 
directrix is bsinhw, the arc of the curve is ὁ (sinh x)/u, and the 
inclination to the horizontal at the given points is cos~'(sech «), where 
τι is the positive root of u tanh u=1. 


4. The coordinates of any point on the tractrix may be expressed 
in the forms 
a=-a(u—tanhu), y=asech u, 


where & is a variable parameter. 
5. Prove that, in the tractrix, 
y = ae 96, 
the arc s being measured from the cusp. 


6. The volume of the solid generated by the revolution of the 
tractrix about its asymptote is g7a". 


The surface of the same solid is 4παἷ. 


7. ΤΕ the coordinates of a moving point be 
x=acoshni, y=bsinh ni, 
where ¢ is the time, the path is a hyperbola, and the velocity varies as 


the length of the semi-conjugate diameter measured up to its inter- 
section with the conjugate hyperbola. 


Also shew that the area swept over by the ‘radius vector increases 
uniformly with the time. 


8. The area of either loop of the Lissajous’ curve 
a=asin2(nt—«), y=bcosné 


is $ab cos 2ε. 


AY 
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9. Prove that the Lissajous’ curve 
xz=acosnt, y=6cos 3 ϑηΐ 


consists of part of the curve 
ie Cece ) 
y= (45-3). 


10. If, in the cycloid, the rolling circle has a constant angular 
velocity, the velocity of the tracing point P is proportional to the 
normal JP (see Fig. 79). 


11. The volume generated by the revolution of a cycloid about its 
base is 57%a*, if a be the radius of the generating circle. 


Trace this curve. 


The surface of the same solid is 54a’. 


| 12. The portion of a cycloid between two consecutive cusps re- 
volves about the tangent at the vertex; prove that the area of the 
surface generated is 327ra°. 


Also prove that the volume included by the above surface and the 
planes of the circles described by the cusps is πα, 


13. The volume generated by the revolution of a cyoloid about its 
axis is 2 (9π8-- 16) za’. 


14. The surface of the same solid is 8 (3m — 4) 7a’. 


15. The mean centre of the arc of a cycloid, from cusp to ou is 
at a distance 4a from the base. | 


| 16. The mean centre of the area included between a cycloid and 
its base is at a distance $a from the base. 


17. .Prove that, in the curve 
gt+yt=al, 
the intercepts made by the:tangent at any point on the coordinate 


axes are a® at, at y*, respectively. 


Hence verify that the length of the tangent enteroepted: by the 
axes 18 consent 


18. Prove, from the equations 


a=acos’é, y=asin'd, 
that, in the astroid, 


ἂν = 8α 5ἷπ 6 cos 8, 


. dé 
and thence that the whole length of the curve is θα. 


19. Prove that the area of the astroid is $7a*. 
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20. The volume generated by the revolution of the astroid about 
the line joining two opposite cusps is tog πα. 
21. The length of a quadrant of the curve 
z=acos*#, y=bsin' 6, 
is | (a* + ab + b?)/(a + ὃ). 
The area enclosed by the same curve is ὅπαδ. 
22, The whole perimeter of an n-cusped epi- or hypo-éycloid is 
8(n +1) Ἢ 
γι 


where a is the radius of the fixed circle. 
23. Sketch the curve obtained by compounding two uniform 
circular motions when the radii of the circles are equal, but the 


periods slightly different, (i) when the rotations are in the same 
direction, and (ii) when they are in opposite directions. 


24, Prove that in an epicyclic the tangent line cannot pass through 
the centre unless ne < n'c’, where c is the greater of the two quantities 
6, ο΄. (Art. 125.) . 


25. Prove that the length of a complete undulation of the 
trochoid | 


x=a0+ksin@, y=a—kcos 0 
is equal to the perimeter of an ellipse whose semi-axes are a + k, a—k. 


EXAMPLES. XLIV. 
(Polar Coordinates.) 


1. Prove that all equiangular spirals of the same angle are identi- 
cally equal. 


2. Prove that in an equiangular spiral of angle a the area swept 
over by the radius vector (7) is : 


4 (γῇ — 7,7) tan a, 
where 7.» 7 are the extreme values of r. 


3. Prove that in the spiral of Archimedes the angle (¢) between 
the tangent and the radius vector is given by 
a 


ees Tae 


4. Prove that in the reciprocal spiral the area swept over by the 
radius increases proportionally to the radius. 
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5. Shew that all chords drawn through the pole of a cardioid are 
of the same length. 
Does the same hold of the limacon ἢ 
6. The area of the cardioid 
x = a (1 + cos 6) 
is ὅ πα. 
7. Trace the curve 
r =a+ 2a cos 0, 
and prove that the area of the inner loop is °5435a%, 


8. Prove that, in the — 


et, ee 1 
᾿ = 2a cos 16, 


and thence that the whole perimeter is 8a. 


9. The volume generated by the revolution of the cardioid about 
its axis is $a", 


10. Prove that, in the cardioid, the maximum breadth (perpen- 
dicular to the axis) is 2,/3a, and that the double tangent cuts the axis 
at a distance }a from the pole. 


11. Find the maximum ordinate, and the minimum abscissa, in 
the limagon | 
r=acosb+e, 


12 The area of the limacon 
r=acos) +6, 
when 6» a, is (ce? + $07). 


13. Prove geometrically that if two straight lines, touching two 
fixed circles, make a constant angle with one another, their inter- 
section traces,out a limagon. _ 


14. The whole area of the lemniscate 


< r* = αϑ cos 26 
is a*, 


15. The perimeter of either loop of the same curve is 


κ᾿ ao 
J = 2 sin? 6)" 


Prove that, in the notation of elliptic integrals (Art. 111), this is 


equal to 
J2aF, (3). 
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16. The mean centre of the area of either loop of the lemniscate 
is at a distance 4,/27a from the pole. 


17. Shew that the area included by one loop of the epicyclic 
¢=asin md | 

‘is wa?/4m. | 

18. Trace the curve 7? = a® cos 0. 

19. Prove the following properties of the ‘solid of greatest 


attraction’ (viz. the figure generated by the revolution of the curve 
γ3 -- αὐ cos 6 about the initial line) : : 


(1) The volume is ;;7a° ; 

(2) The greatest breadth is 1:2408a, at a distance -4389a * 
from the pole ; | 

(3) The mean centre of the volume is at a distance 35a from 
the pole. 


20. If the ‘polar subtangent’ of a curve be defined to be the 
length intercepted by the tangent on a perpendicular drawn to the 
radius vector from the pole, prove that it is equal to r°d6/dr. 


Prove that in the reciprocal spiral the polar subtangent is constant. 


91. The tangential-polar equation of the involute of a circle of 
radius @ is 
pi=r—ai, 
the centre being pole. 


22. Shew that in the spiral of Archimedes (Fig. 111) 


, x4 
Poe 
23. Shew that in the reciprocal spiral (Fig. 97) 
ae a Ὁ 
| pinta 
24. Shew that in the curve 
i cee | 
cos m6’ 4 
1 l—m wm 
πὰ + 
25. Shew that in the curves 
a a 


respectively, 
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26. Prove that, in the epicycloid (Art. 123), 
4(a+b)b, 

“(a+ 26)? Ps 

What is the corresponding formula for the hypocycloid % 

27. Hind the Cartesian equation of the curve such that 


r=at+ 


p=asinwcos ψ. [ἢ «αν = ai.) 
28. Find the polar equation of the curve in which 
4γ5 
P= oy oe 
“ 429. Prove the formula 
Ppa (Dia 
ν᾽ — p’) 
for the arc of a curve whose tangential-polar equation is given. 
80. Prove the formula | 
7 pds -- γϑαθ, 
and give its geometrical interpretation. 


Hence shew that if the area swept over by the radius vector of a 
moving point increase uniformly with the time, the velocity will vary 
inversely as the perpendicular from the origin on the tangent to the 


path, 
EXAMPLES. XLV. 
‘(Related Curves. Bipolar Coordinates.) - 


1. The inverse of an equiangular spiral with respect to the pole is 
an equal spiral. | 


2. The inverse of a hyperbola with respect to the centre has a 
node at the centre. : 


8. The inverse of a rectangular hyperbola with respect to the 
centre is a lemniscate of Bernoulli. 


4, Prove by means of the polar equations that the inverse of 
a straight line is a circle through the pole of inversion, and conversely. 


5. Prove by means of the polar equation that the inverse of a 
circle is a circle. , 


6. The inverse of a parabola with respect to the focus is a 
cardioid. 


The inverse of any conic with respect to a focus is a limagon. 


7. Prove that the inverse of the ellipse 


ay? 
ἘΝ τς 
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with respect to the centre is the curve 
2\2 αὐ ψ' 
(+ y= (S+%). | 
Also shew that the curve, where it cuts the axis of y, will be 
concave or convex to the origin according as 6? Ξ 2a’. 


8. From the fact that the cardioid is the inverse of a parabola 
with respect to the focus, or otherwise, prove that the normals at the 
extremities of any chord through the cusp are at right angles, and 
that the line joining their intersection to the cusp is perpendicular to 
the chord. 


9. Prove by inversion, or otherwise, that the cardioids 
| r=a(l+cos@), r=b(1—cos 6) 
cut one another at right angles. : 
10. If ds, ds’ be corresponding elements of a curve and its inverse, 
ds:di@i=r: hak: 7%, 
where 7, 7’ are the radii. - 
: 11. The pedal of a parabola with respect to its vertex is the 
cissoid (Art. 119 (16)). | 


12. If two tangents to a curve make a constant angle with one 
another, the locus of their intersection (P) touches the circle through 
P and the two points of contact. 


13. Prove that the area of a pedal curve is given by the formula 


} ἐ[ρ'ψ. 
14. Prove that the arc of a pedal curve is expressed by 
frdw. 
15. The area of the pedal of an ellipse, the centre being pole, is 
— dr (+B), 


where a, 6 are the semi-axes. 
16. The pedal of the hyperbola — 
we 
a δ 
with respect to the centre consists of two loops, each of area 


hab + ἃ (α" — δ) tan 5. 


1 


17. If ~, p, be perpendiculars on the tangent to a curve from 
the origin of (rectangular) coordinates, and from the point (a, ¥;) 
respectively, prove that 

P\ = Py — % 008 Ψ — y, SiN Ψ, 
where y is the inclination of the perpendiculars to the axis of x 
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18. If A,, 4, be the areas of the pedals of a closed oval curve 
with respect to the origin O and with respect to the point (x, ψι), 
both these points being within the curve, prove that 


on 
A,= 4,--αὶ | ryeos yay —y, ie py sin ψάψ + dr (a2 + νι). 
ὃ 


19. Prove that the locus of a point such that the pedal of a given 
closed oval curve with respect to it as pole has a given constant area 
is a circle; and that the circles corresponding to different values of 
the constant are concentric, ‘ | 

Also that, if O be the common centre, the area of the pedal with 
respect to any other point P exceeds the area of the pedal with 
respect to O by the area of the cifcle whose radius is OP. 

20. The negative pedal of the parabola 

y=tax . 
with respect to the vertex is the curve 
2Tay* = (a — 4a)’. 

21. In what case is’ | 

p=acos pt 

22. Prove that the curve for which 

p=asin y cos Ψ 
is the astroid 
at + yt = αἷ, 

23. State what property follows by differentiation with respect to 

the arc (s) from the equation 
r+r%= hk, 
and verify the result geometrically. 


24. Prove the following construction for the normal at any point 
P of a Cassini’s oval: In PS, PS’ take points Q, Q’, respectively, such 
that PQ= PS’, and PQ = PS; the line joining P to the middle point 
of YQ’ is the required normal. 

25. A system of parallel rays is to be reflected so as to pass 
through a fixed point; prove that the reflecting curve must be a 
parabola. ; | 

26. A system of parallel rays is to be refracted so that their 
directions pass through a fixed point; prove that the refracting curve 


must be a conic, and that the eccentricity of the conic will be equal to 
the ratio of the refractive indices. 


27. Prove that the equation of a Cartesian oval, referred to either 
focus as pole, is of the form 


γ᾽ -- ὃ (a+ boos 6) ν - οἷ --Ὁ. 


28. Prove that a Cartesian oval is necessarily closed, if we except 
the case where the curve is a branch of a hyperbola. | 


CHAPTER X 
OURVATURE 


133. Measure of Curvature. 


As regards the applications of the Calculus to the theory of 
plane curves we have so far been concerned chiefly with the 
direction of the tangent at various points. We have not con- 
sidered specially the manner in which this direction varies from 
point to point. | 

The subject of curvature, to which we now proceed, can be 
treated from several independent stand-points, and although all 
the methods lead to identically the same formule, it 1s important 
for the student to observe that they are in their foundations 
logically distinct. | ἮΝ 

In the first of these methods*, we begin by defining the ‘total’ 
or ‘integral’ curvature of an arc of a curve as the angle (dy) 
through which the tangent turns as the point of contact travels — 
from one end of the arc to the other. 


‘The ‘mean curvature’ of the arc is-defined as the ratio of the © 
total curvature to the length (6s) of the are; it is therefore equal to 
by . 
δδ᾽ 
The ‘curvature at a point’ P of a curve is defined as the mean 


curvature of an infinitely small arc terminated by that pot. In 
‘conformity with the previous notation it 15 denoted by 


i.e. the curvature of a-circle is measured by the reciprocal of its 
radius. Hence, if p be the radius of the circle which has the — 
game curvature as the given curve at the point P, we have 
Ρ ds ᾿ 
P= dy . Cee eeeerccescccccnesccecess (2) 


® Other methods are explained in Arts. 136, 137. 
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A circle of this radius, having the same tangent at P, and its 
concavity turned the same way, as in the given curve, is called 
the ‘circle of curvature,’ its radius is called the ‘radius of curva- 
ture, and its centre the ‘centre of curvature.’ 


The length intercepted by this circle on a straight line drawn 


through P in any specified direction is called the ‘chord of 


curvature’ in that direction. If Θ be the angle which the direction 
makes with the normal, the length (4) of the chord is given by 


q = 2p cos 8. Or Ter rere Se@Gwagieg arses eee (3) 


If &, ἡ be the rectangular coordinates of the centre of curvature, 
we have by orthogonal projections 


E=x—psin ψ, N=Y+PCosy, ....s0..00. (4) 


provided the zero of Ψ be when the tangent is parallel to the 
axis of a. 


The centre of curvature is the intersection of two consecutive 
normals to the given curve. For if PC, P’C be the normals at 
two consecutive points, including an angle Sw, and if ὃς be the 
arc PP’, then drawing the chord PP’ we have (see Fig. 107) 


ΟΡ sinOP’P 
PP’ sindy ’ ; 
a oP=snop’p ff ὃν 3s 


| ds “sin dy" dy" 

When P’ is taken infinitely near to P, the limiting value of 
each factor on the right hand, except 
the last, is unity. Hence, ultimately, 


CP =ds/dvp = p. 


In modern geometry a curve is re- 
garded as generated in a two-fold way, 
first as the locus of a point, and secondly 
as the envelope of a straight line (see 
Art. 141). Considering any continuous 
succession of these associated elements, . 
the straight line is at any instant rota- ἐν 
ting about the point, and the point is Fig. 107. 
travelling along the straight line; and 
the curvature di//ds expresses the relation between these two motions. 


If at any point the curvature is zero, the rotation of. the tangent 
is momentarily arrested, and we have what is called a ‘stationary — 
tangent.’ The simplest instance of this is at a point of inflexion 
(Art. 67), where the direction of the rotation of the tangent is reversed 
after the stoppage. 
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If at any point the radius οὗ curvature (ds/dy) vanishes, the motion 
of the point along the line is momentarily arrested, and we have a 
‘stationary point.’ The simplest instance of this is at a ‘cusp’ such 
as we have met with in Figs. 70, 74, 79, 83, etc. The direction of 
motion of the point is in such cases reversed after the stoppage. In 
the examples of Art. 119 a cusp was regarded as due to the evanescence 
of a loop: this shews in another way why the radius of curvature 
should vanish there. 


The consideration of curvature is of importance in numerous 
dynamical and physical problems. For example, in Dynamics, if the 
-force acting on a moving particle be resolved into two components, 
along the tangent and normal to the path, respectively, the former 
component affects the velocity, and the latter the direction of motion. 
If from a fixed origin we draw a vector OV to represent the velocity 
at any instant, the polar coordinates of V may be taken to be », y, 
where v = ds/dt. Hence the radial and transverse velocities of V will 
(see Art. 112 (6)) be : 


respectively. These are the rates of change of the velocity estimated 
_in the direction of the tangent and normal to the path of the particle. 
Since 


ΣΝ as dt p? ΝΠ re eee re (6) 


the latter component is equal to the product of the curvature into the | 
square ofthe velocity. 


134. Intrinsic Equation of a Curve. 
The formula 


is of course most immediately applicable when the relation between 
8 and y for the curve in question is given in the form 


B= SCY): οδορλουρυν νυν εν ύνονν (2) 


This is called the ‘intrinsic’ equation of the curve, for the reason 
that its form does not depend materially on space-elements extra- 
neous to the curve. The only arbitrary elements are the origin 
of 8 and the origin of ψ, and a change in either of these merely 
adds a constant to the corresponding variable. 


If the intrinsic equation be not known, we may employ one or | 
other of the formule of Art. 185; or we may, in particular cases, 
have recourse to special artifices. See Exs. 4, 5, below. 


΄“΄ 
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He. 1. In the catenary we have 
᾿ ΞΟ ΑΝ. eee ner cre (3) 
whence | P = αβοοῖ Ψ = ¥ BEC Ψ, .....ννννννννννενενενννν (4) 


the notation being as in Art. 120. On reference to the figure there 
given it appears that the radius of curvature is equal to the normal PG 


Ex, 2. In the cycloid (Art. 122) we have 


and therefore _ . p=4acosy.  ......... ΓΤ ΤΣ (6) 


Hence in Fig. 79, p. 294, we have p=2PI, or the radius of curvature 
is double the normal. 


Ha. 3. Again, in the epicycloid we have (Art. 123 (11)) 
4(a+b)b. a 
= ——__—"__ sin 


. and therefore 


_A(a+b)b αὐ 4 (a4 b)B | 
a Oh ὕπο ae τὺ" cos ἀφ. errr 8) 


Hence, on reference to Fig. 81, p. 297, it appears that 


where PI is the length of the normal between the tracing point and 
the fixed circle. 


y=2acoty, ......... bcaeeweeeueees (10) 
: d 2a a | 
— sind = any ἀρ’ 
2a 
or oar ar stsniPenswosiceadssmes ..(1}) 


the negative sign indicating that y diminishes as 8 increases. 


Ex. 5. If the ellipse 
— B= ἃ 608 DH, Y=HSING ..ercccccccecsececess (12) 


be supposed derived by orthogonal projection from the circle 
᾿ τ φῷπαροβῴ, Y=GKIN GP, ....ὉἈ( νον νννννεννενον (18) 


we have ao τς adsl (od teucetenem erences seers (14) 


~ 
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where β is the conjugate semi-diameter. For the element of arc is 
altered from ad¢ to és, and the parallel radius from a to B. Also since 
ἐ β'ὸψ and 4a represent corresponding elements of area, we have 


Bow = : x add, 


d 
or ; ᾿ at eeeGeoeeone φοδοουουινοο tb ovneeese a (15) 
ds dsdb β, 
Hence P= aw ἀφ dy αδ᾽ ΤΥ τ τυ ees (16). 


If » be the perpendicular from the centre on the tangent-line, we 

have 5β = ab, so that our result may also be written 
αὖ" 
p=£, OF Pee = Aces οι ορἐρύδον (17) 

Since »3 =a? cos’ y + b? 518 ψ = a7 (1 — 65 sin*y), 
the last form is equivalent to 
pee. Gea (18) 
(1 —e*sin? yy)? 


This formula leads to an important result in Geodesy. The figure 
of the Earth being taken to be an ellipsoid of revolution, the expression 
for the radius of curvature in terms of the latitude y is, if we neglect δ΄, 
Grae + ie sin? y) = a (1 — fe — $e cos 2y), ...... (19) 
where e=(a—b)/a=}e*; that is, « denotes the ‘ellipticity’ of the 
meridian. Integrating (19) we find, for the length of an are of the 
meridian, from the equator to latitude y, 


p=a 


8-- α(] — $e) -- ὅαε βίη WY. ...0ὁπ0ενυνενννενον (20) 
Hx. 6. In the equiangular spiral (Art. 126), we have 
Wi Ot Oy sed ind υουλθν νον ον λοι ϑ ον (21) 
whence diy /ds = d0/ds = (sin a)/r, 
r 
or . % = ara . οοοοοοοοοοοοοοοοϑο Ceeccevece . .(22) 


Hence the radius of curvature subtends a right angle at the origin. 


135. Formule for the Radius of Curvature. 


The expression dyy/ds for the curvature is easily translated 
into a variety of other forms. 


1°. In rectangular Cartesian coordinates, we have 


d 
tan y=", ΠΥ (1) 
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and therefore 


ay Ob ὦ (dy) ὧν ἀν og td 
Beet = ὡς (de) “dat ας 8 Fe 
ὧν | 
whence a Ustun cide sehetameaee he (2) 
ἀπ 
da 


_. This form shews, again, that the curvature vanishes at a point 
of inflexion, where d*y/da* = 0 (Art. 67). 


When dy/dz is a small quantity the formula (2) gives, approxi- 
mately, 


the proportional error being of the second order. This formula is 
an obvious transcript of dv/ds, since when Ψ' is small we may 
write ἀν ἄς (= tan yr) for yr, and d/d« for d/ds. It has important 
practical applications, 6.5. in the theory of flexure of bars. 


2°, It was proved in Art. 131 that the projection (Ὁ) of the — 
radius on the tangent is given by : 


If OU, OU’ be the perpendiculars from the origin on two conse- 
cutive normals PC, P’C, and if OU’ meet PO in 1V, we have, 
ultimately, 


OU’—-OU=U'N=ONSy, or dt=CNSyp. 
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The limiting value of CU or ΟΝ is therefore dt/dy, whence — 


p=CP=02+0U=p+ Fi -Ρ ΣΕ. sisuen(O) 


3°, With the notation of Art. 112 we have 


ds- ds dr dp ds dr 


this gives p=re gs τἀν δ του δ σῦς τ συ μόν τὶ (7) 


a form which is very convenient of application when the tangential- 
polar equation (Art. 129) is given. 


ku, 1. In the catenary 


Ψ = α ΘΟΒἢ (ω αν) ......cceccecccccesecsccecs (8) 
we have | 
dy gt & αν ἊΝ 1 x dy 2 ᾿ ‘ 2 
dg nh, 7 κὉ "5 cosh 2 1+(Z) = cosh a 
whence p = @ Cosh? (ar/a) = y®/a. ......cecceesceneccecens (9) 


Since y=a sec y, this agrees with Art. 134, Ex. 1. 
Hx. 2.. In the parabola 


POO nsiassaasee cise naees (10) 
dr 3,9} art 
we have ae πύρα αι δὸς δε δ δ νυν (11) 
Hz, 3. In the central conics we have (Art. 129, Ex. 4) 
P+ αὐτὶ γ (12) 
a + gi: aWaseelshaea Leb getiaar'es 
a*h? 
and therefore p=t Py a (13) 


Cf. Art. 134, Ex. 5. 


136. Newton’s Method. 


In another method of treating curvature, employed by Newton*, 
a circle is described touching the given curve at P, and passing 
through a neighbouring point Q on it, and we investigate the 
limiting value of the radius of this circle when Q is taken infinitely 
near to P. 
_* Principia, lib. i., prop. vi., cor. 8. 
22—2 
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We can easily shew that in the limit the circle becomes identical 
with the ‘circle of curvature’ at P, as 
defined in Art. 133. For if C be the 
centre, then, since CP = CQ, there will 
be some point (£”) on the curve, be- 
tween P and Q, such that its distance 
from C is a maximum or minimum, 
and therefore* such that CP’ is normal 
to the curve. In the limit P’ approaches 
P indefinitely, and C, being the inter- 
section of consecutive normals, will 
coincide with the ‘centre of curvature.’ 


Newton’s method leads to a very “P 
simple formula for the radius of curva- Fig. 109: 
ture. Let QQT7 be drawn perpendi- 


cular to the tangent at P, meeting the circle again in Q’, and the 


tangent in 1. Since 
TP?=TQ. TY, 


we have 2o= lim TQ’ = lim 1: oA πρ νον ὐδὴρὸ amenities: (1) 


TQ | 
If QT be drawn. at a definite inclination to the normal at P, 
instead of parallel to this normal, the limiting value of the same 
fraction gives the chord of curvature in the corresponding direc- 
tion. It occasionally happens that the chord of curvature in some 
particular direction can be found with special facility ; the radius . 
of curvature can then be inferred by the formula (8) of Art. 1383. 


For instance, we can deduce the formula for the radius of 
curvature in Cartesian coordinates. Thus, referring to Fig. 42, 
p. 153, and denoting by q the chord of curvature parallel to the 
axis of y, we have | | 


1... Ve. οΟΓγ ᾿ 
pore ἊΝ = lim Ag 8 v= ἐφ (a) cos? Υ, ...(2) 
where is the inclination of the tangent at P to the axis of a. 


Since | 
q=2pcosy, tan y= ¢’ (a), 
it follows that 


i é” (a) 
— Ξε φ΄ (α) COS? Yo = >, nese, (8) 
p [1 + {¢ (oy β 
This is identical, except as to notation, with the formula (2) of 
Art. 135. - | 
 * See Art, 68, Ex, 2. 
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Ex. 1. In the parabola, let QR be a chord drawn parallel to the 
tangent at P, to meet the diameter through ; 
P in V; see Fig. 110. We have, then, 
from the geometry of the curve, 

9 }-- 45}. PY, 
where S is the focus. Hence, for the 
chord of curvature (q) parallel to the axis, 


Ἢ τς H4GP. νον (4) 


If @ be the angle which the normal 

at P makes with the axis, we have 
cos 6 = SZ/SP, 
where SZ is the perpendicular from the 
focus on the tangent at δ. Hence 
SP? , SP 
p= $q 800 0 = 2 a =D, ca cenecce sen νον νον 5 
ἐσ SZ 4} (ὅ) 

since SZ*= SA. SP, A being the vertex. 

Ex. 2. In the ellipse (or hyperbola), if Q#, drawn parallel to the 
tangent at either extremity of the diameter PCP’, meet this diameter 


in V, we have 


ΟΥ̓ PV VP’ ΞΡ: CF, 


Fig. 111. 


where CD is the semi-diameter conjugate to CP. Hence, for the 


chord of curvature (4) through the centre, 
. QV? ,. CRP CD? 
4 = tim Oe lim OF, Pa νονοννννννι (6) 


1 CZ be the perpendicular from thé centre on the tangent at 
P, and @ the angle which CP makes with the normal, we have 
cos 9=CZ/CP, and therefore 
Cp | 
p=gqsecO=—7, adbeuglieateeeetcastesaease (7) 
in agreement with Art. 134 (17). 
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- Again, if θ΄ be the inclination of either focal distance to the normal 
at P, it is known that cos 6’ = CZ/CA, where A is an extremity of the 
major axis. The chord of curvature (q') through either focus is there- 
fore given by 3 ) 

CD 


᾿ φ' =2p cos θ' = 2-77 Pre rreaey (.)) 


Ex. 3. To find the radius of curvature (p,) at the vertex of the 
cycloid 


x= a(0+sin 6), y=a(l—cos6). ...............(9) 
We have — ) | 
| er ake : ; 
ὅν, Ξ 4 (0 Ὁ sin 8): 4 sin? 19 =a (1 « 5 Ἵ a 2) ἶ 
whence Po = limg-»o so Bee aise scateecteccine (10) 


137. Osculating Circle. 


A slightly different way of treating the matter is based on 
the notion of the ‘osculating circle.’ If Q and R be two neigh- 
bouring points of the curve, one on each side of P*, we consider 
the limiting value of the radius of the circle PQR, when Q and R 
are taken infinitely close to P. 


We can shew that if the curvature of the given curve be 
continuous at P, this circle coincides in the limit with the ‘circle 
of curvature.’ For if C be the centre of the circle PQR, there will 
be a point P’, between P and Q, such that CP’ is normal to the 
given curve, and a point P”, between P and R, such that CP” is 
normal to the curve. Let P’C and P’C meet the normal at P in 
the points C" and (”, respectively. Under the condition stated, 
C and CO” will ultimately coincide with the centre of curvature at 


Fig. 112. 


* This condition is not essential, but it simplifies the proof, and meets all 
_ ordinary requirements. 
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P, and, since CC’ < C’ C”, C will ἃ fortiori ultimately coincide with 
the same point. 

Since, before the limit, the circle PQR crosses the given 
curve three times in the neighbourhood of P, it appears that the 


osculating circle will in general cross the curve at the point of 
contact. See Fig. 116, p. 350. 


If in Fig. 41, p. 151, QV meet the circle through P, Q, P’ 
again in W, we have | 
VW=PV/QV, 


and therefore, for the chord of curvature of the curve y= $(z), 
parallel to the axis of y, 
τ ΟΥ̓͂Σ eatin ΟΥ τ ay ‘ 
ri lim pha lim 72 008 = ἐφ (a) cos? yp, 


as in Art. 136 (2). ' 
Hx. If in Fig. 110, p. 341, the circle POR meet PV in W, we hav 
QV .VR=PV.VW,_and therefore VW = 45}. 


Hence the chord of curvature parallel to the axis of the parabola 
is 45}, 


A similar argument may be used to find the chord of curvature 
through the centre, in the case of the ellipse (Fig. 111, p. 341). 


138. Envelopes. 


Suppose that we have a singly-infinite system, or family, of _ 
curves differing from one another only in the value assigned to 
some constant which enters into their specification. Two distinct 
curves of the system will in general intersect; and we consider 
here, more particularly, the limiting positions of the intersections 
when the change in the constant (or ‘ parameter,’ of the system, 
as it 1s sometimes called), as we pass from one curve to the other, 
is infinitely small. On each curve we have then, in general, one 
“ΟΥ̓ more points of ‘ultimate intersection’ with the consecutive 

curve of the system. The locus of these points of ultimate inter- 
section is called the ‘envelope’ of the system. ; 


Hx. 1. A system of circles of given radius, having their centres - 
on a given straight line, The parameter : 


Or 
“Ὡς 


herevis the coordinate of the centre. δος 


ος 
ὃς XA? 
ft 
ᾧ 


If C, C’ be the centres of two circles 
of the system, the line joining their in- 
tersections bisects CC’ at right angles, 
Hence the points of ultimate intersection 
of any circle with the consecutive circle 
are the extremities of the diameter which 
is perpendicular to the line of centres. 


etl 


$$ 52525-2525. 
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_ The envelope therefore consists of two straight lines parallel to the 
line of centres, at a distance equal to the given radius. 

Ex. 2. <A straight line including, with the coordinate axes, a 
triangle of constant area (k’). 

If AB, A’B’ be two positions of the line, mILersochiny in P, the 
triangles APA’, BPB’' will be equal, whence 

PA.PA'=PB.PB. 
Hence, ultimately, when 4A’ is infinitely small, P will be the middle 
point of AB. If x, y be the coordinates of P, and w the inclination of 
the axes, we have, then, OA = 2x, OB = 2y, and therefore . 
2ay sin ὦ = k’*. | 

The envelope is therefore a hyperbola having the coordinate axes as 
asymptotes. Fig. 114 illustrates the case of w= 3a. 


Υ 


Fig. 114, 
139. General Method of finding Envelopes. 
The equation of any curve of the system being 


(Gy ἡ» αὐ Oy nae ssceesteysaccwasees (1) 
where a is the parameter, then at the intersection with another 
curve 

od RR a | ae ee (2). 
we have, evidently, 
PS fe 2 9H 9) 05 fetes (3) 


When the variation a’ — a of the parameter is inhinitely small, this 
last equation takes the sets 


= φ (a, ¥, α) a Ose ον σϑαε νον τ ρον (4) 
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where 0/da is the symbol of partial einer avon with respect 
toa. See Art. 34. | 


᾿ The coordinates of the point, or points, of ultimate intersection 
are determined by (1) and (4) as simultaneous equations, and the 
locus of the ultimate intersections is to be found by elimination 
of a between these equations. 


Ex. 1. The circles considered in Art. 138, Ex. 1 may be repre- 


sented by | 
OSs) SO cristvasitadancsweebncion es (5) 
Differentiating with respect to a, we find 
W—-A=Y.  ..cccccevece Stine eee (6) 
Eliminating a between (5) and (6) we get 
Ὁ ΞΕ ἀρ ηνονῥ νος, διὸ νον avioe ede (7) 


the envelope required. 


Ex. 2. Ifa particle be projected from the origin at an elevation 6, 
with the velocity ‘due to’ a height A, the equation of the parabolic 
‘path is 


y=atanO—4 58000, .......νΨ μούνου, (8). 


where the axes of x, y are respectively horizontal and vertical. Writing 
a for tan 0, we get 


y= 00 85. (LFA cece eeeeeeee (9) 


To find the envelope of the paths for different elevations, and, 
therefore for different values of a, we differentiate (9) with respect to a, 
and find 


oe Cand eae ἀπ ρῶν 2 (10) 


This is satisfied either by «=0, or by ax=2h. The former makes 
y=0Q, and shews that the origin is part of the locus, as is otherwise 
obvious. The alternative result leads, on elimination of a, to 


αἢ -- bh (ἢ. -- Ψ), «οὐννννννννννννννν νον μεν (11) 


a parabola having its axis vertical, its focus at the origin, and its 
vertex at an altitude h*. 


140. Algebraical Method. 
If in the equation COU, Cy) =O... caxeevexacmecticoesems (1) 


¢ be a rational integral function of a, the rule of the preceding 
Art. may be investigated otherwise as follows. 


* This problem is interesting historically as being the first instance in which 
the envelope of a family of curved lines was obtained (Bernoulli). The general 
method of finding envelopes appears to be due to Leibnitz. 
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If we assign any particular values to 2, y, the equation deter- 
mines a, that is, it determines what curves of the system pass 
through the given point (#, 7). If the equation be of the nth 
degree in a, the number of these curves (real or imaginary) will 
be n, and these πὶ curves will in general be distinct. But if the 
point in question be at the intersection of two consecutive curves, 
two of the values of a will be coincident. " Now it was shewn in 
Art. 50 that the condition for a double root of the equation in a is 


; os (a, ψ, a) = 0 oe Chee eonseseeccenaerecrees (2) 


The ultimate intersections are therefore determined as before by 
(1) and (2) as simultaneous equations, and the envelope by elimi- 
nation of a between them. 


If the equation (1).be of the first degree in a, only one curve 
of the system passes through any assigned point, and there is of 
course no envelope. Examples of this are furnished by the parallel 
lines 


, NY =O oles corde θυ εν νῶν (3) 
and by the concentric circles 
a Oe ee scagstees Las Recawecduee (4) 
If (1) be a quadratic in a, say | 
Pe+2Qa+ R=0, ......... ἐνῳ εν εἰ νιον (5) 
where P, Q, R are given functions of # and y, the condition for 
equal roots is 
PTGS OP. tras auisecodasveseniaccavs (6) 


This is therefore the equation of the envelope. 


Ha 1. If the straight line 


5 .3- 
os Bo πο eae iserens eas (7) 
include with the coordinate axes a triangle of constant area 4°, we have 
asin w= 2.3, ...«ονννννο νον ννννννννονον (8) 


where ὦ is the inclination of the axes. Hence, eliminating β, the 
equation of the variable line is found to be : 


αὖν sin ὦ -- Zak? + 2h? =O. «(0 .«ννννννννννν.....(9) 


Expressing that this quadratic in a has equal roots, we find for the 
envelope | 

2 DLY SID ὦ a Kh, ...cccccsccccccccccaccecers (10) 
as in Art, 138, Ex. 2, 
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Ex. ἃ. One leg of a right angle passes through a fixed point, and 
the vertex describes a fixed straight line; to find the envelope of the 
other leg. 


If the fixed straight line be the axis of y, and the fixed point be at 
(a, 0), the equation of the second leg is easily seen to be 
Z 7 
. YM Hy rrereerrecerrerteeetneeees (11) 


where m is the tangent of the inclination to the axis of a. Writing 
the equation in the form 
, mirc — My τα τε, .{ννννονεννννονννεννννον (12) 
we see that the envelope is the parabola 
Fs ive caedukoudatusadeataspass (13) 


141. Contact-Property of Envelopes. 


The examples already given will have prepared the student 
for the following theorem: 


The envelope of a system of curves touches (in general) at 
each of its points the corresponding curve of the system. 


The equations oC Aes) Pa Ranh | SOS ene Aen οὲ (1) 
ὃ 
and aa DO, Y, 0) ΞξΞ Ο,...νννννννννννννννννενον (2) 
determine 2, y as functions of a, say 
a=F(a), y=f(a), ..«οννννννς, ee (3) 


and the latter pair of equations define the envelope. If we 
substitute from (3) on the left-hand side of (1) we obtain a function 
of a which must vanish identically, and the result of differentiating 
this function with respect to a must also be zero. Hence, by the 
rule of Art. 59, 1°, we must have 


ys dacs ed re A δι ςς νος 4) 


Oa da dy da" dada 
which reduces, in virtue of (2), to” 
| Opda  apdy _ 
Oe dx +3 ao Os soveiraieusanaoneuees (5) 
dy δῷ 
da Oa 
or da ~ 5g δὰ δ νυ ϊονῖν ον ον δου φῷ βιοἰρωςς ον φῳ (6) 
da oy 


Now, by Art. 61, the left-hand side of this equality is the value of 
dy/dx for the envelope ; and the right-hand side is, by Art. 59 (10), 
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the value of dy/dx for the curve (1). Hence at the point of 
ultimate intersection the curve (1) and the envelope have a 
common tangent line. 

The geometrical basis of the theorem may be indicated as follows : 


Let the figure represent portions of two curves of the system, 
corresponding to values a), a, of the parameter a, and intersecting 


α; 


Fig. 115. 


in P. Let P, and P, be the corresponding points on the envelope ; 
viz. P, is the limiting position of P when, a, being fixed, a, is taken 
infinitely nearly equal to a,; and P, is the limiting position of P when, 
a, being fixed, a, is taken infinitely nearly equal to a,. Since these 
variations of a are in opposite senses, and since the coordinates of P 
are as a rule symmetric functions of a,, αι, the corresponding displace- 
ments of P, viz. PP, and PP,, will in general, when | αἱ -- αοἱ is very 
small, be in nearly opposite directions, and P,PP, will be a very obtuse- 
angled triangle. Hence, ultimately, when |a,—,| is infinitely small, 
the chords P,P, and P,P will coincide in direction ; ὁ.6. the tangent to 
the envelope is identical with the tangent to the variable curve. 


The foregoing investigations break down in certain cases. As 
regards the analytical proof, it is plain that no inference can be drawn 
from (5) whenever at the point in question we have 


ad ag 
aan By BO τινε ον νυ φογνςυν  ςοςν 7) 
simultaneously ; ¢.e. when the value οὗ dy/dx for the curve (1) is not 
uniquely determinate. This peculiarity occurs at a ‘singular point,’ 
whether it be of the nature of a node, a cusp, or an isolated point (see 
Art. 119). Τὸ appears that the locus of the singular points of the 
given family, when such a locus exists, is included in the result of 
eliminating a, between (1) and (2), but this locus does not in general 
‘touch’ the given curves, in any proper sense of the word. The full 
investigation of this matter is beyond our limits*, but a simple example 
may be given. Consider the family ; 


α (Y — a)? = αὐ (B45). ««οννοννννννννννονν, (δ) 


* It is given in books on Differential Equations, under the head of ‘ Singular 
Solutions,’ 
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It appears from Art. 119 that there is a node, a cusp, or an isolated 
point at (0, a), according as ὃ is positive, zero, or negative. The 
process for finding the envelope gives y — a= 0 and therefore 


(ied) = Os as ostas sasaassaareaetbanees (9) 


The line x = 0 gives the locus of the singular points, and does not touch 
the original curves; the line x =— ὦ on the other hand does so (unless 
ὃ = 0). 


In the geometrical view of the matter it was assumed that there is 
no other intersection of the curves a,, a, in the immediate neighbour- 
hood of P. In the case of a node we have usually éwo adjacent inter- 
sections, whose «-coordinates (for instance) are of the forms / (a), a;) 
and 7) (a,, ay), respectively ; but / (ας, a,) is not ἃ symmetric function of 
a), a. The argument does not therefore apply to the nade-locus. 
Again, in the case of a cusp the displacement of the point P in 
Fig. 115, due to an infinitesimal variation of a, or αἰ, is found not to 
be of the first order; and the points P,, P, are as a rule on the same 
side of P. In the neighbourhood of an isolated point there is no real 
intersection of consécutive curves. 


142. Evolutes. 


be 
The ‘evolute’.of a curve is the locus of its centre of curvature. {| Aref. 
Since the centre of curvature is (Art. 183) the intersection of two 
consecutive normals, the evolute is also the envelope of the normals 

to the given curve. Hence the normals to the original curve are 

tangents to the evolute*. | 


Κα. 1. In the parabola 


7 AAD crinidetseiveecues coeestecienvas (1) 

we have w= aco ψ, y=2a cob ψ, ......ccccccccececess (2) 
and (by Art. 134, Ex. 4) 

p=—Qa/sin® ψ. ....«νννονννννν νον νούσου ..(5) 


The coordinates of the centre of curvature are therefore 


σεν μόθον Ὁ eee sees) 

ἢ τε ν + pcos Ψ =—y"/4a? 

Hence qf = ψ 106’ = 428 /a = A, (ξ — 2a)*/a. 

The evolute is therefore the semi-cubical parabola 
ay? = By (BO — 2A). ..«ννονονννοννννοννοννοννον (5) 


Otherwise: it is shewn in books on Conics that the equation of the 
normal is of the form 


y=m (ὦ —2a)—am’. ............ beau Seder (6) 


* It being evident that the exceptional cases noted at the end of Art. 141 cannot 
present themselves in the envelope of a straight line. 
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To find the envelope of this we differentiate partially with respect to m, 
and obtain 


w—2a= 3am, y= 2am. ...« «τον νονον νόσον σον (7) 
The elimination of m leads again to the result (5). 


The curve is shewn in Fig. 116. 


Fig. 116. 


Ex, 2. The normal at any point of the ellipse 


τε 608 φΦᾧ, Y=OSING ........ccccccescceee (8) 
. αὐ by 2. 23 
18 | cae ae ΔΝ ᾿ ὁ οοοοοιοοουοοοοδοδοοο (9) 


Differentiating with respect to ᾧ we find 


a by " 
| cos® ᾧ ~~ gin? p >= A, 8ay. eoncece ᾿ δἰ 6-6 ae aie (10) 
Substituting in (9), we have 
λ- α-- 6. ΈΤΝΥ ΠΩ ἢ 
Hence the coordinates of the centre of curvature are 
2_ #2 — 
α-- cat y=-— Sin? h5 ase eeeese (12) 
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and the evolute is 


The centres of curvature at the points A, B, 4’, B’ are 8, ἢ", Z’, F’, 
respectively. 


B 


_ Fig. 117. 
Ex. 3. To find the evolute of a cycloid. 


At any point P on the cycloid APD (Fig. 118), we have, by Art. 134, 
Ex. 2 | 
pe IPE Bats Goccscucsniied (14) 


Let the axis AB be produced to D’, so that BD’= AB; and produce 
TI to meet a parallel to BJ, drawn through D’, in J’. If a circle be 
described on JJ’ as diameter, and PJ be produced to meet its circum- 
ference in P’, we have P’I = PJ, so that P’ is the centre of curvature 
of the cycloid at P. And since-the arc P’I’ is equal to the arc ΖΡ}, and 
_ therefore to BJ or D’I’, the locus of P’ is evidently the cycloid generated 
by the circle /P’/', supposed to roll on the under side of D’/’, the tracing 
point starting from D’. That is, the evolute is a cycloid equal to the 
original cycloid, and having a cusp at D’. 


It appears, further, from Art. 122 (4), that the cycloidal arc P’D is 
equal to 272) or P’P. Hence | 


arc D'P' + P'P = const we.c.ccesceeeseseeees (15) 


The lower cycloid in Fig. 118 is therefore an ‘ involute’ (Art. 144) of 
the upper one*. 


* This example is interesting historically in connection with the theory of the 
cycloidal pendulum. The results are due to Huyghens (1673). 
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Whenever a curve is defined by a relation between p and yf, 
say | : 


νὰ l 


A To 

Fig. 118. 
provided that in (17) the origin of y be supposed moved forwards 
through aright angle. This is seen at once on reference to Vig. 108, 
p. 338, since OU, the perpendicular from the origin on the tangent 
to the evolute, is equal to PZ, or dp/dyy, when the symbols refer . 
to the original curve. | 


Ex. 4. To find the evolute of an epi- or hypo-cycloid. 


If in Fig. 81, p. 297, a perpendicular p be drawn from O to 7'P, the 
tangent to the epicycloid at P, we have 


p= OT cos PIC = (a+ 2b) cos $4, 


a ἃ. 
or p= (a+ 2b) COS πὲ ἐν τ νονο Cemmadwaeneeds: (18) 
If the origin of y correspond to a cusp instead of to a vertex, the cosine 
of the angle must be replaced by the sine. — ' 


‘Hence, for the evolute, we have 


: α 
»- - α εἴη τ πὶ Ψ, “οὐνδιοοοφοονοοοσοοοσοοοδρθο (19) 
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which can be brought to the same form as (18) by an adjustment of the 
origin of y. The evolute is therefore a similar epicycloid in which the 
dimensions are reduced in the ratio a/(a + 26). 


For a hypocycloid we have merely to change the sign of ὁ", 


143. Are of an Evolute. 


The difference of the radii of curvature at any two points of a 
curve is equal to the arc between the corresponding points of the | 
evolute. 


To prove this, let the normals at two neighbouring points Py, 
P, of the curve meet in C; and let Οὐ, C, be the corresponding 
centres of curvature. By Art. 141, C,CC, is in general an obtuse- 
angled triangle; and when P,, P, are taken infinitely close to one 
another, O,C' + CC, is ultimately in a ratio of equality to C,C,. 


Also since the distance from C of a variable point on the curve 
is stationary at P,, the difference between CP, and CP, 1s ultimately 
of the second order of small quantities, and may therefore be neg- 
lected. Hence 

C,P,—OQP,= 0,0 + CO,=C,G. 


Fig. 119. 


It follows that if p be the radius of curvature of the original curve, 
and o the are of the evolute, we have dp = 6a, ultimately, or 


dp _ 
_ | a 1 δι ρὺρ Πν (1) 
Hence, integrating, PE δ ἘΠ᾽ aisieresestiatesseceeesee: (2) 


where C is an arbitrary constant. depending on the origin of 
measurement of o. 


Otherwise: by differentiation of the equations 
§=x—psiny, n=y+pcosy eveeceseerence ....(9) 
* It appears on examination that the equation 
p=ccosmy, or p=csin my, 


represents an epi- or a hypo-cycloid according as m > 1, provided we include the 
pericycloids among the epicycloids, in accordance with the definition of Art. 123. 
The pedal of an epi- or a hypo-cycloid with respect to its centre is therefore an 
epicyclic of the special type referred to in Art. 125, Hx. 2. Thus Fig. 92 represents the 
pedal of s four-cusped epicycloid, and Fig. 94 that of a four-cusped hypocycloid. 


LL Cc. : 23 
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of Art. 133, we find, since 
-dx/ds=cosy, dy/ds=siny, ἀψ «8 =1/p, 


Teg WM Fe ΞΖ; COB We creeereeeeeeneees (4) 
ἘΣ 
Pence pT by on senssscnnsneseccnnsecnenen (5) 


which shews that the tangent to the evolute is normal to the original 


curve, and ee (a ay + (2) a: us ΤΣ (6) 


which gives on mee the result (2). 

For the case of the cycloid, this property has been already obtained 
in Art. 142 (15). 

A curious consequence of the above theorem is that the circles 
of curvature of adjacent points on a curve do not in general inter- 
sect. For the distance between the centres is a chord of the evolute, 
and is therefore in general less than the corresponding are, 1.6. less 
than the difference of the radii. 


Again, if the intrinsic equation of a curve be 


BaF  σέσσσυν (7) 
we have T= PH Ο- (W)C. cessesccesseeeeees (8) 
If we alter the origin of ψΨ' by a right angle, this is the intrinsic 
equation of the evolute. The additive constant may be omitted if 

we adjust the origin of σ. 

Hx. 1. The radii of curvature of an ellipse of semi-axes a, ὅ, at the 
extremities of these axes, are 67/a and a*/b, respectively. Hence the 
length of any one of the four portions into which the evolute is divided 
(see Fig. 117) by its cusps is 

a*/b—b?/a or (a* — δδ) [αὖ. 
Fz. 2. The intrinsic equation of the cycloid being 
OK MAY, οἰ οι teesesaccbiseavasasee (9) 

that of the evolute is FSROOSY,.  cssscedusnisanscdeccnvecaees (10) 
The evolute is therefore an equal cycloid, as already proved. 


144. Involutes, and Parallel Curves. 

If a curve A be the evolute of a curve B, then B 1s said to be 
an ‘involute’ of A. 

We say an involute because any given curve has an infinity of 
involutes. To obtain an involute we take any fixed point O on the 
curve, and along the tangent at a variable point P measure off a 
length PQ in the direction from O, so that 


arc OP + PQ = CONSE. ..ccccsscccccccceness (1) 
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It 1s easily shewn, by an inversion of the argument of Art. 143, 
that the tangents to the given curve are normals to the locus of Ὁ, 
so that this locus fulfils the above definition of an involute. And, 
by varying the ‘constant,’ we obtain a series of involutes of the 
same curve. 


As a concrete example we may imagine a string to be wound on a 
material arc of the given shape,"being attached to a fixed point on it. 
The curve traced out by any point on the free portion of the string will 
be an involute. This is in fact the origin of the term. 


He. 1. The tractrix is an involute of the catenary ; see Art. 120. 


Ex, 2. In an involute of a circle of radius a we have, evidently, 


ds , 
dy P= Ws οοφοφροοονοοοουνοοοοοοοφυοοοῦθθο (2) 
if the origin of y be properly chosen. Hence, integrating, 
| Ἔν (8) 


no additive constant being required, if s be measured from the cusp 
(y= 0). | 

In this particular case (of the circle) it is evident that all the invo- 
lutes are identically equal. It is therefore customary to speak of the 
involute of a circle. The curve is shewn in Fig. 120 


Fig. 120. | 


If a constant length be measured along the normal to a given 
_ curve, from the curve, the locus of the point thus determined is 
called a ‘parallel’ to the given curve. 

23. -2 
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If CP, CP’ be two consecutive normals to the given curve, and 


ae P Q 
Fig. 121. 
Q, Q’ the corresponding points of a parallel curve, we have 
PQ = PQ. 
Since the difference between CP dénd CP’ is of the second order of 
small quantities, it follows that the same holds of the difference 
between CQ and CQ’, and thence that the angles at Q and Q’ in 


the triangle CQQ’ are ultimately right angles. Hence CQ, CQ’ are 
normals to the parallel curve. 


Hence two parallel curves have the same normals, and there- 
fore the same evolute; in other words, parallel curves are involutes 
of the same curve. 


᾿ Conversely, it is evident that the various involutes of any curve 
are a system of parallel curves. 


145. Instantaneous Centre of a Moving Figure. 


The theory of the displacements, in its own plane, of a figure 
of invariable form, though belonging properly to Kinematics, has 
some interesting geometrical applications. 


The first proposition of the theory is that any such displacement 
is equivalent to a rotation about some finite or infinitely distant 
point. | 

The following is a proof. If A, B be any two points of the figure 
in its first position, and A’, B’ the | 
same points in the second position, ὡς ἢ 
the new position P’ of any third 
point originally at P is found by 
constructing the triangle A’P’B’ 
congruent with APB. Hence the Pp 
positions of two points are sufficient Ὁ 
to determine the position of the 
moveable figure. | 


Now, considering any point what- 
ever of the figure, let P be its initial 
and Q its final position; and let κα 
be the final position of that point of 
the figure which was originally at Ὁ. . ; 
Since PQ and QF are two positions of the same line, they are equal. 
Hence if J be the centre of the circle PQA, the triangles PIR, QIR are 
congruent; that is, I represents the same point in the two positions, 


͵ 
Fig. 122. 
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The displacement is therefore equivalent to a rotation about J. This 
point is called the ‘centre of rotation.’ 


It may happen that PQ, QF are in a straight line. The displace- 
ment is then equivalent to a translation of the figure, without rotation ; 
or, we may say, the centre of rotation is at infinity. 


Next, considering any continuous motion of a plane figure in 
its own plane, let us fix our attention on two consecutive positions. | 
The figure may be brought from the first of these to the second by 
a rotation about the proper centre. The limiting position of this 
point, when the two positions are taken infinitely close to one 
another, is called the ‘instantaneous centre.’ 


If P, P’ be consecutive positions of any the same point of the 
figure, and 66 the corresponding angle of rotation, the centre of 
rotation (1) is on the line bisecting PP’ at right angles, and the . 
angle PIP’ is equal to 66. Hence, ultimately, the infinitesimal 
displacement of any point P at a finite distance from J is at right 
angles to JP and equal to IP. 89. | 


If we introduce the consideration of time, and denote by δύ the 
interval that. elapses between the two positions, the limiting value 
of 50/5¢, viz. d6/dt, is called the ‘angular velocity’ of the figure. 
The velocity of that point of the figure which coincides with the 
instantaneous centre J is zero, that of any other point P is at right 
angles to JP, and equal to JP.d0/dt. - 


The fact that in any motion of a plane figure (of invariable 
form) the normals to the paths of the various points all pass through 
the instantaneous centre is often useful in geometrical questions. 
If we know the directions of displacement of two points of the 
figure, the instantaneous centre 1s determined as the intersec- 
tion of the normals at these points to the respective directions. 
We can thence assign the directions, and relative magnitudes, 
of the displacements of all other poimts. 


Again, considering any line (straight or curved) in the moving 
figure, it is evident that the point or points of ultimate intersection 
of this line with a consecutive position are the feet of the normals 
drawn to it from the instantaneous centre. For any other point 
of the line is moving in a direction making a finite angle with it. 


Ez. 1. The extremities of a straight line AB of constant length. 
describe two straight lines OX, OY at right angles to one another. 


It is known that any point P of the line describes an ellipse whose 
principal axes are along OX, OY. The above theorem now gives us 
a construction for the normal to this ellipse at P; viz. if-we draw 
Al, BI perpendicular ta OX, OY, respectively, 7 is the instantaneous 
centre, and /P the required normal. See Fig. 123. 


358 INFINITESIMAL CALCULUS [oH. x 


Ex. 2. In the preceding Example, the point of ultimate inter- 
section of the moving line AB with a consecutive position is at the 


Y 


A x 
Fig. 123. Fig. 124. 


foot Z (Fig. 124) of the perpendicular from the instantaneous centre 
I. Now if β 
AB=k, cOAB=4, 


the coordinates of Z are given by 


leap ang πο ae eee a) 
y= AZsin d= AL sin’ φ ΞΞ ὦ sin’ 4, 
and the envelope of 4B is therefore the astroid | 

att ybakh, oo eccceeseeee Lonetenees (2) 


Οἱ Art. 124, Ex. 4 


Fig. 125. 
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Be. 3. An arm OY revolves abuut one extremity O with angular 
velocity ὦ; a bar is hinged to it at Q and is constrained to pass always 
through a fixed point C’; it is required to find the velocity of this bar 


in the direction of its length. (The arrangement is that of the crank 
and piston-rod of a steam-engine with oscillating cylinder, the point 
C being on the pivot-line of the cylinder.) 


The instantaneous centre is at the intersection of O@ produced with 
the perpendicular to the piston rod at C. Hence, if OW be the per- 
pendicular from Ὁ on CQ, produced if necessary, the velocity of the 
point of the rod which coincides with C is 


τος POOR = Se cM inte scmaeneee (3) 


0. 00x75 00 


146. Application to Rolling Curves. 


Suppose that we have two plane figures, each of invariable 
form, and that a curve fixed in one rolls, without sliding, on a curve 
fixed in the other. Any point of either figure will then describe 
a curve relatively to the other; a curve so described is called a 
‘roulette.’ | 


The cases where the rolling curves are circles have been con- 
sidered in Arts. 122—124. 


The general theory of roulettes is of some importance in Geo- 
metry and in Kinematics, owing to the fact that any continuous 
motion whatever of a figure in its own plane may be regarded as 
consisting in the rolling of a certain curve fixed relatively to the 
' figure on a certain curve fixed in the plane. See Art. 149. 


When one plane curve rolls upon another, which is regarded as 
fixed, the instantaneous centre 15 at the pomt of contact. 
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We will suppose, in the figure, that it is the lower curve 
which is fixed. Let Abe the point of contact, 
and let equal infinitely small arcs AP, AP’ 
(= 6s,say) be measured off along the two curves, 
Let the normals at P and P’ meet the common 
normal at A in the points O and O’. Then 
ultimately we have 


OA=R, OA=R’, 


where R, R’ are the radii of curvature of the 
two curves at A. After an infinitely small 
displacement, P’O’ will come into the same 
straight line with OP, the two curves being 
then in contact at P. Hence the angle (80) 
through which the rolling curve will turn, 
being equal to the acute angle between OP 
and P’O’, is equal to the sum of the angles at | 
O and O’, so that . 
ὃδ 8s 


50 = a ee (1) i 
ultimately. Again, the chords AP, AP’ are pee 
ultimately equal, and they include an infinitely small angle at A. 
Hence the distance PP’ is ultimately of the second order in 8s. It 
follows that when 6s is indefinitely diminished the limiting position 
of the centre of rotation (J) coincides with A, for if it were at a 
finite distance from this point, the displacement of P’, being equal 
to IP’. 68, by Art. 145, would be of the first order in 8s. 


It follows that when a curve rolls upon a fixed curve, the normals 
to the paths of all points connected with the moving curve pass 
through the point of contact. We have already had instances of 
this result in the cycloidal and trochoidal curves discussed in 
Arts.122,123. Again ifa straight | 
line roll on a curve, it is normal 
to the path traced out by any of 
its points (Art. 144). 

Further, if we consider any 
line (straight or curved) which is 
carried with the rolling curve, the 
points of ultimate intersection 
of the carried curve with its con- 
secutive position are the feet of . 
the normals drawn to it from the 
point of contact. And the en- ΤΕ: 12Ε: 
velope of the carried line is the locus of these feet. 


Ov 
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Ha. 1. If ἃ circle roll on a fixed straight line, any diameter 
envelopes a cycloid. 


Let C' be the centre of the rolling circle, J the point of contact, JZ the 
perpendicular on the diameter PQ. Since Ζ is on the circle whose 
diameter is CJ, it is easily seen that if this circle be supposed to roll always 
with twice the angular velocity of the large circle, it will always have 
the same point of contact with the fixed line, and the point Z will 
move as if it were carried by the small circle. Its locus is therefore a 
cycloid. : 

Hx. 2. Similarly if a circle (A) roll on a fixed circle (B), the envelope 


of any diameter of A is an epi- or hypo-cycloid which would be generated 
by the rolling of a circle of half the size of A on the circumference of 8. 


147. Curvature of a Point-Roulette. 


To investigate the curvature of the path of any point P fixed 
relatively to the rolling curve, let I be the point of contact, and 
let I” be a consecutive point of contact, P’ the corresponding 
position of P. Since the displacement of the point of the rolling 
curve which comes to Z’ is of the second order of small quantities, 
the angle through which the figure has turned is 


SO HZ PIP’, τος νῶτος (1) 


altimately. Let the normals to the path of P, viz. PI and P’I’, be 
produced to meet in C. If dy be the inclination of these normals, 
we have 


= , _ 08 cos h 
by = ZICI' = ΜΉΝ (2) 


Fig. 129. 
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if # be the angle which JP makes with the normal at J. Also, 
from the figure : 


Sp = 2 PIP’ — 2 IPI’ 


ds cos φ 
cecal 2 

Il 1 cos¢d | 
=8(5+ gp): oo ereescccecess (8) 


by Art. 146 (1), if αὶ and R’ be the radii of curvature of the fixed 
and rolling curves. HEquating (2) and (3), we find 


1 1 i ἢ 
008 φ (57+ 75)=R+ pe eeeeeesecesones (4) 
This gives the limiting position of Οἵ, i.e. the centre of curvature of 
the path of P. The radius of curvature (p) is then found from 


Be OP OT ETP. ccceticetdscsctoee: (5) 


The result contained in (4) and (5) may be put in a simple 
geometrical form as follows. On the normal 
at I mark off a length JH such that 


1 1 


and describe a circle on JH as diameter. 
Let ΠΡ meet this circle in ὦ. We have 
then , 

fon rag (a 8 

ΤΟ TH cosé \R* RB’) °° * 
and the relation (4) takes the form 

1 1 1 
ΟἹ + TP = 10 . te eesenes (7) 

This shews that if P coincide with Ὁ, CI is infinite; i.e. any point 
of the moving figure which lies on the circle just defined is at a 
point of inflexion of its path. For this reason, the circle in question 
is called the ‘circle of inflexions.’ 


From (7) and (5) we find 


Fig. 180. 


GP) PS pecs essen (8) 


The latter result shews that p changes sign with QP; that is, the 
paths of the various points of the moving figure are concave or 
convex to J, according to the side of the circle of inflexions on which 
they lie. In the standard case represented in the figures, the paths 
are concave or convex according as P is outside or inside the circle. 
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An example is furnished by the trochoidal curves figured ‘on 
p. 296. The circle of inflexions has in this case half the size of the 
rolling circle. 


We have taken as our standard case that in which the two 
curves are convex to one another, as in Figs. 127, 129. Any other 
case may be included by giving proper signs to & and Κ΄, 


The preceding theory has an application to the problem of ‘rocking 
_ stones’ in Statics. "When one rough body rests on another, with a 
single point of contact, its centre of gravity must be vertically above 
this point. And for stability of equilibrium it is necessary that the path 
of the centre of gravity, in any possible rolling displacement, should be 
concave upwards. 


Ex. 1. In the cycloid, if a be the radius of the generating circle, 
we have 7 


R=, R' =a, [P=2acOSG. ....ccccesovcecess (9) 
Substituting in (4), we find 
| COL= 2a 008 PHILP, .«««ονννννννοννον , ++--(10) 
and therefore P= OLE. cctscas cuted enntsarcstiees: (11) 
Ex, 2. In the epicycloid (Art. 123) we have | 
R=a, R'=b, IP =2b cos dq, ...««ονὐνννννννννοονν (12) 
2ab a 
whanee ἐν Cil= «ποῖ “98 b= 55 TP, eeceehep ices (13) 
_ 2 (a+b) « 
= a5 TPs “egeterkevheuatipenate taut: (14) 


We note that if b= — 4a, we have p=; cf. Art. 124, Ex. 2. 


148. Curvature of a Line-Roulette. 


The curvature of a line-roulette, 
t.e. of the envelope of a straight line 
carried by the rolling curve, can be 
found still more simply. The perpen- 
diculars 12, 7’Z’ let fall on two con- 
secutive positions of the line, from the 
corresponding positions (in space) of the 
instantaneous centre, are normals to the 
envelope, and the angle which they make 
with one another at their intersection 
(C) is equal to the angle of rotation 60. 
Hence if ᾧ be the angle which JZ makes 
with the normal to the rolling curve at 
I, and II’ = $s, we have ultimately 


Sscos 6 = ΟἿ. 86. ...... (1) 
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Hence, substituting the value of 50 from Art. 146 (1), we have 


cose@ 1 1 
CT — R + R’ en Cee ee ee (2) 
The radius of curvature of the envelope is then given by 
PS Ol PAZ... οτος ς οςυςνώς ον ..(3) 


If, along the normal to the rolling curve at J, put in the direction 
opposite to that chosen in the preceding Art., we measure off a 
length IK such that 


and describe a circle on this line as diameter, it appears from (2) 
that C lies on this circle; in other words, the locus of the centres 
of curvature ofall line-rouletites, in any given position of the rolling 
curve, is a circle. Also, when the carried line passes through K, 
Z coincidgs with C, and C is a ‘stationary point’ (Art. 138) on the 
envelope. The aforesaid circle is therefore called the ‘circle of 
cusps.’ 


Hx. 1. Regarding a cycloid as the envelope of the diameter of a 
circle which rolls on a fixed straight line (Art. 146, Ex. 1), we infer that 
the radius of curvature is double the normal. 


Hx. 2. If an epicycloid be generated as the envelope of the dtameter 
of a dircle rolling on a fixed circle, then, to conform with the notation 
of Art. 123, we must write R =a, R’ = 2b, and therefore, from (2), 


2ab a 
CI = το 5 Φ- ταῦ 12, 


in agreement with Art. 147, Ex. 2. 


149. Continuous Motion of a Figure in its own Plane. 


Consider any continuous series of positions of a plane figure 
moveable in its own plane. The instantaneous centre will have a 
certain locus in space, and also a certain locus in the figure. The 
curves so defined are called ‘ centrodes’; the former is distinguished. 
as the ‘space-centrode,’ and the latter as the ‘body-centrode.’ The 
theorem referred to in Art. 146 is that the given motion of the 
figure can be represented as due to the rolling of the body-centrode, 
without slipping, on the space-centrode. | 


Considering any given position of the figure, let I be the 
instantaneous centre, and let J’, J’ be adjacent corresponding 
points on the body-centrode and space-centrode, respectively. Let 
56 be the angle through which the body turns as the instantaneous 
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centre is transferred from 7 to J’. We have then, ultimately, by 
Art. 145, 

Il’=IJ’, and I'J’ =I’. δθ. 
| The angle 7΄7.}'΄ therefore ultimately vanishes. The tangent lines 
to the two loci at [ therefore coincide, and corresponding elementary 
arcs of the two curves are in a ratio of equality. 


Ex, Astraight line AB of constant length moves with its extremities 
on two fixed straight lines OX, OY. 


Fig. 132. 


The instantaneous centre J is at the intersection of perpendiculars 
to OX, OY at the points A, B respectively. The points A, B lie on the 
circle described on OJ as diameter; and since in this circle the chord 
AB, of given length, subtends a constant angle AOB at the circumference, 
the diameter is determinate. Hence the space-locus of J is a circle with 
centre Ὁ. Again, since the angle AJB is constant, the locus of J relative 
to 4.8 is a circle whose diameter is equal to the constant value of OJ. 
Hence the motion is equivalent to the rolling of a circle on the inside 
of a fixed circle of twice its size. This kind of motion has been con- 
sidered in Art. 124, Ex. 2, and it has been shewn that any point P fixed 
relatively to 4B will describe an ellipse, which in certain cases, viz. when 
P is on the circumference of the rolling circle, degenerates into a straight 
line. 

150. Double Generation of Epicyclics as Roulettes. 


As a further example we return to the mechanical method of 
compounding uniform circular motions, by means of a jointed 
parallelogram OQPQ’, referred to in Art. 125. 


We will suppose for definiteness that the angular velocities n, 
π΄, of the bars OQ, OQ’, have the same sign. 


The instantaneous centre (J) of the bar QP will be a point in 


QO such that 
| 8 ὉΠ ΞΟ τρις δε ἐν εν det cadevins (1) 
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For the velocity of any point rigidly attached to QP will be made 

up of a translation n. OQ at right angles to OQ, and a rotation with 

angular velocity π΄ relatively to @. Hence under the above con- 

dition the velocity of the point attached to QP which at the instant - 

under consideration is at J will be zero. The two centrodes for the 

motion of the bar QP are therefore the circles described, with O 
and Q as centres, to pass through 7, 


Fig. 188. 


For a similar reason, the instantaneous centre (1 of the bar 
Q'P will be a point in Q’0, such that 


πῃ. 0΄1' -- π'΄.Ο6΄. ccscscesscceecceeees Θ)» 


Hence, for the motion of the bar Q’P, the two centrodes are the 
circles described, with O and Q’ as centres, to pass through I’. 


Since P is a point on each of the bars QP, Q’P, we see that any 
direct epicyclic can be described in two ways as an epitrochoid. 


In the particular case where QP = QI, it follows from (1) and 
(2) that 
QP:0Q=Q/:0Q=n:n' =0Q':Q'l' = QP: 91’, 
whence QP =00=Q'I'. | 
The path of P is in this case an epicycloid, and we learn that any 
epicycloid can be generated in two ways, viz. by the rolling of 


either of two determinate circles on the outside of the same fixed 
circle. See Fig. 184, 


* The figure corresponds to the case of n’>n. If n’<n, I will lie in QO produced, 
and I’ between Q’ and O. 
+ This proposition is due to Euler (1781). 
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As an instance, we have the double generation of the cardioid 
explained in Art. 124, Exs. I, ὃ. | 


ι 


Fig. 184. 


| The case where the angular velocities n,n’ have opposite signs 

may be left to the reader to examine. It will appear that any 
retrograde epicyclic can be generated in two distinct ways as a 
hypotrochoid. And, in particular, any hypocycloid can be generated 
in two ways by the rolling of either of two determinate circles on 
the inside of the same fixed circle. 


EXAMPLES, XLVI. 
(Curvature. ) 


1. Prove that the circle is the only curve whose curvature is 
constant. 


2. Prove that the coordinates of the centre of curvature at any 
point (2, y) of a curve can be expressed in the forms 
dy 1, 
ay? Yay” 

8. Prove that the intrinsic equation of an equiangular spiral is of 
the form 


8 = ae¥ Cota, 
4. Prove that the intrinsic equation of the tractrix may be written 
s =a log cosec Ψ. 


Prove that the curvature varies as the normal. 


368 INFINITESIMAL CALCULUS [0Η. Χ 


5. By differentiation of the formule 


da a ‘ 
Fp C08 = = sin ψ, 
1 dx /dy dy /dx 
1 d*a\2 ad’y\* 
56 an (ας: + (FB): 


6. Ifa curve be defined by the equations 
ἃ τὸὄ (t), y=f(t), 


prove that 


where the accents denote differentiations with respect to 4 


_7. Apply the preceding formula to the cases of the ellipse 


: x=aco¢ y=6sing, 
and the hyperbola 
s=acoshu, y=dbsinh~, 


8. Shew how to express the coordinates a, y of a point on a curve, 
whose Cartesian equation is given, in terms of the inclination (wy) of 
the tangent, and prove that 


dx\* /dy\? 
- γἰ ᾧ * Gp}: 
9 Prove that the curve whose intrinsic equation is 
| s=ksiny | 
is a cycloid, (Use the method of Art. 120 (3).) 
10. Given that in the ‘catenary of equal strength’ 
p=ksec y, 
where Ψ is the inclination to the horizontal, prove that if the origin be 
at the lowest point 
vw=ky, y=klogsecy, 
the axes of a and y being horizontal and vertical. 
11. Given that the intrinsic equation of a curve 1s 
s=ksin’y, | 
deduce the Cartesian equation 
xt γῇ = (2k)f. 
12. If p=a?/y, prove that 
| φῇ = C — 2a? cos Ψ. 
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13. Find the curve whose intrinsic equation is | 
s=a sec’ y. [ay? = 42°. | 
14. If the coordinates x, y of a point on a curve be given functions 
of ἐ, prove that 


= a's 1 /ds\* . 
ig αἷς. ds 
77 τὰν τ (ὧν cos Ψ, 


and give the kinematical interpretation of these results. 
Hence shew that 


1 Ν 2 _ =) 7 ds\4 
3 {(a) + Ge) -@)} + @)- 
15. Prove that, in the astroid 
z=acos?@, y=asin®d, 


yy a aca 6, 
and thence shew that 
p= 3a sin 6 cos 6. 
16. If c=att, y= 2at, 


the coordinates of the centre of curvature are 
α(2 1 88), -- 2at*. 


17. Prove from the Cartesian formula of Art. 135 (2) that in the 
rectangular hyperbola zy = # 


18. Also that, in the ellipse 

x 

a + Ψ' ΞΞ 1, 
_ (a-w*)t 

ao 

19. Also that, in the hyperbola 


20. Also that, in the parabola y* = 4aa, 
3 (α - ο) 

we at 
L. 1.0. | 24 


p= 
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21, Also that, in the semi-cubical parabola ay’ = 2, 
Β (4α + θα) aot 
oa 6a 
22. Also that, in the cubical parabola ay = 2’, 


a; at\ 8 


23, Also that, in the astroid 


p=—3(aay)*, 
24. Shew by differentiating the expression 
eee y=) 
for the square of the distance of a variable point (a, y) of a curve 


from a fixed point (ξ, 7) that when this distance is stationary the point 
(ὦ, y) must be at the foot of a normal from (é, 7) to the curve. 


Also that the distance is then a minimum or maximum according 
as the ‘point (ξ, 7) is nearer to or further from the curve than the 
centre of curvature. , 


25. Ifa curve be transformed by the substitution 


αἱ --αὖὦ, y= By, 
the curvature at any point is altered in the ratio 
-- σ΄. 
(a* cos* ψΨ + Ἣ β᾽ sin? yi 
where w is the inclination of the origina] curve to the axis of a, 


26. Prove that 


. | ἄρ 3pq?—(1+p*)r 
. ds Ἐπ | ᾳ ᾽ 
where | p=dy/dx, q=dy/de, r=d*y/dx. 
27. The curvature at any point of an ellipse is 
ὦ COB ἐφ 
rr’ 3 


where 7, γ΄ are the focal distances, and ¢ is the angle between them. 
28. In the rectangular hyperbola 7’ cos 26 = a’, 
. p= /a’. 
29. In the lemniscate r* = αὖ cos 26, 
p= αὐ Sr. 
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80. In the curve γῆ = a” cos mé, 
— t ee τς ἐς 
p“(m+l)p (m+1jr—" 
831, Apply the formula p = rdr/dp to find the radius of curvature 
| at any point of an epicycloid. (See Ex. 26, p. 330.) 
Examine the case of the involute of a circle. 


| $2. If the equation of a curve be given in the form r=f ( p), the 
| chord of curvature through the pole is 


dr 
2p dp ΓῚ 
Prove that the chord of curvature through the pole of a cardioid is 
_ 14 times the radius vector. " 


83. Prove that the chord of curvature, through the pole, at any 
point of the curve r* = a™ cos mO is 2r/(m + 1). 


84. Prove that the curvature of the pedal of a curve r=/(p) with 

respect to the origin is 
| 2p 

rh 

where 7, 3», p refer to the original curve. 


85. Prove that the curvature at any point of the pedal of an 
ellipse of semi-axes a, ὅ with respect to the centre is equal to 
8 a? +63 


r pe TS | 
where r is the radius vector of the corresponding point of the ellipse. 


86. Prove the formula 


ΒΕΓ ἢ 


and apply it to deduce the conclusions of Ex. 24. 


‘37. Prove that in polar coordinates the condition for a stationary 


tangent is 


CY τοῦ; 


df 


where w= 1/r. 
38. From the formula 


1 dr 
— — ret ee AN 
ψεθεφεθεοοσι 3 


24—2 


S 
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deduce the formula for curvature in polar coordinates : 
1 dr. (dr\? dr\2)4 
p= {tor τ ++) } 
ate) + {1+ l a) : 
=(R ‘ Ξ dO . 


89. With the same notation, prove that the chord of curvature 
through the origin is 


CSG) 


EXAMPLES. XLVII 
(Newton’s Method.) 


where τ = 1/r. 


1. The radius of curvature of the curve 
ay* = (α -- α) (ὦ -- 8B) 
at the point (a, 0) is (a -- β)"2α. 
2. Prove by Newton’s method that the radius of curvature at 
the vertex of the catenary 
y =acosh x/a 
is equal to a, | 
3, The radius of curvature of the curve 
ψ =a" (a+ αἡ) 
at the point (—a, 0) is 4a. | 
4, The radius of curvature of the ‘ witch’ 
y= αἱ (a—a)/o 
at its vertex is +a. 
δ, Find the radius of curvature of the curve 
| αὖ = οὗ (a— 2x) 
at the point (a, 0). 
6. Find the radius of curvature of the parabola 
(x—y)?- 2a (a+ y)+a®=0 
at the points where it touches the coordinate axes. 
7. Find the radius of curvature of the curve 
y=4 810 ὦ -- 81} 2% 
at the point #= ἀπ. [2°795....] 
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8. The length of the chord of curvature, parallel to the axis of y, ~ 
at the origin, in the parabola 


= mo += 
iia” 


is (1 + m*) a, and the equation of the circle of curvature is 
a + y? = (1 +m) a(y— mz). 

9. Find the curvature of the curve 

᾿ y= maz τ ἢ (α -- α)" (α -- ὅ). 
at the points (a, 0), (ὁ, 0). 

pds mt ] 
4n (a — δ) 

10. Find the equation of the circle of curvature, at the origin, of 

the conic | 
y = Ax? + 2ZHaxy + By’; 
and prove that it meets the curve again on the line 
(A —B) y =2Hm. 


1l. Ifthe polar equation of a curve be r= ¢ (9), where ¢ (6) is an 
even function of 0, the curvature at the point 0=0 is 


Φ0)- φ’ (0). 
- {¢(0)}? 
12. Prove that in the meridian-curve (73 -- a cos θ) of the ‘solid of 


greatest attraction’ (see Ex. 19, p. 329) the radii of curvature at the 
extremities of the axis are οὐ and 2a, respectively. 


13. Prove that the radius of curvature at either vertex of the 
lemniscate r* = a? cos 26 is ia. 
14. The radii of curvature of the trochoid 
v=a0+ksiné, y=a—kcosd 
at the points where it is nearest to and furthest from the base are 
(a + k)?/k, | 
15. Apply Newton’s method to-shew that the radii of curvature 
of the epicyclic 
© =, COS ME +a, COS Nt, Yy=a,sinnft + a, sin n,f, 
at the points nearest to and furthest from the centre, are 
(n,a, +n, Qa)" 
MA, + 47Ay ἡ 
Infer the condition that an epicyclic, at the points of nearest 


approach to the centre, should be concave to the centre (as in the case 
of the orbit of the Moon relative to the Sun). 
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16. Find the radius of curvature at the point ¢= 0 on the Lissajous 
curve . 

z=acosnt, y=bsin 2nt. 
Sketch the curve. | [4b/a. } 


17. If a curve be referred to polar coordinates r, 6, and if the 
pole be on the curve, and the initial line be the tangent at the pole, 
prove that the diameter of curvature at the pole = lim 7/0. 


Find the radius of curvature at the pole of the curve 
r=acos m6. 

18. If P bea point of a curve where the curvature, but not the 
direction of the tangent, is discontinuous, and if Q, & be neighbouring 
points on opposite sides of P, prove that the curvature of the circle 
PQR is ultimately equal to 

eA ΤΒ 
ρι Pa 
where p,, ρᾳ are the radii of curvature of the given curve on the two 


sides of P, and m,, m, are the limiting values of the ratios PQ/QR 
and P/QR, respectively. 
19. The acute angle which a chord PQ of a curve makes with the 


tangent at P, when Ὁ is taken infinitely close to P, is ultimately equal 
to 48s/p, where 8s is the arc PQ and p is the radius of curvature at P. 


20. Prove that if the tangents at the extremities of an infinitely 
small arc PQ meet in 7, then 7} and 7Q are ultimately in a ratio of 
equality. | . 

Why does it not follow that the line joining 7' to the middle point 
of PQ will be ultimately perpendicular to PQ? 


2). Assuming that the radius of the circumcircle of a triangle 
ABC is equal to ia/sin A, shew that it follows from Ex. 19 that the 
osculating circle coincides with the circle of curvature. 


22. Prove that when the resultant force on a particle is in the 
direction of motion the tangent to the path is ‘stationary.’ 


EXAMPLES. XLVIII. 


(Envelopes. Evolutes.) 


1. The envelope of the parabolas 
᾿ φῆι 4a (x-a), 


where a is the parameter, is a pair of straight lines. 
2. From any point P on the parabola y?=4ax perpendiculars 


PM, PN are drawn to the coordinate axes. Find the envelope of the 
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8. _ Find the envelope of the line 
xcosa+ysina=aseca; 
and give the geometrical interpretation of the result. 
4. The envelope of the parabolas 


ay* = α (% — a), 
where a is the parameter, is the curve 
ay? = of αδ, | 
5. Circles are described on the radii vectores of a curve as 


diameters ; prove geometrically that their envelope is the pedal of the 
given curve with respect to the origin. 


6. Find the envelope of the circles described on the focal radii of 
a conic as diameters. 


7. Chords of a circle are drawn through a fixed point on the 
circumference; prove that the envelope of the circles described on 
these chords as diameters is a cardioid. 


8. The envelope of the circles described on the central radii of a — 
rectangular hyperbola as diameters is a lemniscate of Bernoulli. 


9. Prove that the envelope of the curves 
P cosa+Qsina= Af, 
where P, Q, R are given functions of a, y, and a is a ἘΠΕ para- 


meter, 18 
P+= FB 
10. Find the envelope of the circles 
αὐ τε φῇ — 2ax 608 α -- 2aysin α =c}, 
and interpret the result. 


11. Find the relation between p and a in order that the straight 
line | 
xcosa+Yysina=p 
may cut the circles 


(x-a+y=b', (α - α)5- γδ-- οἱ 


in chords of equal length. Prove that the envelope of the line, under 
this condition, is a parabola. 


12. A system of ellipses of constant area have the same centre. 
and their axes coincident in direction ; prove that the envelope consists 
of two conjugate rectangular hyperbolas. 


13. <A straight line moves so that the product of the perpen-— 
diculars on it from the fixed points (+c, 0) is constant (= 67); prove 
that the envelope is the ellipse ΄ 


ἔτ ο δ’ Ὁ 
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or the hyperbola 
eo Y 1 
ry ae aaa 
according as the two perpendiculars are on the same or on opposite 
sides of the variable line. 


14. Circles are described on the double ordinates of the parabola 
y* = 4ax as diameters; prove that the envelope is the parabola 
γ᾽ = 4a (x+a). 
15. Circles are described on the double ordinates of the ellipse 
ey 
| atpol | | 
as diameters: prove that the envelope is the ellipse 
a y? 
arate 
16. A straight line moves so that the sum of the squares of the 
perpendiculars on it from the fixed points (+, 0) is constant (= 2k?) ; 
prove that the envelope is the conic 
“3 2 


1. 


and examine the various cases. 


17. A straight line moves so that the difference of the squares of 
the perpendiculars on it from two fixed points is constant ; prove that 
the envelope is a parabola. 


18. Find the envelope of ‘the ellipses 
x=asin(O—a) y=bcos8, 
where a is the parameter. 
19. The envelope of the catenaries 
Ξ , y= cosh (αἠο), 
where c is the variable parameter, consists of two straight lines, 
20. The envelope of the ellipses 


3 
| x + Ἂ ΞΞ 1, 
where a+B=h, 
~ is the ‘astroid’ ot + yt = ke. 5 


21. The envelope of the straight line which makes on the coordinate _ 
axes intercepts whose sum is ὦ is the parabola 


Jat Jy= Jk. 
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22. Two points move along the coordinate axes with different 
constant velocities; prove that the line joining them envelopes a 
parabola. 


23. From any point on the ellipse 
Ὡ gv. 
+= =I] 
perpendiculars are drawn to the coordinate axes; prove that the 
envelope of the straight line joining the feet of these perpendiculars is 


-the curve 
| at sy? 


24. Find the locus of ultimate intersections of the curves 


αν = x (a + a)’, 


where a is the parameter ; and examine the result. 


25. If acircle of constant radius has its centre on a given curve, 
the envelope of the circle consists of two parallel curves. 


26. If a circle of given radius touch a given curve, its envelope 
consists of two parallel] curves. 


27. If the equation of a curve be given in the form 
| r=f (p )s 
that of any parallel curve is of the form 
= f(p—c)+2cp—c. 


28. Prove that the problem of negative pedals (Art. 131) is 
equivalent to finding the envelope of the straight line 


“cosy +y sin y =p, 
where p is a given function of the parameter y. 
Verify that this leads to the formule (4) of Art. 131. 


29. ney that the negative pedal of the parabola 
y= 4aa 
with respect to the vertex is the curve 
| αν" = τῷ (a — 4a)*. 


30. Prove by the method of envelopes that the negative pedal of 
a circle is an ellipse or hyperbola according as the pole is inside or 
outside the circle. 


31. Prove geometrically that the radius of curvature at any point 
of an equiangular spiral subtends a right angle at the pole. 
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32. The evolute of an equiangular spiral is an equiangular spiral 
of the same angle. 


88, The area enclosed by the evolute of the ellipse 


x 
ep 
is 3x (a? — b*)/8ad. 7 


34. The coordinates of the centre of curvature at any point of the 
curve 


ay’ = αὐ 


ax . a 
are -τας- 8, nady +g, 


Shew that near the origin the evolute has the form of the parabola 


y= - Yaw 
88. Shew that if a curve has a point of inflexion the evolute has 
an asymptote. 
Shew that the part of the evolute of the curve 
αὖν = αὐ 
which corresponds to the part of the curve near the origin may be 
represented approximately by the hyperbola 
| ty = τς αὖ. 
36. The evolute of the hyperbola 
" 25 = ὦ cosh u, y=6sinh τω 
is (ace) — (by)* = (a? + 6). 


37. If rays emanating from a point O be reflected at any given 
curve, the reflected rays are all normal to a curve which is similar 
to the pedal of the given curve with respect to 0, but of double the 
dimensions. , 3 


38. Hence shew that the caustic by reflection at a circle will be 
the evolute of a limagon; and that in the particular case where the 
luminous point is on the circumference of the given circle the caustic 
is a cardioid. 


39. Prove that the caustic by reflection at any curve is the 
evolute of the envelope of a system of circles described with the various 
points of the curve as centres, and all passing through the luminous 
point. | | 

What is the corresponding theorem for the case of refraction ? 
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EXAMPLES. XLIX. . 
(Roulettes, &c.) 


1. A lamina moves in any manner in its own plane; prove that 
parallel straight lines in the lamina envelope parallel curves. 


2. A straight line moves so as always to pass through a fixed 
point O, whilst a point Q on it describes a circle passing through 0. 
Prove that the instantaneous centre is at the other extremity of the 
diameter through Q, and determine the two centrodes. 


Deduce a construction for the normal to a limacgon ; and infer that 
in a cardioid the normals at the extremity of any chord through the 
cusp meet at right angles on the perpendicular to the chord at this 
point. 


8. <A plane figure moves so that two eaten’ lines in n it touch two 
fixed circles; determine the two centrodes. 


4 If a circle roll on a fixed circle of half the size, which it 


surrounds, every a line carried by the rolling circle will envelope 
& circle. 


5. Prove that if a plane figure move so that a straight line in it 
rolls on ἃ fixed circle, the envelope of any other eenee line in the — 
figure is an involute of a circle. 


6. The radius of curvature of the envelope of the straight line 
ae + By = 1B 
where a, 8 are given functions of a parameter ἔ, is 
(e+ BYE (af = «β) 
= @f =a BP 
the accents denoting differentiations with respect to ἕ, 


7. Τὸ the curve whose tangential-polar equation is r=/(p) roll on 
a fixed straight line, the curvature of the path of the pole is 


a (6), 
dp \r}° 
where r is the radius vector to the point of contact. 


8. Prove that if a parabola roll on a fixed aerelent line the a 
of the focus is a catenary. 


9. Prove that if a conic roll on a fixed straight line the path of 
either focus is a curve such that 


! : p 
where p is the radius of curvature, n is the normal, and c 1s a constant. 


- 
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10. If an equiangular spiral roll on a fixed straight line, the path 
of the pole is a straight line. 


11. If the reciprocal spiral r = a/6 roll on a straight line, the path 
of the pole is a tractrix. : 


12. If any one of the Cotes’ spirals 


1 A 
p = a B 

rolls on a straight line, the pole traces out a curve such that the 
curvature varies as the normal. 


13. A curve rolls on a fixed straight line; prove that the arc of 
the roulette traced by any carried point O is equal to the corresponding 
arc of the pedal of the given curve with respect to 0. (Steiner. ) 


14, A closed oval curve rolls on a fixed straight line; prove that 
in a complete revolution the area swept over by the variable line 
which joins the -point of contact to any internal carried point O is 
double the area of the pedal of the given curve with respect to O. 

: (Steiner. ) 


15. Prove from the theory of the instantaneous centre that when 
the area enclosed by a plane quadrilateral of jointed rods is stationary 
the quadrilateral is cyclic. 


CHAPTER XI 
DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 


151. Formation of Differential Equations. 

Any relation between an independent variable «, a dependent 
variable y, and one or more of the derived functions 

dy ὧν ὧν 
dx’ da’ αω᾽ "" 
is called a ‘differential equation *.’ 

The ‘order’ of the equation is fixed by that of the highest 
differential coefficient which occurs in it. Thus a differential 
_ equation of the ‘first order’ is a relation between a, y, and dy/da. 

Before proceeding to methods of solution, it is instructive to 
consider one manner in which differential equations may arise. 

If we are given a relation between the variables a, y, and an 
arbitrary constant C, then by differentiation-we obtain an equation 
involving a, y, dy/dx, and (. By elimination of C between this 
and the original equation we obtain a differential equation of the 
first order. | a 
| More generally, given a relation between the variables a, y, and 
n arbitrary constants Οὐ, Cy,... Cn, then if we differentiate n times 
in succession with respect to x, we have altogether ἢ + 1 equations 
between which the x arbitrary constants can be eliminated. The 
result is a differential equation of the nth order. : 

From this point of view the original equation is called the 
‘ primitive.’ 

Ex. 1. ΤΆ the primitive be 
YH MEA CY .rceccsecreceeccaneenees κερὰ 1} 
where C is arbitrary, the differential equation is 


— = 3). - Sibsccadnuacaneesecdenlccpecestel2) 


’ * More particularly, it is called an ‘ordinary’ as distinguished from a ‘ partial’ 
differential equation, i.e. one which involves partial derivatives of a function of two 
or more independent variables. . 
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x. 2. From the primitive 


: os a Oe ee ee Ce ee (3) 
dy 
we deduce a lhe naa sanayenes (4) 


Ex. 3. I£ the primitive be 
᾿ς BCOSA+ YSING=A,  .ic.srcesscecscccccosecs (5) 
where α is arbitrary, we deduce 
dy 
cos a + — 


dx 


sina = Q, 


These give 


(y-22) sina=a, (y-2 2) cosa=-a%, 


whence, squaring and adding, 


dy\? _ dy\? | 
(y -- £ 19) =d@ {1 + (2) } © eeeces seecesceeeee(6) 
Eu. 4. If the primitive be 


| y= Δα B, Conesecerencceeveces pecccesesee (7) 
where both constants A, B are to be eliminated, we find 
dy 
1.3. | eee ἜΤ ΤΡ (8) 
Ex. 5. From the primitive 
(x —a)* Ὁ (y — By =a, «02... cece sce cccecnes (9) 
where a, αὶ are to be eliminated, we obtain | 
d*y 2 dy 2,8 
a’ (3 ΞΞ {1 + (Z) } o es ραν ἐφ οσις οἷν ρδίοῦν (10) 


The details of the work are given in Art. 189. 


The above processes admit of a geometrical interpretation. 
The equations obtained by varying the arbitrary constants in the 
primitive represent a certain system or family of curves; the 
differential equation (in which these constants do not appear) 
expresses some property common to all these curves. 


Thus in Ex. 2, above, the primitive represents a system of equal 
parabolas having their axes coincident with the axis of x, but their 
vertices at different points of it. The differential equation (4) expresses 
a property common to all these curves, viz. that the subnormal has a 
given constant value 2a. 
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Again in Ex. 5, if we vary a, β in the primitive we get a doubly- 
infinite system of circles of given radius a, having their centres any- 
_ where in the plane ay. The differential equation expresses that the 
radius of curvature has everywhere the constant value a. See Art. 135. 


Other illustrations may be taken from Dynamics. 
Lay 6. If, in the primitive 
BH ΠΑ δ DB, ciseve rac ccedevesenssseseee (11) 


we vary A and 8, we get a certain group or class of rectilinear motions. 
The differential equation 


expresses a property common to the group, viz. that the acceleration 
has the constant value g. 


Κα. 7. Again, if the primitive be . 
w= A cos nt+ Bsin nt, .....ccccccscsceceees (13) 


we find τς IUD, os casccecersecescoessces (14) 


This asserts that in the whole group of motions represented Ly the 
primitive the acceleration is towards the origin of x, and varies (in a 
given ratio »*) as the distance from this origin. 


The preceding examples will suffice to illustrate the derivation - 
of a differential equation from a primitive relation between wand y 
involving one or more arbitrary constants. In practice we are 
more usually confronted with the inverse problem, viz. to ascertain 
the most general form of relation between the variables which 
satisfies a given differential equation. Thus in Geometry, or in 
Dynamics, some general property may be propounded, whose 
expression takes the form of a differential equation, and it is 
required to determine the whole system of curves, or group of 
motions, which possess the property. 


The process of passing from a given differential equation to the 
general relation between the variables which it implies is called 
‘solving,’ or ‘integrating’ the equation; and the result is called 
the ‘general solution,’ or the ‘complete primitive, although the 
latter name is hardly appropriate from: this pot of view. A 
‘particular solution’ is any relation between the variables which 
happens to satisfy 10. δ 
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152. Equations of the First Order and First Degree. 


The general type of a differential equation of the first order 
may be written | ; , 


$ (« 9 $2) a eee ere (1) 


The equation implies that y is to be a differentiable function of a, 
and that ἀν ας is to be continuous. 


The mode of derivation of a differential equation of the first 
order from a primitive involving an arbitrary constant, explained 
in Art. 151, may suggest that the general solution of (1) will in 
all cases consist of a relation between 2 and y involving an arbitrary 
constant. With some qualification, due to the occurrence of 
‘singular’ solutions (Art. 161), this is in fact the case. The 
rigorous proof, however, is difficult, and may be passed over here 
without inconvenience, since in almost all cases for which practical 
methods of integration have been discovered the process itself con- 
tains the demonstration that the solution is of the kind indicated. 


In such problems as ordinarily arise, either the left-hand side 
of (1) is a rational integral algebraic function of dy/dz, or the 
equation can be transformed so that this shall be the case. The 
‘degree’ of the equation is then fixed by that of the highest power 
of dy/dx which occurs in it. 


The general equation of the first degree may be written 


d 
ΜῈΝ = =0, seiccenite seca eae (2) 
or | Mdx + Ndy =0, ΠΡ See oe eee (3) 


where M, N are given functions of « and y. The form (2) is also 
equivalent to ᾿ 


If (a, y) be real and single-valued for all values of « and y, 
then corresponding to any point in the plane zy we have a definite 
direction, assigned by the equation (4). If we imagine a point, 
starting from any position in the plane, to move always in the 
direction thus indicated, it will trace out a curve, which constitutes 
a particular solution, or primitive, of the proposed equation. And 
the whole assemblage of such curves will form a singly-infinite 
system, each curve being determined by the point where it crosses 
an arbitrary line. It appears, moreover, that in the present case 
no two curves of the system will intersect. 
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We have thus a sort of intuitive proof that the complete solu- 
tion of (4) will involve a single arbitrary constant *. 
We proceed to give an account of the methods which have been 
devised for the solution of the equation (4) in various cases. . 


153. Methods of Solution. One Variable absent. 
1°. The form 


where y does not appear explicitly, requires merely an ordinary 
integration. Thus 


| ; ψ τ TS (ὦ) ἀὦ -ἰ Οὐ. ονννννννννννννννννννον (2) 
where C is an arbitrary constant. 


2°, The equation 


d. 
aE (Qn saistansesisavetisiaeets (3) 
in which @ does not appear explicitly, may be written 
dy 
= de, 
Fy) 
whence ΕΣ 2 Oe eee Τ ΟΝ (4) 


Fx. To find the curves whose subtangent has a given constant 
value a. ‘We have (Art. 60) 


y εν ΞΞ ὦ, 
dy da 
or ΓΝ αὐ ae a aac eeeeos “5222 25.... (6) 
Hence log y = = φ C, 
or ? Y HOO, νος τιν ες ον οὐ evan eas vos. -(6) 


where ὅ, -- 66. is arbitrary. 


154. Variables Separable. 
A more general form is 


F(a) +f (y) =O, ercseecsscen 227,41) 
oc F (w)de+f (y)dy=0. ......: ee) 


* A rigorous proof of this was given by Cauchy. 


a, 
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If an equation can be brought to this form the variables are said 
to be ‘separable.’ ‘The solution obviously is 


[ F(a) dwt ff (y) dy =O. ...cseccsceseeee (8) 


Ex. 1.. To find the curves such that the normals all pass nee 
one point. 


If we adopt rectangular axes through this aang as origin, the con- 
dition gives 


dy x 

| dx y’ 
or wdx + ydy — 0, @eaeeesecoes eouveescea Seeeens (4) 
whence WP YF= COL crrereccrereeee tes κε ξυφξληο: (5) 


The required curves are therefore circles described with the origin as 
centre. , 


Ex. 2. To find a curve such that the tangents drawn to it from 
any point are equal. 


If we take a fixed tangent as initial line, and its point of contact as 
origin, then if the two tangents drawn from any point on the initial 
‘' line be equal, we must have, in the notation of Art. 63, ὁ 


p= 6, 
dé 7 
and therefore fo = tan θ. ΠΡ (0) 
7 ‘ 
dr 
Hence — cot 6 dé, coeccccoe Oesvcgcerves ὁ. 
and log r = log sin 6 + C, 
or r=asin @, ....... νος τίοϑι δος τὸς σον soci δον ἐὐοὰ (8) 


where a is arbitrary. The circle is therefore the only curve possessing 
the stated property. 


Ex. 3. The equation of rectilinear motion of a particle under an 
attractive force varying inversely as the square of the distance. from a 
fixed point is 


= - ἜΣ τ (9) 


If » vanish for «=o, we have C=0. In this case the velocity with 
which the particle arrives at a distance ὦ from the centre of force is 


vl (2p/4), or /(2ga), if g = μίαν, 
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This gives the velocity with which an unresisted particle, falling 
from rest at a great distance, would reach the Earth, provided a denote 
the Earth’s radius, and g the value of gravity at the surface. 


| Hz. 4. In a suspension bridge with uniform horizontal load the 
form of the chain is determined by the condition that any two tangents 
to the curve intersect on the vertical bisecting the chord of contact. 


ΤῈ the lowest point be taken as origin of rectangular coordinates, — 
and the corresponding tangent as axis of 2, the subtangent of any other 
point must be equal to one-half the abscissa. Hence 


τ 
y> τ, = δα, 
“dy dx 
or oer ere Ν ΠΣ eerecccecs (11) 
_ the integral of which is log y = 2 log ὦ; + const., 
or YO oi vovata wey uiuies ceieeucs (12) 


where a is arbitrary. That is, the curve formed by the chain must be 
a parabola with its axis vertical. 
155. Exact Equations. 


The case of the preceding Art. comes under the head of ‘exact 
equations. An equation | 


Mda + Ndy =0 .....ἐεννννννννννος οὐδ 1) 


is said to be ‘ exact’ when M and WN are of the forms du/dx and 
du/dy respectively. The form 


Ou ou 


| : δ; et a a al Wide etdavedacertestes (2) 
is equivalent to Di O, say cerrcesiuateidotincveom iO) 
and its integral is Ὁ WEE Ooi t aan Geate: Sinaia auas (4) 


where C is the arbitrary constant*. 


It may be shewn that every equation of the type (1) is either 
exact, or can be rendered exact by a suitable ‘integrating factor.’ 
The number of such factors is unlimited; for if we suppose the 
equation (1) to have been brought to the form (3), it will still be 
exact when multiplied by /’ (uw), where f(w) may be any function 
of u. The integral of 


is GO tanta: estas (6) 


which is obviously equivalent to (4). 


* The rule for ascertaining whether a proposed equation of the first degree is. 
exact 18 given in Art. 193. 


25——2 
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Ex. 1. (ae + hy + 9) dee + (hat by+f) dy=0. .«ονννννν,  () 
This is equivalent to 
ἃ (aa* + 2ἔαν + by? + ρα + By) =D, ...ceecreeeeees (8) 
whence an? + Bhary + by? + ge + Wy =O. .sereseeereeees (9) 
Ex. 2. ada + ydy =k (ady — ya). .«.ονν νον νννννννον (10) 
This may be written 
d (a2 +y%) = Dkatd (2). heer (11) 
and so becomes exact on division by 2*+ 4’, thus | 
‘ | 
ae+yy_ (5) 7 
aw al gar CREE ee (12) 
1+ 5 
x 
Hence, integrating, 
log (a+ 98) = 2h tan HAG τ λοον οὸςνο ες 19} 


The equation (10) may also be solved as follows. Its form suggests 
the substitutions 


 w=rcosO, y=rSind, «..νονοονννννννννννον (14) 

which give ade + ydy=rdr, ady—ydx=77dO.  wscoceceeees (15) 
The equation therefore reduces to 

al HMO, civisensess fosseves ἀὐον νυ δρῦν .(16) 

whence ἢ log 1 = LO + Cu .cccccsecvoscccsccssevsces (17) 


This is obviously equivalent to (13). 


Ex. 3. To find the form of a solid of revolution such that the mean 
centre of the volume cut off by any right section shall be at a distance 
from this section equal to 1/nth of the length of the axis. 


If the axis of a be that of symmetry, and y be the ordinate of the 
generating curve, we must have, by Art. 116 (11), 


cial (ὃς 


fin 
or | [-ά.- 5" mel y*dx, ... | seesseeee(18) 
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where € is the abscissa of the bounding section. Hence, if η denote 


the radius of this section, we find, on differentiating with respect to é 
according to the rule of Art. 92, 7 


,_n—l1 ᾿ “τ 
ἐπ. Ne err , de, 


ξ 
or ty? = (n — 1) [ Yel. ...«ννννννννοννονννννον (19) 
A second differentiation gives 
d 
a (ξη7) = (0-1) 7, «.ν.ννννννν νιον ννννυος (20) 
whence “ἢ =(n—1) τ 6) 
Integrating, we find f= AsE*-1, 
The generating curve must therefore be of the type 
Pr ARS sons tea ew senareoass seinsails (22) 


Since we have differentiated twice with respect to é, the differential 
equation actually solved is somewhat more general than the original 
problem. In fact the same differential equation would have been 
obtained if, instead of zero, we had had other (and distinct) constants 
as the lower limits of the two definite integrals in (18).. It is therefore 
necessary to examine @ posteriori whether the solution finally obtained 
Satisfies the original equation with the actual lower limits. This is easily - 
verified to be the case if n> 2. 


We note that if x = 3, the solid is a paraboloid of revolution, and 
that if m= 4 it is a cone. , 


156. Homogeneous Equation. 
Let us suppose that, in the equation 


ἂν 


M, N are homogeneous functions of # and y, of the same degree. 


In this case the fraction M/N is a function of y/# only, and we 


may write 
τ Ξ γ(2) er πλα a (1) 


If we put γ = xv this becomes 


oF +0 =f (0) bites cde cinuetndeduus (2) 


390 INFINITESIMAL CALCULUS _ [CH. XI 


The variables 2, vy are now separable, viz. we have 


dz dv a , 
- OT ee (3) 
whence | log ὦ = αἴ ΓΝ lint becd (4) 
ἊΣ Fw) —v 
After the integration has been effected we must write v= y/z. 
En, ΝΝ (at - y*) Y — aay = 0. ΤΥ (5) 
| - y 
94 
| dy a 
Here ma a ὟΣ se sbceaseeewanen δον εὐ αν θυ Ὁ} 
~~ a 
h doe v dy υ(] τ υῦ 
whence Be OS OO πε 
de 1-υ 1 Ww 
Hence ze = να τοῦ dv = (ς - i) dv. teccercccces ...(7) 


Integrating, we have 
log a = log v — log (1 + v*) + const, 
which is equivalent to (1+) = Cv, 
oi Bt OY τας εἰς see ohisecadaiterasees (8) 


In the geometrical interpretation, the general solution of a 
homogeneous differential equation must represent a system of 
similar and similarly situated curves, the origin being a centre of 
similitude. For the equation (1) shews that where the curves 
cross any arbitrary straight line (y/¢=m) through the ‘origin, 
dy/da has the same value for each, that is, the tangents are 
parallel. 


Thus, in the above Ex. the solution represents a system of circles 
touching the axis of a at the origin. 
Ifin(4)we put  §§ C=loge, 


{ὦ or v is determined as a function of a/c. In other words, the 
primitive is homogeneous in respect to 2, y, and ὁ, and is therefore 


of the type 
7 τ A | 
φ(’, 2 0. seeiics Misa: vee (9) 


This is in accordance with the geometrical property above stated, 
since if x, y, and c be altered in any the same ratio, the equation 
(9) 1s unaltered. In other words, a change in the value of c merely 
alters the scale of the curve. 
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157. Linear Equation of the First Order, with Constant 
Coefficients. 


A ‘linear’ equation is one which involves y and its derivatives 


| 
only in the first degree. Thus the linear equation of the first order | 
is of the type © | 


where P, Q are given functions of z. 


We take first the case where P is a constant, the equation 
being — | ane | 

oY — ay =Q (2 
yam Bae ὦ τονολλλληηνκεννεεεννννο (2) 


as this will be of special use to us later. 
If ᾧ = 0, the solution 18. 
| OO. eta εις ςλοος cel κατα εν (3) 

by Art. 38. 


It appears that the factor e~* renders the left-hand side of 
(2) an exact differential coefficient. This gives the key to the solu- 
tion in the general case where Q+0. Thus (2) 15 equivalent to 


d ~ AL ὌΝ —~Aaz 
| da (6 y) = Qe ) δ οοοοοοουοοοονοοοσοου (4) 
| whence e~@y = f Qe“ στὰ. + C, 
or y = θα f Qe dae + Cem, steseutseqecessme(D) 


_ In accordance with a general usage (see Art. 166), the first term 
on the right-hand of (5) may be called the ‘ particular integral,’ 
and the second the ‘complementary function.’ 


The following cases are important: 


1°. If | © tao ucndasueteusyncuiaeuyes (6) 
we have J Qe“ da = Hf e®-v2dz — en ae, 
_ as | 
and ΜῈ — CAO OS uiisiec deci ΠΥ (7) 


That the first term on the right-hand is a particular integral 
of the proposed equation is verified at once by inspection. 


2°. The result (7) needs correction when = a, or 
ΡΤ ΤΡ (8) 
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In this case we have a 
f Qe“ da = Η [ἀπ = Ha, 


and y = Hae™ + Ce, —cracccccrecceccseeces (9) 
38. If ΞΡ... wssadsese (10) 
: es pore Han 
we have SQe-“dx= Hija Ξ τι 
Ha" 
and ero em + Cem, OTe T TT eee eee (11) 


Ex.1. If a particle be subject to a resistance varying as the. 
velocity, and to some other force which is a given function of the time, 
its equation of motion is of the type 


“ eS). seals: ΠῚ (12) 
The integral of this is 
w = CaM + e™ feM f(t) dt. .e.ccccccsecenseeeers (13) 
For example, if SO) =9; 
a constant, we have v=Ce*+ Se pic eectntcia eas al 4) 


This might have been obtained more simply by writing the differential 
equation in the form 


- (-ἢ +k ( -4)=0, vedo daieutiens (15) 


whence υ-- : esi Cet. waneawasdigusaaaecesevece: :(16) 


As tincreases, Ὁ tends asymptotically to the ‘terminal’ value g/k. 


Ex. 2. If an electric current of strength x be flowing in a circuit 
of self-induction Z and resistance R, and if # be the extraneous electro- 
motive force in the circuit, we have the equation 


L τ ἡ Ξε ΝΣ τὶ ρ τον οι ον δόλους (17) 
If Z be a constant, the solution of this is 
΄ & . ke : 
=_t Ce L φ ᾿Φφοδοιϑϑο Pececsecenessecs (18) 


where C is arbitrary. The current therefore tends to. the constant 
value 2. | 


| If, for example, we suppose that the circuit is completed at time 
t=0, we have to determine C so that x=0 for ¢=0; this gives 


HE EH _*® , 
πὸ ” + Ww Rew es heseee eee ee eee ses (19) 


The second term represents the ‘extra current at make.’ 
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Again, if Ε = H,, 008 (pt + ἐδ, ssvsessseseesseeeseeeee(20) 
: R R ἜΝ 
: = Ry 
we have ba (wet *) = pa e/ cos (pt +), 
dt L 
R 
whence, integrating, and dividing by 65 : we find 
Rk, Ey Fi ( Bt 
w=Ce Li+ a L [ἃ cos (pt + «) at 
R 
=Ce Lt Raph {FR cos (pt + €)+ pL sin (pt + €)}5 ......... (21) 


‘ao 


866 Art. 80 (14). Hence as ¢ increases, the current settles down into 
the steady oscillation . 


δ, 
Ωρ cos (pt+e- ει)» eee cccccoccvece (22) 
where : εἰ = tan= Be. sbedeensiwelepeseness ess (23) | 


The effect of the self-induction (Z) is therefore to diminish the ampli- 
tude of the current in the ratio | 


R/,/(R? + pl), 
and to retard its phase by «. ) 


158. General Linear Equation of the First Order. 
We return to the general linear equation of the first order, 


. oy He y= Oo τρελὰ φῶ υεν esabecas (1) 
If Q =0, we have 
: oy iP Os. όεν ἐοὺου δον. δου δουροξον (2) 
’ whence log y+ {Pda =A, 
or GCE Os. atin ste ξοςνυ τος a tevnviane’ (8) 
This shews that e/?4 is an ot factor of (1), since 


sr (4 Py) = ὦ (erry 


Hence (1) may be written 


5 (yelPax) — QelPda, ..,.., See (4) 
Integrating, we find | 
yelPdx — [QelPae dart CO,  ccsescscsceceseees (5) 


The integrating factor will often suggest itself on inspection 
of the equation, without recourse to the above rule. 
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Ke. 1. oy + ycota=2 COS 2. sessseessceeseee ἡφοφηντ(θ) 
Here P=cotx, f{Pdx=logsina, efPdz=sgin x, 
Hence, multiplying by sin 2, 
£ (y Sin 5) = 2 Sin & COS &, ..eceeceseevesceeeee(4) 
y sin © = sin? x + (ΟἹ, 
᾿ Cc | 
Y = SID + ase ane soeeeeeeeteseiee(®) 
dy | 
Eon, 2. (1 — 22) τ --αν --1. ΟΝ (9) 
Dividing by 1 — 2, we have 
| dy So 1 
ee i - 5 ee (10) 
Here P=- τ» [Ράω - Σ Ἰορ (1—a), efPde = 1( -- αὖ). 
Multiplying (10) by the integrating factor, we get 
! dy x 7 1 
VO ~ 2) τ =a) Y= 7a’ 
| d 1 
or qa NO τῶν} = TT as eeacrcanecenese ... (11) 
Hence, integrating, — 
«(1 --- 2) y=sin 2+ 0, 
- sin-) 2 σ 
or | Y= Vi — 2) + “-ὀ ἢ . Cee eercceesecccces (12) 
dy ν _— vit ἢ 
Ex, 8. ἀεὶ Το et ttttetttes τοήθηλ ες νἶοϑύρσο μὰ (18) 
The integrating factor here is obvious. The steps are 
an oY + ngtly = gin*®, 
gmrnt+t | 
| eel νὰ 
gmtl 7 
y ACOs Poe capidin wenuserd onesies (14) 
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159. Orthogonal Trajectories. 
Suppose that we have a singly-infinite family of curves 


OG Yi CNH Op aiesseveniniaied ιν θ ον: (1) 


where C’ is a variable parameter, and that it is required to deter- 
mine the curves which cut these everywhere at right angles. 


We first form the differential equation of the family, by differ- 
entiation of (1) with respect to «Ὁ, and elimination of C. See 
Art. 151, 


If two curves cut at right angles, and if yf, ψ' be the angles 
which the tangents at the intersection make with the axis of 7, we 
have  — Ψ΄ = + ἐπ, and therefore- | 

tan yr = — cot ψ'. 


Hence the differential equation of one family is obtained from 
that of the other by writing. 


-1/% for Ἴ 


Otherwise: if dx, dy be the projections of an element of one 
of the curves (1) we have | 


2 a 4 OP 1... 
apie t 5 wo sgGewasivaaiepensauiet (2) 


Hence, if dx, dy be the ase ὧν an element of the orthogonal 
curve through the point (x, y), we have 
| dx dy | 
od/oa = Op/oy © ce ererrerccserecesecoscs (3) 


The differential equation of the trajectories 1s then obtained by 
elimination of C between (1) and (8). 


If the equation of the given family of curves be in polar co- — 


ordinates, thus 
F050; C20), ρούνευννυνονες ἐῤῥύονον, (4) 


and if ¢, ¢’ denote the angles which the tangents to the original 
curve and to the trajectory make with the radius vector, we have 
in like manner 

tan φ = — cot ᾧ΄. 


Hence the differential equation of one system is obtained from 
that of the other by writing 
ldr γὰθ 


“ἰὼ ‘dr’ 
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Or, differentiating (4), we have 
af 94 18 τ. 
a, ar + — 39 rdd =0, cece eevee ewseneecces (5) 


and therefore, for the trajectory, 


= eee eee ere (6) 


The elimination of Οἱ between (4) and (6) leads to the differential 
equation of the required system. 


Hz. 1. To find the orthogonal trajectories of the rectangular 


hyperbolas 
| CY EC eae Uolaievtneet δ ὡς ἐλ υ cases: (7) 
Differentiating, we find αὐν ty dae 0p. .......ὁ(εννοννοννο σου νον σον (8) 
and therefore, for the trajectories, 
wdc — yy =O, oe ceeececcecsccnccencecece (9) 
whence ΞΡ ΞΟΣ + ihacxedelsstenesarioesebins (10) 


Hz. 2. To find the curves orthogonal to the circles 


w+ νι Quy— τε, .«οννννννον ἐδ φονος (11) 
where » is the variable parameter. | 
Differentiating, we have ΣΝ 
ο Φάω τ (ν + μ) dy=0, 
and therefore, for the trajectory, | 
ady — (y+) da =0, 
Eliminating » between this and (11), we find 


Bary SY + (at y®— BHO, ceessevneseeeeeeee(12) 


or wi) yo aah ee ree (13) 


This is linear, with y* as the independent variable. The integrating 
factor, as found by the rule of Art. 158, or by inspection, is 1/a*, Intro 


ducing this we have 
oo eile 
da (sg) =~ 3 + 
whence “το ay. 
ee ox 


or a+ y®— ZrAm+ K=O, oo. ec cc eee +s eeeeee(14) 
d being arbitrary. 
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The original equation represents a system of coaxial circles, cutting 
the axis of x in the points (+4, 0). The trajectories (14) consist of a 
second system of coaxial circles having these as ‘limiting points’; viz. if 
we put A=+£ we get the point-circles 


(a FKP Ht yF=H0 5  cissccsccesccccsecvesoss (15) 
see Fig. 135. | 


Fx, 3. In the circles 
| r=ccos 6, ....... aceheumeaae sane ee. (16) 


which pass through the origin, and have their centres on the initial 
line, we have 


o = — tan Odb, ΠΤ an eiee (17) 


and therefore, for the trajectory, 
rd =tan Odr, or = cot θάθ. covsseeeseesn (18) 


Integrating, we find log r= log sin θ + const., | 
or P20 CUO. γρουδουνδοκνονν νον ο ον ψοὐνὸν (19) 


which represents another system of circles, passing through the origin, 
and touching the initia] line. 
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160. Equations of Degree higher than the First. 


The general type of an equation of the first order and nth 
degree is | 


pr + Pip" + Psp”? + ...+ Pa sp+P,=0, αὐρονν 1) 
| ey | τς 
where ee 2 oo e mec eerevcceccccessceces (2) 


and P,, P;,...,P, are given functionsyof « and y. It is usually 
implied that these functions are algebraic, and rational. 


The equation (1), being of the nth degree in p, indicates that n 
branches of the primitive cerves go through any assigned point in the 
plane xy. Some of these branches may of course be imaginary, and 
for some ranges of ὦ and y all may be imaginary. There may also be a _ 
real locus of points at which two of the values of p coincide; this locus 
is of special importance in the higher development of the subject. 


For example, in the equation of the second degree, 


EPP SHO, cccineedesseiiaceteceiars (3) 
the values of p will be real and distinct, coincident, or imaginary, ac- 
cording as P?2 4. And the locus of points at which the two values 
of p coincide is the curve P?= 40, 


if the left-hand side of (1), considered as a function of p, can 
be resolved into linear factors, thus ᾿ 


(» -- D1) (Pp -- ps) ..-«(Ὁ τ-- Pn) =O, «οὐνννννννν (4) 
where p;, 2.» -.. Pn are known functions of ὦ; and y, the complete 
solution will consist of the aggregate of the solutions of the several 
equations | | 


dy — dy ΝΥ 


dx Pv dae 22 sy Ge = Pus ececccee (3 
Ea. αν» — (27 — y") p— αν =O. oo cceccceeescececees (6) 


This is equivalent to | 
| | (ap + y) (yp—x)=03 «.νννννννννννννον ites (7) 
and the solutions of 
mp+y=0, yp—«x=0, 
are, respectively, — yO, BP AO. secceccrssrescesenseecee(8) 


The product of the two values of p given by (6) is —1. This 
shews @ priori that the two branches of the primitive curves which 
pass through any point (a, y) will be at right angles to one another. 
Cf. Art. 159, Ex. 1. | 
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161. Clairaut’s form. | 

When the equation (1) of Art. 160 cannot be conveniently 
resolved into its linear factors, we may in certain cases have 
recourse to other methods. These are for the most part of some- 
what limited utility, and are accordingly passed over here; but 
an exception may be made in favour of Clairaut’s form, which is 
very simple in theory, and moreover often presents itself in ques- 
tions where a curve is defined by some property of the tangent. 


If we write p for dy/dx, the form in question is 


G = Op f(D): ..««ονννονοονονννοννννον (1) 


| It was proved in Art. 60 that the intercepts (a, 8) made by 
the tangent to a curve on the axes of # and y are given by 


a= (ap — y)/p, B=y-—ap, ..... ἐρευνῶν (2) 


' yespectively. Hence any equation of the form (1) expresses a : 


relation between either intercept and the direction of the tan. 
gent, or (again) between the two intercepts*. Now it is evident 
that this relation is satisfied by any strazght line whose intercepts 
have the given relation. Along any such straight line we have 


and we thus get the solution 


ae Ca + f(C), eee ea νυν νον Bucs (4) | 
involving an arbitrary constant C. 3 | 


But the equation will also be satisfied by the curve which has 
the family'(4) of straight lines as its tangents; in other words, by 
the envelope of this family. This envelope is found by expressing 
that (4), considered as an equation in C, has a pair of equal roots, 
1.6. by eliminating C between (4) and 


a+ f’(C)=0; Seleed eS eels bewaeeeeeeews (5) 
see Art. 139. : 


The more usual method of deducing the above solutions is to 
differentiate (1) with respect to a; thus 


p=Gapte+r on, 


ae (ctf (py SEO, cssssseiseeeseesenee (6) 


* The equation is equivalent to 
B=/ (-- βία), or (a, 8)=0. 


400 INFINITESIMAL CALCULUS [CH. XI 


This requires, either that 


dp , 
oe SO yeah aaceretneee (7) 
or that WES (Cp) 0: οὐορ νον ἐκ δοιοὺς (8) 


The former result makes p= C, and 
Ym CRA YT (Ci. -οοοοιςοινεονοίονεν...(0) 


-The alternative result (8), combined with (1), leads, on elimi- 
nation of p, to a particular relation between x and y. Since the 
result of eliminating p between (1) and (8) must be the same as 
that of eliminating C between (4) and (5), we identify this second 
solution with the envelope aforesaid. | 


The solution (9), involving an arbitrary constant C, is called 
the ‘complete primitive.’ The second, or envelope-solution, is not 
included in the complete primitive, 1.6.ὄ it cannot be derived from 
it by giving a particular value to C. It is therefore called a ‘sin- 
gular solution*,’ ; 


Ex. ‘To find the curve whose pedal with respect to the point (a, 0) 
as pole is the straight line x = 0. 


The expression of this property is 


| a= pB, . 
where β is the intercept on the axis of y, whence 


G 
vee e. sieneseesenetaee φιῥ οί νυν (10) 

This is satisfied by any one of the family of straight lines 
ym Coke 5. τροςυιους ἐρζινυνωι ΠΡ 11) 


and also by their envelope Sf AOE Foss cc evasasdessiaeaeecducesens (12) 
see Art. 140, Ex. 2. : 


> 
“EXAMPLES. 1. 


(Formation of Differential Equations.) 


1. If y = Aai+ B, 
dy ἂν 
prove that a ae 0. 


* The general theory of singular solutions of equations of degree higher than 
the first must be sought for in books specially devoted to the subject of Differential 
Equations. It is closely related to, but not altogether co-extensive with, the theory 
of envelopes. 


2. If 
prove that 
8. If 
prove that 
4, If 
prove that 


δ. If 


prove that 


6. If 


Ld 
prove that 


ἡ. ‘If 


; 


prove that ᾿ 


8, If 


prove that 
9. If 
prove that 


10. Τῇ 


prove that 


11. If 


prove that 
12. If 
prove that 


L. L 6. 


401 


y = Aer® + Befa, 
—(a+ p) SY 
y= (A 5 Ba) e™, 


as aBy = 0. 


xe = 6. ake 2 cos nt +B sin nt), 


d*x 
aA ΤΈΣ + 3k) x=0, 


A cos kr +B sin kr 
os Ὁ 
Ph “εἰ 
ar? 


y=(A +) on ta(0+D 
oY 4 TY + k*y =0. 


+p =0. 


dar! 
y= A cosh ke + Bsinh ke + C cos ke + D sin ke, 


oy py 
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13. If 
ψ = (4 seat © 7 + B sinh =) 8 5 cos —= 
= ka 
C cosh —z + Dsinh 5) ain 
+ (Geosh Tg Doiah Ta) a 
prove that oy + Ky =0. 
a ae 
14 Te y= Asin a+ B, 
| on HY dy . 
prove that (1 — ἢ τ 5,9 
16. If y = (sin— x)? Ὁ A βἰηπια + B, 
| dy WY 
prove that (1 — a) τς = : 
16. If y = A cos (log x) + B sin (log 2), 
' dy 
prove that a ate ty = 0. 


17. if y=A fat ({(ω3 -- 1}}"-Ὲ B {x — .(α3-- 1)}*, 


prove that ὁ (a* — 1) δ ρῶν nty = 0, 


18. Shew that the primitive 
a 
y = ML + m 9 
where m is arbitrary, leads to 
dy dy 
x Hal —Y¥g ta= =0, 

19, If 2ey+e?= ot 

where c is arbitrary, prove that 


dy dy 
= (3) τς —xz= (0. 


20. The differential equation of all parabolas having their axes 
parallel to the axis of y is 

ay 

dx? 


21, The differential equation of all parabolas having their axis of 
symmetry coincident with the axis of x is 


= 0, 
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22. The differential equation of all conics having their principal 
axes coincident with the coordinate axes is 


Py (dy? ἂν 
αν Fh +0 (5) —¥ 7 =O 


23. Prove that the differential equation of all circles touching 
the axis of 2 at the origin is y 


24. Prove that the differential equation of all conics touching the | 
axis of y at the origin, and having their centres on the axis of x, is 


2 
ay SY 4 (“3 --“) =Q. 


αὐ a? 
25. If Y= 245 _ 
α" dy\? α 
prove that a (y -- 1) 58 = 2a () ἐπι) εξ. 


26. Prove that the differential equation of all hyperbolas which 


pass through the origin, and have their asymptotes parallel to the 
coordinate axes, is 


d’y “9 dy . 
xy a 2 os ig 
27. Prove that“@e equation | 
οὖν 


get My =F (ἢ 
is satisfied by 


1, 1. - ᾿ | 
y =~ sin nt [7 (0) count de — = cos nt [/(2) sin nt ἄς 


and that this is the complete solution. 


EXAMPLES. LI. 
(Equations of the First Order.) 


| 
1. Integrate oe = fy = Cx. ] 
‘ dy y _pe-l 
2. Integrate ὥ» ΞΞ p= 1° [ν' ΞΞ τ Ξ 
8. Integrate τ = cot α; cot ψ. [sin « cos y = C.] 
dy 
4, Integrate a nt Y=) [y=1+ Celz,] 


. 26—2 
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5. Solve m(y +b) dx +n(x+a)dy=0. 
[ὦ + a)" (y+ b)"=C.] 
dy 16 γ' _ 2+ 
6. Solve i Ὑταος [y= Toe" | 
7. Solve | (1 + y?) dx — ay (1+ οὐ dy=0. 
[( τον τ y)= Cx] 
ων ἢ dy_y(1—-y’) 
8. Solve da ee Ξ 11: 
| ιν" ( -- αὐ = σαΡᾳ -- γ}}} 
9. Solve oY (w+ y)? [a+ y=tan(%+a).] 


: dy dy 
2 _—— — ———ew 
10. Solve (a + y) (ω ; +y) = xy € + ) 


11. Find the éurves in which the angle between the tangent and 
the radius is one-half the vectorial angle (6). 
[The cardioids r =a (1 —cos 6).]-— 
12. Find the curves in which the perpendicular from the origin — 
on. the tangent is equal to the abscissa of the point of contact. 
[The circles + = 2a cos θ.} 


18. Find the curves such that the portion of the tangent included 
between the coordinate axes is bisected at the Ms b of contact. 


| e hyperbolas ay = C.] 


14. Find the curves in which the ποι varies as the. 
abscissa. | — [y= Ca™] 


15. Prove that if the subnormal — a constant ratio to the 
abscissa the curve is ἃ conic. 


16. Find the curves in which the perpendicular from the foot of 
the ordinate to the tangent has a constant length a. 


(The catenaries y = a cosh (a — a)/a.] 
17. Find the curve in which the polar subtangent is constant 


(=a) [r = a/(8—2).] 
18. Find the curve in which the polar subnormal is constant 
(=a). _ [r=a(0-a).] 


19. Find the curves such that the area included between any two 
ordinates is proportional to the intercepted arc. 


(The catenaries y = a cosh (a — a)/a. | 

20. Find the curves such that the area included between any 

ordinate, the axis of x, and the curve is 1/nth of the rectangle 
contained by the ordinate and the corresponding abscissa. 


ly = Ca*—,] 
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21. Find the form of «a solid of revolution in order that the 
volume cut off by any right section may be 1/nth of the product of 
the area of this section into the length of the axis. 


[The equation of the generating curve must be 4° = Ax™—. | 


22. In ἃ suspension-rod of uniform strength the area of the cross- 
section (S) varies as the total stress across it; prove that if 2 be 
measured vertically downwards the relation between S and # must be 
of the form 


g=A-Bf Sas, 
0 


Hence shew that the form of the rod must be that generated by 
the revolution of a curve of the type : 
: f y = bela 
about the axis of a. 
23.: Find the form of a curve, symmetrical with respect to the 
axis of x, such that the mean centre of the area cut off by any double 


ordinate shall be at a distance from this ordinate equal to 1/nth of the 
length of the axis. [y = Cu"-2,] 


24, Solve ta + 3axy") dx + (y° + 3a%y) dy = 0. 


_ _,udy—-ydx 
25. Solve adx+ydy=a ΣΤΉΝ 
| at +y*= 2a*tan 24.0, | 
26. Solve go = aN (a+ 9) σε ] 
oo ai — 
t, τῇ dy 
27. Solve ας ha «{(α Ὁ y?). 
Give the geometrical interpretations of the differential equation 
and of its Po | [a?= 2Cy + C?.] 
| dx dy 
dy | 
29. Solve erty = ey, [ων = Ce*.] 
Solve dy | 
30. olve 205 — Y= αν. ἰν = Caxe*.] 
. dy_y(xt+y) ee 
31. Solve ae Yar ἢ [zy = Cevle,] 
32. Solve — (x*— 3y) wd = (y? — 3x") ydy. | 


[(2? + P= C (a —y').] 
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33. Shew that the equation 
ὧν an+by+e 


is rendered homogeneous by the substitutions 
az+by+c=§ aut byt+c=y 
84. Shew that an equation of the type 
ae 
may be solved by the substitution 
ax + by =z. 
35. Shew how to solve any equation of the type 


ἂν ,.fax+by+e 
dic ) 


ax+b'y+c]° 


EXAMPLES. LII. | 


(Linear Equation.) 


‘1. Solve | oY 4 y tana = 8€C ἂς, [y=sina + C cosa.) 

2. Solve (1-2) 2 4 ay =a [y=a+€ ( -- οἱ] 
dy | 
3. , Solve «Bat ety=0. [x* + Quy = C.] 
4. Solve τ τος ee 1. (a? — ary = C.] 
_ dy 2 
5. Solve | dg t ἐν = 1 + Qa. [y=a+Ce-2",] 
οὐ a a 
6. Solve Coe Tapa) 
7. Solve a . + au tan 6 = tan 0. [au = 1+ C cos 0.) 
8. Solve oY —y tan e— 2sinw [y= cos # + C seca. ] 
dy 

9. Solve (1 — #8) a, + (2a? - 1) y =a? 


[cH. x1 


[y=2+ Cx (1 —2*),] 
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10. Shew that the equation 


ἃ 
mt Ἐν oy" 
is made linear by the substitution 
y— (1) τε 
(Bernoulli’s equation.) | | 
.11, Solve ge gee ΣΝ “= 1+log«+ Cx. | 
dx y 
dy : | ee 
12. Solve cosa 7 —y sine + y* = 0, [ | =sin 2+ C cosa. | 


13. If the two plates of a condenser of capacity C are connected 
by a wire of resistance # (and zero self-induction), the equation con- 
necting the charge (4) with the electromotive force (17) is 


Integrate this in the cases H = 0, H=const., ZH = EH, cos (pt + €). 


EXAMPLES. LIII. 


(Orthogonal Trajectories.) 


1. Find the orthogonal trajectories of the straight lines 
y= Cn. [The circles α + y? =C.] 
2. Find the orthogonal trajectories of the curves 
. arly = a (The conics 2? + ny*= ΟἿ 
3. Find the orthogonal trajectories of the circles 
w+y?=2cy. [The circles οὗ + y*= 2c’z.] 
4, Find the curves for which | 


and determine their orthogonal trajectories. 
| [ (a? -- y?)? = Cay 5 af + 6274? + 4 = C.] 
5. Prove that the differential equation of the confocal parabolas 
y= 4a (α  α), 
is yp? + 2ep—y = 0, 
where p = dy/da. 


Shew that this coincides with the differential equation’ of the 
orthogonal curves ; and interpret the result. 
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6. Prove that the differential equation of the confocal conics 


oot yo 
arnt Ben) 
is ay p? + (2? — y?— a? + 5%) p— ay =0. 


Shew that this coincides with the differential equation of the 
orthogonal curves, and interpret the result. 


7. A system of rectangular hyperbolas pass through. the fixed 
points (+ a, 0) and have the origin as centre; prove that their ortho- 
gonal trajectories are the Cassini’s ovals 


(x? + y*)? = 2a? (2? — y*) + C. 
8. Prove that the differential equation of the involutes of the 
parabola y? = 4a is : 
| dy wy “9 
daz dx} "ἢ 
9. Prove that the differential equation of the involutes of the 
circle 27 + γῆ = a? is 


, ' Pe 
at — q+ dary SY 4 (y*? — a?) (22 = 0, 


10. Find the orthogonal trajectories of the cardioids 
r=a(1—cos 6). 
[The cardioids r= (1 + cos 6).] 
11, Prove that the orthogonal trajectories of the curves 
r™ = a™ cos m6 
are the curves γῆν = δ) sin m6. | 
_ Interpret the cases of m= 1, -1, 2, — 2, 4, — 4, respectively. 


12. Prove that the orthogonal trajectories of the curves 


7? = A cos 0 
are the curves 
r= B gin’ 6. 
13. If in bipolar coordinates (Art. 132) the equation of a family 
of curves be. 
A (r, 7) - C, 


the differential equation of the orthogonal trajectories is 
of of 
r d0=r 57 af. | 
Hence shew that the orthogonal trajectories of the circles 
rir’ =C, 
are the circles 6+07=0, 
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14 Also that the orthogonal trajectories of the Cassini’s ovals 
rr =C, 
are the rectangular hyperbolas 
| 6-0 =C. - 


15. Also that. the orthogonal trajectories of the equipotential 
curves 


1 
r rT 


are the magnetic curves ; 
, cos 6 + cos θ' = C. 


EXAMPLES. LIV. 


(Equations of Higher Degree.) 


1. Solve | uy —(a+ ἢ)" “a af = 0. 
| [fy=axt+C, y=fhr+C.] 
dy\* __. 
2. Solve (Z) = sin’ x, [y=C + cos x. ] 
ἃ 
3. Solve oY) = my}, [y= Cet™]. 
4. Solve | y’ a = 4q3, [y= C+ 4a. ] 
| (Wy . 
5. Solve da) “δ fy=C+2 Tas 7 
» (ἐν ΡΞ 
6. Solve (1 -- 2) (4) als: τ [y=C+sin 2, ] 
7. Solve oy (Z + y)= a (a0 + γ). 
[y= ha? + C, y=1-2+Ce*] 
8. Solve ae (ae Ν ) = (a+y)y. 
[y=Ce, y= -l—w+Cen*, ] 
IY 0. Y _ op =0 : 
9. Solve w( 2) —2y 7-2 =0. [α = 2Cy + 05] 
dys? α᾽ 
10. Solve y “ἢ + 2x ay =. 


[Jatt y)=C ta] 
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11. Find the curve such that the product of the intercepts made 
by the tangent on the coordinate axes is constant (= 13). 


[The hyperbola 4ay = k’.] 


12. Find the curve such that the perpendicular from the origin on 


any tangent is equal to a. [The circle a? + y? =a?.] 
13. Solve y=axp+ , (δ᾽ + a*p’). 
| : ay? 
Singular solution : mat pm 1.| 


14. Find the curve such that the product of the perpendiculars 
from the points (+c, 0) on any tangent is equal to δ, 


: a yy, α γ᾽ 
| | The conics Preatpzh a—p- eo) | 


15. Find the curve such that the tangent intercepts on the 
perpendiculars to the axis of x at the points (+a, 0) Jengths whose 


product is 67. 
| The conics +2 = 1. | 


a? — 6? 
16. Solve | y=xp+ap(1—p). 
[Singular solution: (ὦ + a)? = day. ] 
17. Solve (a~—a) pi + (x—y)p—y=0. 


[Singular solution: (#+y)*= 4ay.] 


18. Find the curve such that the sum of the intercepts made by 
the tangent on the coordinate axes is equal to a. 


[The parabola (a—-y)*— 2a (x + y) +a?=0.] 
19. Shew that any differential equation of the type 
dy ογάν 
e+ vae-S (aa) 
represents a system of parallel curves. 


20. Shew that any differential equation of the type 
) 
σα, ,Ἐὲπ-}-Ξ 0 
7 ( Le ae 


represents two systems of orthogonal curves. 


~ 


CHAPTER XII 
DIFFERENTIAL EQUATIONS OF THE SECOND ORDER 


162. Equations of the Type d*y/da*= f(a). 


This chapter is devoted principally to differential equations of 
the second order, and especially to such types as are of most frequent 
occurrence in the geometrical and physical applications of the 
Calculus. Occasionally, the methods will admit of extension to 
equations of higher order. 


We begin by the consideration of a few special pe and after- 
wards proceed to the study of the linear equation. The linear 
equation with constant coefficients is treated in the next chapter. 


We take, first, the type 
das = 7 (a). ςοοοοοοοοοοοροοουοοοοοοοδονσο (1) 


This requires merely two iguinaly integrations with respect to a; 
thus 


oY | f(e)do+ A, 


y= [7 da} dar + Att By eecccsscceee (2) 


_ where the constants A, B are arbitrary. 
Ea. 1. The dynamical equation 


d*x 
"Δ SO serreeteeseeeeeeeteeeeeneees (3) 


which determines the motion of a particle in a straight line under a 
force which is a given function of the time, is of the above type, with 
merely a difterence of notation. 


In the case of a particle subject to a constant acceleration g we 
have | 
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| dx - 
whence =o gt +A, 
B= RG + AL Bl cc ccccccccssceese tacos (5) 
Again, if ΒΞ FP BING, ΨέΨἝΨέέΠΕέΕΠΨ͵σσἝἔΕοἜὭΠἝ ἘΠ Gs (6) 


the force varying as a simple-harmonic function of the time, we have 


da: Ζ 
ΩΣ =— τὶ cos nt + A, 
C= — J. sin ME + AE + Bl .ccciscccscccescsees-(7) 
The constants A, B which occur in these probiems may be adjusted 


so that at any chosen instant the particle shall be in a given position 
and have a given velocity. 


Hx. 2. To solve the equation 


οὖν 
| gal ae a) Ὲ τ τε (8) 
subject to the conditions that y=0 and ἀγνίάα--Ο for x=0. This is 
the problem of determining the flexure of a bar which is clamped in a 
horizontal position at one end («= 0) and supports a given weight (W) 
at the other end (a = ἢ). 


Two successive integrations of (8) give 


* 


ad ri 
Bo  (-- dat) +A, 
By = W (φ1-- τα + Aes By vecececeees weeeee(9) 


where A, B are arbitrary. The terminal conditions require that 4 =0, 
B=0, whence | 


yah gt (2). ete: (10) 


163. Equations of the Type d?y/dz* = f(y). 
If the equation be of the type 


oY _ Fy), a δ δι δόλο eat caaclenen orice (1) 


a first integral may be obtained in two ways. 

In one of these we multiply both sides by dy/da, and then 
integrate with respect to #; thus 
dy ὧν Κρ αν 


} (SY -[γῳωζϑω ἡ -[γῳ) dy +A. ......(8) 


\ 
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The second method is to introduce a special symbol (p) for 
dy/dx. Since this makes 


we have, in place of (1), 


which may be regarded as an equation of the first order, with p as 
dependent, and y as independent, variable. Integrating (3) with 


respect to y, we have | 
| 49? a2 f f(y) dy + A, occccccssccccsecvces (5) 
which is equivalent to (2). 
To complete the solution, we write (2) in the form 
--.--Ἕ-ὦὕὖὕς 
W{2f f(y) dy τ 24} 
The variables are here separated (Art. 154); but on account mainly 
of the occurrence of the radical the further integration is often 
impracticable, even with comparatively simple forms of the 


function f(y). | | 
A very important case is where f(y) is a linear function of y, 
so that’ the equation takes the shape 
d’y . 
dx? + ay= Dioeasdescosvaeecedcauue: (7) 


Sa UE. “esensaieeeees (6) 


By a change of dependent variable, writing y,+6/a for y, and 
afterwards omitting the suffix, this is reduced to the somewhat 
simpler form | | 


oY + ay =0. ἀρόώι τόσ δρῶν οὐ ὀ δ ϑὰν (8) 
The first integral of this is — 
(32) SRC. epee ne (9) 
da 
If.a be positive, we may write 
| an Af, CH MI, ceccsccccrccvercvenss (10) 


it being evident that, if we are concerned solely with real quantities, 
C must be positive. Thus | 
| ἂν | 
Vo? — 7’) = τ J CP reeerserescccnveces (11) 
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whence | cos? ὅ = +(mz +e), 


or Y=ACOS(ME+E). ....... eee (12) 


This is the complete solution of (8), and involves the two 
arbitrary constants a,«. If we put 


A=acose, B=—aASINEG, cseccccececceee (13) 
we obtain the equivalent form 
y = Acosma+ Bsin ma. .... «νον ννενννννον (14) 


These results are exceedingly important, and should be remem- 
bered. 


The case where a is negative, = — m?, say, can be treated in a 
similar manner, and we should find, as the complete solution 


y= A cosh ma + B sinh ma, vod cuumtenasees (15) 


where m=,/(—a). A simpler method of treating this case will 
however be given later. 


The type (1) is of very great importance in Dynamics. Thus, the 
equation of rectilinear motion of a particle subject to a force which is 
a given function of its position only is of the form 


which is identical with (1), if regard be had to the difference of notation. 


The first method of integration consists in multiplying both sides 
by da/dt, thus ; 
dc Bae f da 
| dt dB (x) at’ 
and integrating both sides with respect to t. In this way we obtain 


νῷ (de? οἷ 
} (3) Ξ [re a at + C= ψγώω:ο, πο τ (17) 
which is the ‘equation of energy.’ 


The second method consists in writing v for da/dt, and therefore 
vdv/da for ἀξ αἴθ, cf. Art. 32. Thus ‘ 


oS = f(x). 
Hence, integrating with respect to 2, we have 


ZU = If (2) ἀκ + Cy ....ccccccsevccccccses .(18) 
in agreement with (17). 


163 | DIFFERENTIAL EQUATIONS OF SECOND ORDER 415 


Ex.1. Ifa particle be attracted to the origin with a force varying 
as the distance, the equation of motion is 


This is of the special type (8), and the solution is 
= α COS (y/ pil +E). cocrececccsccesseceneees (20) 


This represents a ‘simple-harmonic’ motion. The values of # and de/dt 
both recur whenever ,/pé increases by 27; the period of oscillation is 
therefore 27/,/p. The arbitrary constants a and ε are in this problem 
known as the ‘amplitude’ and the ‘ epoch,’ respectively. 

The equation of motion of any ‘conservative’ dynamical system 
having one degree of freedom, when slightly disturbed from a position 
of stable equilibrium, is also of the type (19). For example, the accurate 
equation of motion of a pendulum is 


a0 : 
a= 9 8106, ΤΥ (21) 


where g is the acceleration of gravity, and ὦ is a certain length depending 
on the structure of the pendulum. In the case of a ‘simple’ pendulum 
1 is the length of the string. If the extreme angular deviation from 
the equilibrium position be small, we may write @ for sin 6, thus 


PO g 


The solution of this equation is 


naial Mach, eee ore (23) 


and the period is therefore 2m ,/(t/g). 


The accurate equation (21) can be integrated once by the method 
above explained ; we thus find | | 


dé 3 
PY, (3) = 9 C0804. C) «οὐνονννενενννεν (24) 


but the second integration cannot be effected (except in the particular 
case of C = g) without the introduction of elliptic functions. 
Ex. 2. If a particle move in a straight line under an attraction ᾿ 
varying as the inverse square of the distance from the origin, we have 
ee de 
dé wre So “3 9 ee0e eeeetoevoaenetceneaseactevons 
whence, as in Art. 154, Ex. 3, 
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li the particle start from rest at the distance a, we have C -- -- μία, and 
da ᾿ ΔῚ (Ξ — 7 (27) 
ππ-τ κα) Δ π}" “τ ππὙπππηλλτο 

the minus sign being taken since the velocity is towards the origin. 

The second integration is facilitated by the substitution © 


BZ ΟΝ" Ὁ, ..veedeceicucdrcsepiaonyssiees (28) 
Separating the variables, we find 
$ 
(1 + cos 26) ἀθ = ( ii, Τρ τὰ δρα γα τον (9) 
ae 2p ξ 
6+ ἢ sin 20 = (=) bt Oe wiesemedieetGes (30) 


As x diminishes from a to 0, 6 increases from 0 to ἀπ. Hence the 
time (¢,) of falling from rest at the distance a into the centre of force 
is given by | ~~ 

8 
wr at 
a coc ceececceeaseeesnessecees 31 
eager oe) 

164. Equations involving only the First and Second 
Derivatives. 

If the equation be of the type 


1 ee (1) 


te. the variables x, y do not appear (explicitly), then, writing p for 
. dy/dax, we have . 


which is an equation of the first-order with p as dependent variable. 


The equation (1) may also be reduced to an equation of the first 
order, with y as independent variable, by writing as in Art. 168, 


ἂρ, dy. 
P dy for das? ἢ 
ἃ ae 
thus φ (p ie p) = ee eee (3) 


Ex.1. To find the curves whose radius of curvature is constant 
(=a, say). 
By Art. 135 we have d*y 


163-164] DIFFERENTIAL EQUATIONS OF SECOND ORDER 417 


or ae =+ ie PC TTELIeTeeTreTre Teer erie (5) 
(τὴ © 
| Integrating this we have (Art. 77 (13)) 
| p v~ α 
apy ΜΉΝ (6) 
where a is an arbitrary constant. This gives 
d x —a. 
dee? Ἔπηᾳ --(α- α}’ ΤΕΥ ὑρ. 
whence Y—B=+t {{α3 -- (ὦ το αὐ, «ον νννννονοννννννννον (8) 
if B be the arbitrary constant introduced by this last integration. The > 
result may be written 
| (5 -- α)Ὦ τ (ν -- ΒΚ" ΞΞ αὐ, ««.«οννονκοοοονοννονννν (9) 


and so represents a family of circles of radius a. 


This investigation is given merely as an example of the general 
method ; the problem itself can be solved more easily in other ways. 


Hx. 2, To determine the rectilinear motion of a particle subject to 
a force which is a given function of the velocity. : 


The equation of motion is of the form 


at (S): sist Wet ΤΕΥ (10) 


which evidently comes under the type (1). Writing v for da/dt, we 
‘have 


dv dv dv 
G77) Fie) °° Fie ἘΠΕ (11) 


For example, if the particle be subject solely to a resistance varying . 
as the velocity, we have 


dv 
di =— kv, BOO er ree res reresesseeesens (12) 
da | 
whence = 0 = de®, m= 7 Ae H+ B. ee ere ere [18 


Hence, whatever the circumstances of projection, 2 will approach asymp- 
totically, as ¢ increases, to a limiting value B. 


Again, if the resistance vary as the square of the velocity, we have 


dv dv 1 
GE ἤυ» | — sa Ξ hal, ς att 4. Φοαυιεδοφυοοου (14) 
da 1 1 | 
Hence FT glass «aay C and a= z, log (kt+A)+ Boo... (15) 


We see that, although v tends asymptotically to zero, there is now no 
limit to the space described. 


ti. i. σὰ , . 27 
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If we follow the alternative method, the equation (10) is replaced by 


υἢς ΞΕ (Ὁ). asaienicensaacusns οὐοτοϊνι δὰ (16) 
Thus, in the case of resistance varying as the velocity, we get 
dv 

—_— = Ξε -- KA, ccccccccnccstevseeees 1 
ae k, υτ --κα +. (17) 
Hence a Ὁ Kee CO, ccccccccccccccessecsceeeces (18) 

and therefore, by Art. 157, 

o = + Deh stvess Rae a ledeiusices (19) 


where C, D are arbitrary constants. This agrees with (13). 


Again, if the resistance vary as the square of the velocity, we have 


σα =— hn, BOE isieteaneies: (20) 
Hence ΤΙΝ 1 φῶς ΟΕ Ρ του νυν φυτόν 9.1} 
dt ke i 
or hei lon (δέ: ἘΠ, «οοιινωοννιιοινενοννρι (22) 


a form not really distinct from (15), as may be verified by putting 
A=kD/C, kB=log C. 


165. Equations with one Variable absent. 
1°, If the dependent variable do not appear explicitly, the 
equation being of the type 
| | dy dy i\ 
6 (52. a, “ἡ =0, etme πάν οτὰ οὶ (1) 
then, writing p for dy/da, we have an equation of the first order 
in p, Viz 


(2, 2 a) =0. sesseeesssnscnenee (2) 
If the solution of this be put in the form ΝΙΝ 
| =F (a; A), »νωρεδε ἐς ξωνολυι θα φινοο νῦν (3) 
where A is the arbitrary constant, ἃ second integration gives 
ψ τα f(a, A)ME A B. crceccoseereecevenee. (4) 


That one of the arbitrary constants would occur as an addition 
to y might have been anticipated ὦ priori, since the equation (1) 
is unaltered when we write y + C for g. 
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2°. If the independent variable do not appear explicitly, the 
type being | : 


dy d 
6 (54. ay y)=0, beatae eee (5) 
we write as in Art. 163 (3) 
dy ὧν dp 
Fae dat P dy’ ce eccccrencnccceceres (6) 
and obtain φ (9 > D, y) «ἰόν. (7) 


an equation of the first order between p and y. 
If the solution of this can be put in the form 


| DET; A) ρῤλῥοδς ἰνι τς 
the next integration gives | 


dy "Ὁ | | 
ΓΦ 5.-.:8 sais uiiesasioceees (9) 


Here, again, it might have been anticipated from the form of 
the given equation (5) that one of the arbitrary constants would 
consist in an addition to a. 


, Py α 
Ea. 1. (1 -- 2) τὰ πῶ Ξ 0. secceesercsnsenonees: (10) 
Writing this in the form 
τρις δ 
P ada Ὁ 1 = x : , 
we find — log p = — 3 log (1 — a?) + const., 
oe : da? ~ ia)" Perrrerre Tre t seers ...((}) 
Hence : = A Bin eB. a sesiistesvitadindeasexiss (12) 
Hz. 2. In the theory of Attractions we meet with the equation 
PV 2dV 
a + » τ; ἘΝ (13) 
Regarding dV/dr as the dependent variable, we have 
PV | 
dr 2 
av + ᾿ ΞΞ 0, τ ΤΥ ΕΝ (1 4) 
dr 
dV 
whence log at 2 log r = const, 
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aqvV A 
or > ere ee (15) 
Integrating again, we find 
: | 7=-2+8. sei waatiausarshtmereasner: (16) 


Ex. 3. To find the curves in which the radius of curvature is equal 
to the normal, but lies on the opposite side of the curve. 


Referring to Arts. 60, 135, we see that the expression of the above 


condition is 
dy\? # 
{1+ (z2) 


τ ἀρ β 
Fy =y{1+(Z)} ΤΡ (17) 
da 
Simplifying, and making the substitutions (6), we find 
| a Ὁ ες 
Taga gS (18) 
Hones flog (1 +p%)=logy+const., 1 τ ρ᾽- A τὐδειεὴ (19) 
where ο is written for the arbitrary constant, which must evidently be 
positive. This gives Hye) 
dy -- 
--Ξ- ΞΞ ἢ ΞξῷΏ Se τῷ δ eceecccreccce 20 
Sa! ae ear (20) 
Separating the variables, we have _ | | 
dy dx LY _ ,(e—a) 
= = t= eS Ss οὐ ρωςγοὸν 21 
NC a a a a 
where a is the second arbitrary constant. - Hence, finally, 
y=ccosh=—, edemenanseae νὐϑ νὸς πρ (92) 


a family of catenaries. Cf. Art. 134, Ex. 1. 


166. Linear Equation of the Second Order. 


A linear equation of the nth order is one which involves the 
dependent variable and its first » derivatives in the first degree 
only, without products. Thus, the general linear equation of the 
second order may be written 


ag de? ἘΝ ΤῸ (1) 


where P, Q, V are given functions of a. 


There are several important properties common to all linear 
equations. We give the proofs for the equation of the second 
order, but the generalization will be evident. 
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1°, The complete solution of (1) may be written 


x YZ WW, cccccreccvenccencsesccesoes (2) 


‘where w is any function whatever which satisfies (1) as it stands 
and u is the general solution of the equation 
diy | pdy | 
dat? qn t ὄν Ξ0, ssinwdecnspaeeisecens (3) 


which differs from (1) by the absence of the right-hand member. 


For, assuming that y = u+w, where w satisfies (1), and wu is to 
be determined, we find, on substitution in (1), 


au du aw dw 
aa? ag ae a ὐν-0, 
; dw dw , 
or, since ast Ρ ἂς ἢ Οὐ πεῖ, ὐροριιώενινννονς (4) 
by hypothesis Ou pe 4 Qu=0 (5) 
yp 2 3 dz 94. eeereneeeesaccssecsoce 


ze. the function u must satisfy (3). 


The two parts which make up the general solution of (1), viz. 
w and u, are called the ‘particular integral,’ and the ‘complementary 
function, respectively. It is to be observed that the particular 
integral may be any solution whatever of the original equation ; 
the simpler it is, the better. The complementary function must 
be the most general solution of (3), and will involve two arbitrary 
constants. 


2°, If uy, tt, be any two solutions of (3), the equation will also 
be satisfied by | | 
᾿ . ψ ΞΞ σι, + Cytle, ουοφϑοοοοιοοοσοοοοθοδοοδοδο (6) 
where C,, C, are arbitrary constants. This is easily verified by 
substitution. 

Hence if the functions τη, wu, are ‘independent,’ ζ.6. one 1s not 


merely a constant multiple of the other, the formula (6) gives a 
᾿ solution of (8) involving two arbitrary constants. 


3°. If a particular integral (v) of the equation (3) be known, 
the complete solution of (1) is reduced by the substitution 


Y = ZV, ..... ccpsbeudescamedsewencoies (7) 
to the integration of an equation of the first order in dz/dz. For 
(1) becomes 
diz dv dz (dv. ,d 
vet (25+ Po) E+ (Sat Pa Ἐ 00) 2-- 
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which reduces, in virtue of the hypothesis, to 


d?z dv dz 
vat (254 Pu 1, - ΤΥ. ἄν (8) 


This is linear, of the first order, with dz/dz as the dependent 
variable. | 


_In particular, if V = 0, we have 


dz 
dx? 2dv 
de tvdat ~® ΠΥ πῆ" (9) 
whence log “2 + 2logv+fPdx =const., 
dz A 
| ee UP ΦὈΕΓ ΥΥ Gurwen 
a : da wv | (τ 
ς . a ΠΡᾶς . | 
Hence | £= A| 3 Ae PBs <Sacsteteaserases (11) 
The complete solution of (3) is therefore | 
e~iPdz τ 
y= Av ie ES ee (12) 


We add a few examples of the integration of linear equations, 
.by various artifices. The method of integration by series will be 
noticed in Chapter XIV. 


Ex.1. In the theory of Sound, and in other branches of Mathe- 
matical Physics, we meet with the equation 


aL) ee | ae (13) 


drt rdr 
If we multiply by 1, this is seen to be equivalent to 
ΟΡ (rd) 2 
FATED WE (rh) =O. «οὐ νονννηννννννονοον (14) 
Hence, by Art. 163, τῷ =A cos kr + B sin kr, 
: Bsink 
or $= foes ae ἐν ἀλλο πεν ἐπ τς (15) 
Gy ἂν 
Ex. 3. (128) TY ey 0. ϑνωννίνρους (16). 


A particular solution is obviously y= 2. We therefore put 
Y = Lh, ravcevecccsvecceeces ἜΝ (17) 
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which leads to π5(1- μὴ δ ας Bat) =0 Beebe (18) 


Separating the variables, we have 


dz 
de 2 x 
& es ioe” ἑαυ κωλόν ιν τ αν canes (19) 
dx 
dz A 
whence ax a 1 — 2)’ Cee rer rorereecesnveeesccs (30) 
ἀπ σι τ οὐ ve (21) 
The complete solution of (16) has therefore the form | 
y=A δε ea ssaiduieagatentuevenss (22) 
Ex. 3. (1+ xs) TY J 4. 3a τ ἜΝ ΞΕ. Ce eee (23) 


This happens to be an ‘exact equation,’ 1.6. the left-hand side is the 
exact differential coefficient of a function of a, y, and dy/dx, for it may 
be written. 


ay dy 
[α + 2%) S44 3655) + fe + y} - 0. 
. ' dy 6 | 
The integral (1 + a) 7 + ay = A. i2diemeseseanseeeves (24) 


This is linear, of the first order, and the integrating factor is seen to be 
1/,/(1 +2*). We thus find 


: Α 
Sena +x). y} ~ Kl + 2? 
ες (QL F a8). y=Asinb et Bl cseseeseeeeee ..((26) 


EXAMPLES. LV. 


1. β 0 Gel. [y=xloga+ Ax+ B.] 
ey τε οἷ. [y - (2-2) e*+ Ax + B.] 


dz 
ty 
αὐ toa [y= log + de + B.| 
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4. The differential equation for the deflection of a horizontal beam 
subject only to its weight and to the pressures of its supports is 


 «-.." 


where zo is the weight per unit length. Integrate this, on the supposition 
that w is constant, and determine the constants so that y = 0, dy /da? = 0 
both for #=0 and for x=/. (This is the case of a uniform beam of 
length ὁ supported at its ends.) [By = gwar (1 — α) (2? + la —2?).] 


5. Solve the same equation subject to the conditions that y = 0, 
dy/dx=0 for «=0 and x=/, (This is the case of a beam clamped at 
both ends.) : [By = Awa? (I -- αν] 

6. Solve the equation of Ex. 4, subject to the conditions that y = 0, 
dy/dx =0 for «=0, and dy/da* = 0, d*y/da?=0 for a=. (This is the 
case of a beam clamped at one end and free at the other.) 

[By = gywa? (62 — 41a + αἢ).7 

7. Solve the equation : 
da 
di Ξ- μα +f; 


and interpret the result. [5 -- μ + 2008 (,/pt + €).] 


8. Shew that the solution of the equation of motion of a particle 
moving in a straight line under a force of repulsion varying as the dis- 
tance, viz. 


d*x 
ag = 


is of one or other of the types: 
2=acosh(,/pi+e), e=asinh(,/pi+e), x=aetVette, 
- and interpret these results. | 


9. A particle moves from rest at a distance a towards a centre of 
force whose accelerative effect is μχ (dist.)-*. Prove that the time of 
falling to the centre is a?/,/p. 


10. Obtain a first integral of the general differential equation of 
central orbits, viz. 


Pu P 
ag? AP? . 
: P 
where P is a given function οὗ τ. | a) +w=2 i Pom du + c. | 
: , μ | 
11. Solve the equation τα Ξ κ᾽ 


and shew that the solution is equivalent to 
rm=-A+2Bt+ Cé, 
where A, B, C are connected by the relation 
AC -- 85- μ. 


47. 


28. 
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ate! | [y= 4+ Bela] 
2a V1, [a (yf =$(@-0)] 
Py (dys? α-- 
aca (Zi) = [y=aloe=5*. | 


+ (34) ro ΞΞ 0 fy=Br+ log cos (a — a). | 


By ὧν ty = A + B+ Co? + De-*] 


ἀχλ da? 
oY σῦς 0, [y=4+ Ba+Ccosx+ Dsinx.] 
oye =0. [V=Alogr + B.] 
oS οὐ, [ν -- 4α B,] 
ἄν γον, — [y=2B tanh β-αλ] 
(1400) σεῖς “) =0 | 


| |y=8+ (1 +4) tog (1 +02) —2.] 


(142°) 94% 42% 0, [y=4+Bsinh-" =. ] 


da* da 
(x? — 1) 74 at =0, (y= A+ Bcoshtz.] 
(142) SY + 2 SY = 0. [y= A tan τ Ὁ B.] 
| dy dy\ _ ata 
a=» 4+2(Z) =o. ἔν: 
Py 9 (W ge 
ΡΝ [63 ᾿ ΞΞ 


yF4=1-(2). [y=a?+ det B.] 
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2. - -(.- ΕΣ dah © Go = 2. [y = (sin 2)? + A sin- & + Δ] 
| d du : 
30. | z * ΠῚ ast =0. [w=4+B tanh-,] 
31 5 [α-- μὴ 5} +2u=0 [w= Au+ 8 - ἘΒΝΟΤΟΙΣΙ ; 
ἱ di ai : pe 


32. Find the curves in which the radius of curvature is ‘equal to 
the normal, on the same side of the curve. 


[The circles (x — a)? + y?= 6%] 

33. Find the curves in which the radius of curvature i is aeatls the 
normal, on the opposite side of the curve. 

[The parabolas (2 —a)*= 46 (y — f).] 


34. Find the curves in which the projection of the radius of cur- 
vature on the axis of y has a given constant value (a). | 
=| 


[y = B log sec e 


35. Find the curves in which the radius of curvature varies as the 
cube of the normal. 


[Conics having the axis of « as an axis of symmetry.] 


᾿ ' dy dy 
36, (+a) δτο (2) a 
1 στα 
= ax ph 
[ y= 8 + log (at a) = log 55 5.} 
ae’, diy 1 dy 
97. ( τα τ, + x= 0. | 
[y= A+B /(1 -- αὐ + }a3] 
| dP : 
38. | ou pw. + y= O. [y= efP4 (A felPae de + BY.) 
dy 2 dy _ _ Ae®+ Be-® 
39. xt tz de 3539. [eS] 
40 : (το SY ~ on Y 49 0. [ = 4ασ- B(1 -- αἱ). 
: da y= ΨΞ ) 
41. (140) χα τω ay [y= d+ B(14+2°),] 


da 
42. Solve the equation | 


dy dy 


dx 
one solution of which is y =. {y= Ant B(x + Ne] | 


ae =Q, 
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43. Solve the equation | 


one solution of which is y =e”. [y = Ae” + Be-* [αὐ δα. 
44. Change the independent variable in the equation 
as 


("-- 1 7 ϑ κασθον- 0 


to 2, where z= cosh"!z; and solve the equation. 
[y= A cosz+ Bsin 2.] 


| ad ἀ 
45, | 74+ An cot na Te + (m— nt) y = 0. 
| A cos ma + Bsin mx 
| | “= sinnx | 
dy A sin2+8B 
46, | (12%) &Y — 32 oY _  =0. [y=* Sea 
| dy dy\? - | 
47, sty 4 4 (y-2 2) =0. [y= Aw + Bat) 
| . ay dy\? α | 
48. | ay + 2 (Z) -yH=0, [γ᾽ = Aa +B 
ary ty _ [ἄγ 
49, 8 5=5 (55) - [(y - de — BY = Ox + D1] 


50. 4 TY _ 3 a4) . | [y=4+ 


da da? dat e+C 


CHAPTER XIII . 
LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 


167. Equation of the Second Order. Complementary 
Function. 

Linear equations with constant coefficients occur so frequently 
in Mathematical Physics as to call for a somewhat detailed treat- 
ment. This is much facilitated by the use of a few simple properties 
of the operator D, or d/dx, where is the independent variable. 

It has been shewn in Art. 29 that the operation indicated by 
D is ‘ distributive,’ viz. u, v being any functions of #, we have 


D (WH) = Dut De vrccccccccccccccecess (1) 


Again, if a be a constant, we have 


du du 
(Dta)u=7 + au=au+7 =(a+D)u, ree (2) 
du 
and D (au) = a7 = “ΗΝ (3) 


so that the operator D, in conjunction with constant multipliers, 
obeys the ‘commutative’ laws. 


Further, the symbol D is subject to the ‘index-law,’ viz. 
DOD =D cececcensatecsecesss (4) ᾿ 


Hence the operator D, both by itself, and in conjunction: with 
constant multipliers, is subject to the fundamental laws of ordinary 
Algebra. We can therefore assume at once, so far as they have a 
meaning in the present application, all the results which in Algebra 
follow from these laws. | 


For example, if \,, 2, be any constants, we have 
(D-)(D—%a)u=(D—) ($4 — ra) 
= τ (: --λωὶ -- λὶ (ὥ- att) 
= oe — (Ay + Ag) aa Argue | 
= {D?— (A+ Ag) DHA} a νονννννννννννον (5) 
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We proceed to the equation of the second order, which occurs 
very frequently in dynamical problems. To find the complementary 
function, we have to solve an equation of the form 


Tu + ah + by =0, basmaiiee θομν νὸς τὴν δ τος: (6) 
or ᾿ (D? + aD +b) y HO. ..0ἀνλενεενκεκεντον (7) 
If 4a? >, this is equivalent to 7 
(D —y) Ὁ — Aq) Y =O, .οννεεννεεεεεσενν (8) 
where λη, A, are the roots of | | 
NPA GN ADHD, ..cccccceccccccescones (9) 
viz. αι S247 BOTS ces (10) 
If we write (Dg) YAY, crrecercsrcerereeneecens (11) 
the equation (8) becomes ἢ 
(D — Wy) 2 =O, -.ὐοκενενον εκ εκ εεσσεος (12) 


a linear equation of the first order. The solution of this is, by 
Art. 157, 


BEAN. ccccreesstiesdecasuemees (18) 
Substituting in (11), we have a 
. (P29) 7 ἐλ; emia (14) 
whence, by Art. 157, 1°, 
gi OPA GC OR ire chew (15) 


if C,=A/(y,—,). Since A is arbitrary, the constants Οὐ, C, are 
both arbitrary ; and the process shews that (15) is the most general 
solution of the proposed equation (6). 


If a? = ὃ, the roots of the equation (9) in Δ are coincident, and 
the equation (14) takes the form 


(DD) y HAO ceccccseeesee reese 16} 


The general solution of this, as found in Art. 157, 2°, is 
y = (Art Bye ..cccsceereeenereeees (17) 


If 1α" «Ὁ, the values of 4, λῳ which satisfy (9) are imaginary, 
but we can still obtain, by the foregoing process, a symbolical 
solution of (6) involving /(—1). Into the question as to what 
meaning can be attributed to such a result it is not necessary to 
enter here, as the difficulty can be evaded in the following manner. 
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If we write y = emz, siti chaeecacti ates. ai 1) 


Dy =e™ (D+m) 2, Dy =e™ (D+ 2mD + m?*) z, ...(19) 
so that the equation becomes 


τος {253 + (2m +a) D+ m+ am + Ὁ) 2=0. ......... (20) 
fe we now put m=-— 4a this reduces to the form of Art. 168 (8), 
us | 
T= (6. 40) s=0. paves bceveaeeoss (21) 
_ The solution of this, when b > }a?, has been shewn in Art. 163 to be 
2= A cos Bx + Bsin Ba, 0.0... cccecec cee (22) 
where | B= /(b — 4a). 0.000000... ρους ες (90. 
Hence the solution of (6), in the present case, is | 
y = e- ἴα (A cos Ba + Bsin Ba). ....Ψ....Ψ.Ψ..Ὶ (24) 
This is also equivalent to | ΝΕ τς 
| Yy = Ce cos (Ba t+ €), .csccescsecsececes (25) 


where the constants C, ¢ are arbitrary. 
ΤῸ summarize our results: 
(a) If 4a*> ὁ, the solution of (6) is 
y= Cie + Cle, 
where δι, A, are the roots of | 
M+ar+5=0; 
(ὃ) If ja*=68, the solution is 
y = (Aa + B) ἴα, 
(c) 1 ja*< ὃ, the solution is | 
y =e" (A cos Bz + B sin Ba), 


if β᾽ τοῦ -- tar 
Hx, 1. ay ἂν 


aaa ade 6y = 0. oer eeceereereesecescesee( 20) 
The equation in A is 7 
?+X4-6=0, whence λ- 9, or -- 8. 


Hence YH Ae BOT. ices lenstagcdeecstseevcs (27) 
: Py yg 
The equation in A, viz. (A + 2)7=0, 


has the double root -2. Hence : 
' y = (4α τ B) 4.5. toe enececereceeseseeses: (28) 
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Ex. 3. The free oscillations of a pendulum in a medium whose 
resistance varies as the velocity are determined by an equation of the 
form | i 


αι ax 
a th a, + e=0, ccd eaiebecscaeeassouss (29) 


where & is a coefficient of friction. The same equatidn also serves to 
represent the motion of a galvanometer-needle as affected by the vis- 
cosity of the air, and by the electro-magnetic action of the currents 
induced by its motion in neighbouring masses of metal. 


When regard is had to the difference of notation, the solution of 
(29), when the friction falls below a certain limit, is _ 
ῳ = Ce~t*t cos (mt + €), «το νον νοόνονον musts (30) 


where ἜΣ | ene eee ee (31) 


The motion represented by (30) may be described as a simple-harmonic 
vibration of period 2/n,, whose amplitude diminishes asymptotically 
to zero according to the law e—+*, 


The solution (30) assumes that ?<4y. When 15: ἐμ, the proper 
form is i 


oe = Aedt + Borst,  ..ccsccccceccccrcceeeces (32) 
where λιν A; are the roots of 
NB + ἀλ με Ο. coereeececerevercrcnceeenes (33) 


By hypothesis, these roots are real. Since their product (2) is positive 
they have the same sign ; and since their sum (— 4) is negative, the sign 
is minus. Hence the displacement x sinks asymptotically to zero after 
passing once (at most) through this value. This case is realized in a 
‘dead-beat’ galvanometer, or in a pendulum swinging in a very viscous 


fuid. | | 
In the critical case of ζ = ἐμ, we have 
| ΠΡ. (84) 


The first factor increases (in absolute value) indefinitely with ¢, whilst 
the second diminishes. The decrease of the second factor prevails how- — 
ever over the increase of the first, and the limiting value of the product, 
for é-» oo, is zero. Cf. Art. 43 (2). 


168. Determination of Particular Integrals. | 
We have next to consider the problem of finding a particula 
integral of the linear equation of the second order with constant 
coefiicients, when this equation has a right-hand member, thus: 
(D2 + AD + δὴν HV, coccescsesecrereeoees (1) 
where V is a given function of 2 As already remarked, any par- 


ticular integral, however obtained, will serve the purpose. Thus, 
we may omit from the particular integral any terms which occur 
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in the complementary function, since these will contribute nothing 
to the left-hand side of (1). Conversely, if for any purpose it is 
convenient to do so, we may add to the particular integral any 
groups of terms taken from the complementary function. 


Again, if V be composed of a series of terms, the problem con- 
sists in finding values of y which, when substituted on the left-hand 
side of (1), will reproduce the several terms, and adding the results. 


It will be sufficient here to notice the most useful cases, 
1°. If V contains a term . 
TAOS venushsii beurdiacsuespeened (2) 
the corresponding term of the particular integral is 


Η 
υ — @+aa+b ext, SCORCo eee rE ren eeneesee (3) 


For if we perform the operation D?+aD+ ὃ on the right-hand 
side of this, we reproduce (2). | 


_ This rule fails if a%+aa+b=0, te. if e* be one of the terms 
which occur in the complementary function. Using the notation 
of the preceding Art., we will suppose that a=A,, so that the 
equation to be solved is | 


(ὃ --λῦ) (D—Aq) y= Hed, ooo ceccceccees (4) 
If we write, for a moment, | 
. (= Ma) YE, τοι υκυι νννῦνος, (5) 
this takes the form (D—y) = HO, ooo νον νον ννννννον (6)- 
. It was found in Art. 157, 2°, that a particular solution of (6) is 
| ΠΩ ΡΠ see ) 
It remains only to solve | 
(D—)o) y = Hae νον νννννννννννννννννον (8) 
The integrating factor is e-***; thus 
D (yer) = Hae ne eee. (9) 


Integrating the right-hand member by parts, and omitting a term 
already included in the complementary function, we find 


yer = ᾿ weirs) ὦ 


τ Weg 


or y= a. πολι, ΩΣ (10) 
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A further modification is necessary if a be a double root of the 
equation D?'+aD+6=0. The equation to be solved has now the 
form 


(Ὁ --λουγ OM cu steeicasseatieas (11) 
The first step is as before, but in place of (8) we have 
| (Ὁ --λὴν = Hae, «ννννννννννμνννννννον (12) 
We found in Art. 157, 3°, that a particular integral of this 15 
PEREGO. scdsievels wesaevienes (13) 


The forms of these results being once established, the student 
will probably find it the easiest and safest course to assume 


y = Ce, y= Cre, or y= Care, .... 0. (14) 


as the case may be, and to determine the value of Οὐ by actual 
substitution in the equation 


(D? + aD + 6) y = He. oo... ccc ccece ees (15) 
The work is facilitated: ‘by formulz to be given in Art. 169. 
2% If V contains terms of the form 
HT 608 αὦ + K Si αἱ, ...00ννννοννννννενονν (16) 
we may assume y=Acosar+ Bsin aw. .....cccscecseeees (17) 
Substituting in (1), we obtain, on the left-hand side, __ 
(— aA + aaB + 6A) cos az +(—aB— aad + 08) sin az, 
Hence the terms (16) are reproduced, provided | 
(—a2 +b) A +aeB=H, —aad +(-a?+b)B=K....(18) 
Except in the particular case where ὦ =0, a?=6, which will be 
considered presently, these equations determine A and B; thus 
_(-@+6) H—-aak _ aa + (— a +6)K 
"(aby rae ? Ὁ ab taa (19) 
The foregoing results simplify when the coefficient α in the 
differential equation is zero; a particular integral of 


oY 4 by = Hoosaa+ Ksinaw wees (20) 


being obviously 
an a K . 
ψ =p — 00s αὐ + τς αὐ SiN it. woes eee “ὦ 


Α ΓΤ arises, iad when a?=b. To find the proper 
form in this case we may assume 


ἡ =U 008 ax + υ sin as. soi Seieaseeae22) | 
L. I. 6. 28 
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This makes 
oY + oy = (2aDv + Du) cos az + (— 2aDu + Dw) sinax. (23) 


Hence (20) will be satisfied in this case, provided 
Du=z— K/2a, Dv = H/2a, 


| Ka Hx 
or Uma UA Be cree ΠΥ (24) 
A particular integral is, therefore, 
Η. K 
Y = 5, 7 51} αὦ — τ΄ ὦ 008 AL. vereeersesseee. (25) . 
| ὧν dy τε Saget oe | 
Ba. 1. dat t de OY =e ες keaewee hi sauwonges (26) 


As in Art. 167, Ex. 1, the complementary function is 
| y = Ae* + Bor. 


If we assume y = C'e™, we find on substitution that the first term-on the 
right-hand side of (26) is reproduced provided C=}. The second term 
comes under one of the exceptional cases above discussed, since — 3 is 
a root of \7+A—6=0. If we assume y = Cxe-™, we tind that the term 


in question is reproduced, provided C =—2. 
The complete solution of (26) is therefore 
y =A + Be + Fe — bere eee eeeee (27) 
| ay ὧν er ues Ὁ 
Eu. 2. ᾿ Jat + tga t SY Ξε Orne. teases eWeseuaenees (28) 


The complementary function has been found in Art. 167, Ex. 2, 
to be 


y = (Ax + B) e™, 


To reproduce the first term on the right hand, we assume y = Ce™, and 
find C=. The second term corresponds to a double root in the 
equation for A; assuming, therefore, y=Ca’e-™, we find C =, ; 


Hence the complete solution of (28) is _ 
y = (Ax + Β)6 5 + ee + pare νον οννο..,,...(29) 
Lz, 3. To find a particular integral of 
dae , dx 
gat * qt ue=feos (pt + ὁ). edteseweneass (30) 


This is the equation of motion of a pendulum subject to a resistance 
varying as the velocity, and acted on by a force which is a simple- 
harmonic function of the time. 
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We assume a= A cos (pt +«) + Bsin (pt +e), .......000. ....(8}) 
and find, on substitution, 
-- pA +kpB+ pA | (32) 
pe bpd Be 0,) se ὄπα 
Ξ ΒΕ ΘΝ 
whence A ᾿ (=p y+ ep » = = (n =p) ra kp? SI. cccccoces (33) 
If we put A=Reose, B= Rsin ag, .......20.........(84) 
the solution (31) takes the form 
% = ROS (ρὲ + €—G), ccccscccccccscesceeee (35) 
S : -« ἄρ 
where ἈἘ-.--- FS OS = tan7*’—-—.._......0.. 36 
Ni (to 7 or pp ae 


We have thus determined the ‘ forced oscillations’ due to the given 
periodic force. The ‘free oscillations,’ which are in general superposed 
on these, are given by the complementary function (Art. 167, Ex. 3). 
Unless k=0 they gradually die out as ὦ increases. 


Hx. 4. For the forced oscillations of an unresisted pendulum we 
have : 
αἰ le =f cos (pt +). CORRE HORD erase ceee (37) 


at? 
\ A particular integral is 
we me A008 (PE ee sessesenssseeeeeen (38) 


This fails when p=n. Assuming that in this case 
= CLSIN (NE + €)y «ον νοννννννννενονν... (59) 
we find on substitution that (37) is satisfied provided 


AnC =f, Or C= f [In ..creceecreeereceee (40) 


The interpretation of (39) is that, if an unresisted pendulum be acted 
on by a periodic force whose period coincides with that natural to the 
pendulum, the amplitude of the forced oscillations will at first* increase 
proportionally to the time. 


169. Properties of the Operator D. 


The methods of Arts. 167, 168 admit of extension to the general 
linear equation with constant coefficients 


απ αὶ n—2 
et As da" +4, 54 + ey ee νὰ oe VY, ...(() 


* Usually, in the physical applications, the equation (37) is approximate only, 
being obtained by the neglect of powers of a higher than the first. Hence when 
the amplitude increases beyond a certain limit, the equation ceases to apply, even 
approgimately, to the subsequent motion. 


28—2 
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or, as we may write it for shortness, 


f(D) denoting a rational integral function of D. We shall however 
content ourselves with indicating how a solution of (1), involving 
n distinct arbitrary constants, can be obtained when V =0, and 
how a particular integral can be found for certain forms of V. The 
proof that the solution thus arrived at is the most general which 
the equation admits of is omitted; but from the point of view of 
practical applications it is sufficient to have at our disposal the 
_ proper number of arbitrary constants required to satisfy the re- 
maining conditions of the problem. 


_ The following properties of the operator D will be useful. 
1°. If (D) be any rational integral function of D, say . 
ap (D) = A,D® + A.D" + A,D°?* + ...4+ AniD+ An, ...(8) 
then Ψ (D) OF = P(N) OM vrrevescereereeeerens (4) 
For Dre =e, 


and thus the several terms of  (D) give rise to the several terms 
of ψ (A) as factors of e*. 


2°, With the same meaning of ψ (2), if ὦ be any function of 
a, then 


ab (D) .e w= a (DHA) th crccccececevees (5) 
For we find in succession 
D .e@u=e*(D+A)u, | 
De u=Dle*(D+r)uj=e*(D+r)(D+A)u 
=e=(D+rA) u, 
and so on; the general result being 
D .e*@u=e*(D+r)u. 


Hence the several terms of the operator y(D) give rise to the 
corresponding terms of the result given in (5). 


3°. If ψ (D) contain only even powers of D, it may be denoted 
by ¢(D*). It appears from Art. 64 that if - 


| u= 4 cosaz+ Bsin ag, μι (6) 
517. Du = — ou, 
and therefore gh (D*) w= φ (— a?) τις... ν νον ον ννοννν σον “(7) 
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170. General Linear Equation with Constant Coefficients. 
Complementary Function. 


To obtain solutions of the equation 


FD) 90, nas tesvwevessinaceewsaciess (1) 
we remark that if f(D) be resolved into any two rational integral 
factors, thus | 

FD =a (DD) oe (δ, ..«οννορρρνννννννοννν (2) 
the equation (1) is obviously satisfied by any solution of 

CD) f= Ons oteeeriaarees (3) 
And since the factors are commutative (Art. 167), it is also satisfied 
by any solution of 

D(D) =O: vovsabassesteessevcacsneus (4) 


Hence (1) is satisfied by the sum of any sokutions of (3) and (4). 
Continuing the resolution we see that if | | 


f(D) φ, (D). φ, (D). bs (D), .«οὐννννννννννν (5) 
the equation (1) will be satisfied by the sum of the several solutions 
of τι | 

—6gh (D)y=90, & D)y=9, ds (D)y=0,... ....(6) 


By a theorem of Algebra, already referred to in Art. 85, the 
function f(D) can be resolved (if its coefficients be real) into real 
factors of the first and second degrees, the sum of the degrees of 
the several factors being equal to the degree (n, say) of the function. 
Moreover the factors of the first degree are of the forms 


}Ρ --λι, D— a, D—, cee 
where A,, Ag, As, --- are the real roots of 


FOU: Sas ctevuctenieseleaest (7) 


If ἃ be ἃ simple root of (7), one of the equations (6) is of the 
form 


CPN) GeO... ορυύυςνελευν λυ βανοὺ (8) 
the integral of which is known to be | 
= COW» nehinarensesweawinsoosimacgs (9) 


And if the roots of (7) be ali real, say they are δ,, Ag, ... An, 8ἃ 
solution of (1) involving n arbitrary constants is - | 

3 ye Cet + Cre? + 0. + Cyete® so... e eee (10) 
_ ef. Art. 167 (15). N24 


If the equation (7) has a multiple root, two or more of the terms 
on the right hand of (10) coalesce, and the number of distinct 
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solutions thus obtained is less than n. To supply the deficiency, 
- we remark that,if > be an r-fold root of (7), f(D) contains a factor 
(D—)". To solve 


we assume SO 2). isvetvaweedavesee sin oeuwens (12) 
which makes | 

(Ὁ -- ἈΚ ν ΞΞ (ἢ -- Ἃγ. δ) χ -- ο5 Dz, 
by Art. 169, 2°, and the solution of D’z = Ο is obviously 

2= B+ Bat Be +... + Ba, | 
whence 4 = (By + B, + Bye +... + Byatt) &*, oo... (18) 


We have here r arbitrary constants, corresponding to the r-fold 
factor of f(D). Cf. Art. 167 (17). | 


If f(D) containsy once only, an irreducible quadratic factor 
D+ aD -- ὃ, where ta?< ὃ, then part of the solution of (1) consists 
of the solution of a 


(D?+aD +b) y=0. ...υννννεενενννονν (14) 
If we put y =e δῦ, 5 τοῦ -- Fai, ......ὁἀ6.6....(15} 
we have, by Art. 169 (5), | 
(D? + aD +b) y τί + $a)? + B} οτ σας 

| = e402 ([)5 + 6?) 2, 
And the solution of (D? + 8*)z=0 . 
is | z= Ecos Ba + Hsin Ba. 
We thus find y =e ἴα (Καὶ cos Bat F'sin Bx), «..««ονὐννοςς (16) 


as in Art. 167 (24). Hence for every distinct quadratic factor of 
f(D) we obtain a solution involving two arbitrary constants. 


Finally, if f(D) contains an irreducible quadratic factor which 
occurs 7 times, we have to solve 


ad 


(D?+aD+ by y=0, .«ννννννννννννννον (17) 
or, making the substitutions (15), as before, 
(1 BP εξ, κορκους ς νῶτος (18) 
To solve this, we assume | 
2=UCOS SE+V SIN BA ....ccccccccsecees (19) 


Now, by actual differentiation, we find 
(D? + B?).ucos 8x =28.Du.cos (Ba + hr) +..., 
(D? + 8°)". wu cos Ba = (28)?. Du. cos (Ba + ar) +..., 
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and, generally, | 
ο (D*+ 6)". wcos Br = aay’. Dru.cos (Ba + tr) +..., ...(20) 


where only the terms of lowest order in the ieee of uw are 
expressed. Similarly 


(D? + 6)". vsin Bx = (28). Drv. sin (Ba + gr) + .... ὁ. (21) 
Hence the equation (18) is satisfied, provided | 
Dru=0, Drv=0, ........c000 sphaaest (22) 
ie u=E,+ Eyao+ By +...+ Epa, | π΄ 
"τ δ + Fat Feit... + Fa. 


The complete solution of (17) 1s therefore Ὁ 
y=(Ey+ Ea + Eye + ... + yx) ὁ. ἴα cos Bar 
+(F, + Ων Pytt ... + Εν. χα) }) ei sin Ba, (24) 
involving 2r arbitrary constants. 


| dy αἱ 
Ea. 1. mpeg 7τ' οὐνρινηνοθοο ζαθοινον (25) 
This may be written Di (D-1)y=9), 


and the complete solution is accordingly made up of the solutions of 
D*y =0, (D-1) y=0, thus 


Ym=A+ BAC, crcreccrccenrecces ones (26) 
Ex. 2. oY =mty, ΩΣ ree (27) 


This may be written 
(D—m) (Ὁ +m) (5 +m’) y=9. 
Adding together the solutions of 
(D—m)y=0, (D+m)y=0, (25 +m’) y=0, 


we obtain y= Ae™+ Be-™ + Καὶ οοΒ πιῶ τ Msinme.  ......... (28) 
d‘y dy 
Ex. ὃ. dat gaty=9 juepleteevecoualeeseey (29) 


This is equivalent to 


(D?+D+1)(D?-D+1)y=0. 
Hence 


ἥδ 


y=e~ e(4 cos Bsn -* a) + εἰσ (Α΄ 008M a + Β' sin Sa). 
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Ex, 4. TY + Ot TY + mt τ viens (31) 


Writing this in the form | 
| | (D? + m*\2 y= 0, 


we find y = (4, + Ex) cos mx + (F, + #2) sin ma, υνανάν, 99} 


171. Particular Integrals. 
We proceed to the determination of a particular integral of 


the equation 
| FD = Vi π΄ (1) 
in the two most Important cases. 


1° IfVcontainaterm | 
oe neha Ga aeonatanstenseeaka=(2) 


y= ΚΩ͂Ν ee strsrerseseeeee (3) 
for this makes f(D)y= ζῶ f(D) .“-- He, 
by Art. 169 (4). 


The rule fails when a is a root of 


εὐ O.. ctavomtet ase dtasei aus (4) 
If it. be a simple root, we may write | 
F(D) = O(D)(D =a), ««οὐνννννννννννννννον (5) 
where ¢(D) does not contain the factor D—a, The equation 
f(D) (Ὁ —a)y=He® ννννννννος ΞΕ Τὶ (6) 
is satisfied, provided | 
D—a)y=— 5) δ Ὁ 


and we have seen, in Art. 157, 2°, τὰ 8 ee integral of 
this is 


y= $ (a) WON: “asia eset οὶ φο ῥμν σεθϊ: (7) 
If a be an r-fold root of (4), we may write 
f(D=¢ CDAD Say, sesecneiertoiieus (8) 


where ¢(D) does not contain D—a as a factor. The equation 
$(D)(D —a)yy = He δ νὰ Seien ἐς κενῶν (9) 
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is satisfied, provided 


αν Ἐς 
OVE Ea 


Now if we put y = e%z, 
we have, by Art. 169 (5), 
(D — i ti 


whence Dz= 
φ ΟΣ 
This is evidently satisfied by 
| H 
ΤΟΝ 
Α particular integral of (9) is therefore 
y= Tew i Or ee (10) 
2°, Let V contain terms of the type 
FT cos αὦ + K Sim ah. .«.οννννννννννοννν (11) 
Sines the operation 7 (DP), performed on 
y = A cos αὖ +.B Sin am, .....0..cccesecnes (12) 


must result in an expression of the same form with altered coef- 
ficients, a particular integral can in general be found by substi- 
tuting this' value of y in the equation 


f(D) y=H cos an + Καὶ sin an, τ τι νόθα (13) 
and determining A and B by equating coefficients of cos az and 
sin ax. 

In one very frequent case, the values of A and B can be written 
down at once, viz. when the equation is of the type 


φ (05) y = A cos ae +. K sin at, ...«ννννννος (14) 


1.6. f (D) contains only even ‘powers of D. We have, then, by 
Art. 169, 3°, 


πῇ 5a Homa 
This result fails if ὁ (— a*)=0, we. if @ (D*) contain D? + a? as 


a factor, in which case terms of the type (11) occur in the comple- 
mentary function. If the factor D*+ αὐ occur once only, we write 


 (D*) = y (D) (DP ¢ αἷ)οοὐνενννένως (16) 
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Now the equation 
χ (25) (Di +e) y= H cosaw+ Ksinax......(17) 


will be satisfied if | | 
(D?+ αὖ y= oes 6085 a + a SIN AX. ...... (18) 
x (= #) x (— a) 
The problem is thus reduced to one already solved under Art. 
168, 2°, viz. we have the particular integral 


: Η ; ο ΑΚ 
ποι aa ee (19) 
If the factor D? + αὐ occur r times in ᾧ (D*), we write 
| b (D*) = χ (D%)(D? +02)", .«ονννννννννννν (20) 
and the problem is reduced to finding a particular integral of 
(Day y= COS ax ere SIN aL. ...... (21) 
If we assume Ὁ 
y =u cos (ax — ἐγ π) +usin (aw — dri), ....60... (22)* 


we find 
(D? + a?) y = (2a). δ᾽ w.cosax+ (2a). Dry.sinact+... 
by Art. 170 (20), (21). Hence (21) is satisfied provided 


H K 
i, ye ay 
“Gary ee) T°’ Gary cay (3) 
Hx” Kart 
or w 7 12a) χ {- aby’ v= r!(2a)" x (— a’) eesens (24) 


A particular integral is therefore 


y= Sao {H cos (αὐ -- $rm) + K sin (ax — 4r7)}. ...(25) 


In the general case, where f(D) contains both odd and even 
_ powers of D, the assumption (12) fails in like manner if, and only 
if, f(D) contains the factor D*+ 2. Writing 


f(D) =x (D) (DP + 2), «οννοννννννννννννς (26) 


where χ (D) does not contain the factor D*+ αὐ, we first obtain a 
particular integral of the equation 


x (D) y= Η cosav+ Ksinawz, ............ (27) 
in the form | y = H, cos a@ + Ky, sim ag. ............ (28) 


* The assumption y=ucosaz+vsin ax would serve equally well, but the form 
in the text enables us to write the final result in a more compact manner. 
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It then remains only to solve | | 
(D? + a2)" y = H, cos ax + K,S1M am. .....00000-- (29) 
This has been treated above. 
3°. Another case where a particular integral can be obtained 


is that of | 
FD) YX, ccssseccscesenssevoeeeee (30) 


where X isa rational integral function, of (say) degree συ. We put 
ἡ = x", where m is the lowest index of D which occurs in f(D), 
and v is a rational integral function of ὦ, of degree r. The coef- 
ficients in v are then determined by substitution. 


172. Homogeneous Linear Equation. 


An equation of the type 
a dq dar | 
am SE 6 Aya + + Aga te . 
ΠΕ A να) 
ῃ.--} dz nh > —«-— Powe ereesons 


is sometimes called a ‘homogeneous’ linear equation. ‘The com- 
plementary function in this case consists in general of a series of 
terms of the form Cx™, where C is arbitrary, and the values of m 
are to be found by substitution on the left-hand side. Moreover, 
if V contains a term Hz?, the corresponding term in the particular 
integral will in general be Bx?, provided B be properly deter- 
mined, 

To see the truth of these statements we may take the homo- 
geneous linear equation of the second order. To solve 


ΕΣ anh + by =0, d slees Bendpheupeees (2) 

we assume Y= CLM, cececccsccsccrosoenoccons (3) 
This will satisfy the equation provided 

{m (πὶ — 1) + am + b} Ca™ = 0. ...cceceeeeeees (4) 


Equating to zero the expression in { }, we have a quadratic in m. 
If m,, m, be the roots of this, the solution is 


y= Oem + CL onc seeeees paceouns (5) 
Again, a particular integral of the equation | 
| 2 F | 
a τς + an Σ + by = Ha? bei tarssegseet dee. (6) 
will be 8 DE? «ais tatieisnstuseneaieous (7) 


provided {p(p—1)tapt Ὁ} BHH.....cccccecseeeees (8) 
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Complications arise when the equation in m has imaginary 
‘roots, or when it has coincident roots; there are, further, diffi- 
culties in connection with the particular integral when V contains 
terms of the type ὡϑ, where p is a root of the equation in m. To 
avoid special investigation, we shew how the equation (1) can 
always, by a change of independent variable, be transformed into 
a linear equation with constant coefficients. 

If we put | v=e,...., si tenceeuutatendeuoss (9) 
then, u being any function whatever of x, we have 


du_du ὦ _,du 


or ᾿ς, ὦ ὠς eo) 
We will denote the operator d/d0, which is seen to be equivalent 
to zd/dx, by 3. Then, D standing as usual for d/dx, we have 
2D (οἷν D™ y) = am Doh y + mam Dry, | 

or 

at) Doth y = (2D —m) (x™ D™ u) = (3 — m) (a [σι w). ...(11) 
Putting m= 0, 1, 2,... in this formula we can express 

eDu, #D%u, 2 D*u,... 


in succession in terms of Su, 9*u, ὅδ, .... Thug, since the operator. 
3%, =d/dé, is commutative, 


a Du =u, 
oD τα ἡ (Ὁ —1)u, 
Du το ἡ (ὃ -- 1) (ὃ —2)u, 
and so on, the general formula being 
a? Dru τεῦ (3-1) (3-2)... (Ὁ -- rt lu oo. (12) 


If we substitute for the several terms of (1) their values as 
. given by (12), we get a linear equation with constant coefficients, 
of the form | 


d | | 
f®)y=V, or γ(2)νυ-ν. ΠΝ (18) 
PV  2aV | 
. Κα. 1. ; ᾿ at ae ΟΝ (14) 
if we multiply by r* this comes under the form (1); thus 


ΟὟ aV | 
απ τς, =0. Creo οοοοονοδουσοοσουδοοοο (15) 
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Assuming V=Cr*, 
we find m(m—1)+2m=0, or m(m+1)=0. 
The admissible values of m are 0 and —1; and the solution is therefore 
ene a ee (16) 
r 
Cf. Art. 165, Ex. 2. | | 
Eu. 2. PY 600 Y ὁ... a8 (17) 
. 2. Tat Tu δ θνδεςν νῷ Sunnie: 


To find the complementary function, we assume y= C2x™, and obtain 
m(m—1)+2m—-2=0, or (m—1)(m+2)=0, 
whence m=1 or-—2. Again, a particular integral is y = Οὐ, provided 
(2~1)(2+2)C=1, or C=}. ~ | 


Hence y= Ans + fat ρλοώθνυοον εν οὀνώζευς (18) 
i ὦ 
Ex. 3. y σὲ Oat y= ἘΠῚ ΠΣ: (19) 
This becomes {3 ( -- 1) -- 9 1} y=e?, 
or (3-lpy=e®. 


Allowing for the difference of notation, the solution of this is, by 
“Art. 167, 

| y = (4 + BO) ce? + 1969, 
or, in terms of 2, 


y= (A+ Blog x) a+ $x (log a) esses. (20) 
ΓΕ ρῶν eWay 
Eu, 4. eter tye aaa (21) 
This gives (P41) y=e*, 


y=Acos6 + Bain 6 + ye" 
= A cos (log z) + B sin (log 2) + byt. ...........(22)} 


173. Simultaneous Differential Equations. 


In dynamical and other problems we often meet with systems 
of simultaneous differential equations, involving two or more func- 
tions of a single independent variable, and their derivatives, the 
number of equations being always equal to that of the dependent 
variables. We denote the dependent variables by the letters 
a, y,..., and the independent variable by ¢. ) 

Without entering into questions of general theory, it will be 
sufficient here to give a few examples exhibiting the methods 
which are most generally useful. | 
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τς In the first place, it may happen that each of the given equa- 
tions involves only one of the dependent variables, and so can be 
treated separately. 


Ex. 1. In the case of a projectile under gravity, if the axes of x 
and y be horizontal and vertical, we have 
d*x αν 
ae = 0, de ὩΣ ΨΥ (1) 


Hence e=A+A’t, y= B+ Bi-lg®  ..... (2) 


The arbitrary constants 4, 4’, B, B’ enable us to satisfy the four 
initial conditions as to position and velocity. 


Hx. 2, In the case of a particle attracted to a fixed centre (the 
origin) with a force varying as the distance, we have 
ax d*y 
ap Mm qe ¥Y Cee ccc nneccccceres nes (3) 


whence | 
a= A, cos /pt+A,sin /pt, y=B,cos /pt+ Basin fut. 
If we eliminste ¢, we find ᾿" 
(8,5 — A,y) + (Bye -- Ay)* = (4..8,.--. 4,80}. .........(4) 
which shews that the path is an ellipse. 


If the given equations, which we will suppose to be n in 
number, are not of this simple type, then by differentiations, and 
algebraical manipulation, we may eliminate all the dependent 
variables a, y, Z,..., save one (say x). If, after integration of the 
resulting equation, we substitute the general value of @ in the 
original system, we shall find that this now reduces to n — 1 equa- 
tions involving the n — 1 dependent variables y, z,.... The process 
can be repeated until each dependent variable in turn has been 
determined as a function of ¢ and of arbitrary constants. 


In particular cases a more symmetrical procedure is possible. 
We content ourselves with a few illustrations taken from physical. 
problems. | 


Hu, 3. If x, y be the coordinates of any point in a rigid plane 
which is rotating with angular velocity n about the origin, we have 
the equations 


dx dy 

ὩΣ Ξ -.- Ὧν, at = TUB. cccccccccceccccccccccces (5) 
Eliminating y, we have 

d*x α 

ag =~ gaa 


whence H=ACOS(NE+ 4), «οοννν νυν οσνονοοο.......(6) 


173 | LINEAR EQUATIONS 447 


the constants a and ε being arbitrary. Substituting in the first of the 
equations (5), we find 


9 = SIN (ME + €). ..« ον τ κε cer cceeceees seeeeeel) 


The results (6) and (7) shew that each point describes a circle about 
the origin with angular velocity n. 


Ex, 4. In the theory of electro-magnetic induction we meet with 
the equations 


το μόν eRe 8 

dt dt 

rien nee: (8) 
M Ἐς ll a 


Here z and y denote the currents in two circuits subject to mutual 
influence; R and S are the resistances of the circuits, Z and NW the 
coefficients of self-induction, UM that of mutual induction, and £, F are 
‘the extraneous electro-motive forces. 


Let us first suppose that H=0, F=0. The equations are then 
satisfied by 


a= Aer, y= Ber, 2. .ccceee lees eacme (9) 
provided (LX+ k)A+MAB= 0, ΠῚ 
pate he | eae cercceseccecees 


Eliminating the ratio 4: B, we have 
(LX + RB) (NA+ 8S) — WM =0, 
or (LN — M*) 2+ (LS + NR) A+ RS =O. ............(11) 
Since - | (LS + NR)? -- 48 (LN — Μὴ 
= (LS -- NR) +4M°RS, 


8. positive quantity, it appears that the roots of the quadratic (11) are 
always real. Again, for physical reasons, LW is necessarily greater 
than 3. Hence (11) shews that the two values of ἃ must have the 
same sign (since their product is positive), and further that this sign 
must be negative (since the sum is negative). Hence, denoting the 
roots by —A,, —A,, we have the solutions 


wea Ae-Mt, y= Ben, 
and ‘ x = Ae, y= Bie, 


δ ως or veveeee(12) 


where the relation between 4, and B,, or A, and B,, is given by either 
of equations (10) with — A, or —A, written for A. The arbitrary con- 
stants therefore virtually reduce to two. On account of their linear 
character, the equations (8), with # -- Κ᾽ =0, are satisfied by the sums 
of the above values of x and y, respectively. The result represents the 
decay of free currents initially present in the circuits. 
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Hi £ and F are not zero, but given constants, a particular integral 
of (8) is evidently 
E F 
Ὁ "58 


2 ΞΞ 


and the complete solution is _ 


mee z + Aje—Mb + 4... Μέ, 
| bennectsouis scl 18). 


y= at Bye-M + Bem Μὲ, 


where the relations between A, and B,, and between A, and B, are as 
above indicated. 


The first terms in these values of « and y represent the steady 
currents due to the given electro-motive forces; the remaining terms 
represent the effects of induction. Since we have, virtually, two ar- 
bitrary constants, these can be determined so as to make the actual 
currents have any given initial values. 


Another important case is where # is a simple-harmonic function 
of the time, and F is zero, Putting, then, 


H= H,cos pt, F=0, wi... νονννυνονννονον (14) 
ἃ particular integral of the equations (8) may be found by assuming 


reeneeseereseee sees (15) 


On substitution we find, equating separately the coefficients of cos pt 
and sin pi, ' 


a= A cos pt + A’ sin pt, 
y= B cos pt + 8’ sin pt. 


pLA'+pMB + RA=E,, 

—-pLA~pMB + RA'=0, 

pMA'+ pNB' + SB=0, 
—pMA—pNB + SB =0, 
These formule give A, A’, B, B’, and so determine the electrical oscil- 
lations in the two circuits due to the given periodic electro-motive 
force, The free currents are given by terms of the same form as 


in (12). Their values depend on the initial circumstances, and in any 
case they die out as ¢ increases. 


suspeiuninee a6) 


é 


fa. 5, Asa final example, we take the equations 


d*x d*y 
2. 972. fF eeeeercccece, oe 
He, Bey | 


dé ἀῷ ee ὖν τ ῦ, 
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which determine the motion of any ‘conservative’ dynamical system, 
having two degrees of freedom, in the neighbourhood of a position of 
equilibrium. 
To find the free motion, we put X =0, Y=0, and assume 
= Fe, yoGot, cccesceeccsceeseeeeeeee(18) 
We thus get ee ae ane Seen (19) 
(HX +h) F + (BA? +b) G=0. 
Eliminating the ratio / : G, we have 
(ADB a) (BYE +B) — (HAP + Ἀ)8Ξ 0,.υννννννινν (20) 
or (AB - H*) 4+ (46+ Ba — 2Hh) + (ab—h*) =0. ....ἀὶ (21) 
This is a quadratic in A. | 
The expressions 


+ {4 (3) +27 SY Β (3)} se diteotenatets (22) 
and } (ax? + Dhanry + by"), τοιθεῦνες οι ρςξι νυν 29) 


represent the kinetic and potential energies of the system, respectively. 
The former is essentially positive; hence A, B are positive and AB> H?. 
It follows that the left-hand side of (20) or (21) will be positive both for 
N=+o and for \2=—o, whilst for \2=0 the sign is that of ab — h’. 
Also, from (20), it appears that the left-hand member is negative for 
\2= —a/A and for A? = -- 6/B. | | 

Hence if the expression (23) be essentially negative, so that a, ὃ are 
negative, whilst ab — h? is positive, the equation (21) is satisfied by two 
positive values of 7; one of which is greater, and the other less, than 
- either of the quantities —a/A,—6/B. Denoting these roots by ,’, Ay’, 
we have the solutions 


ω -- Fett + Feat + Fest + Mie, 
y = Gert + Glew mt + Gert + Ο 6- Mt, 


Of the eight coefficients, only four are arbitrary. The ratio ἢ: G4, 
which is the same as 77. : G,’, is determined by (19), with A,’ written 
for A% Similarly, the ratio F,: G, or δ : G_ is determined by the 
same equations, with A,? written for A*, The four arbitrary constants 
which remain may be utilized to give any prescribed initial values to 
x, y, de/dt, dy/dt. It appears that « and y will increase indefinitely 
with ¢, unless the initial circumstances be specially adjusted to make 
F, and F, vanish. Hence if the potential energy in the equilibrium ἡ 
position be greater than in any neighbouring position, an arbitrarily 
started disturbance will in general increase indefinitely; so that the 
equilibrium position is unstable. 
If, on the other hand, the expression (23) be essentially positive, so 
that a, ὃ, ab — h® are positive, the roots of the quadratic in A? will both 
be negative, viz. one will lie between 0 and the numerically smaller of 
the two quantities —a/A, —6/B, and the other will lie between the 


1.1. 6, 29 
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numerically greater of these quantities and—o. This indicates that 
in place of (18) the proper assumption now is 

v= F cos pt+ F’sin pt, y=G cos pt + Θ΄ sin pt. ...... (25) 
This leads to equations of the forms (19) and (21), with — p* written 


for \2. It follows that the two roots of the quadratic in p* will be 
real and positive. Denoting them by 7,’ and p,', we get the solutions 


‘go = F,cos p,t + 7, sin pt + F, cos pat + 1 sin pot, 
y = G, cos p,t + Gy sin p,t + Gy cos p,t + G,' cos pil, | 
where the ratios F,/G,, F,'/ σι, F,/G,, F,'/G are determined in the 
same manner as before. Since 7,'/G,'= F,/G,, and F,/G,' = F,/G,, the 
results may also be written | 
a = FF’, cos (pt + εἰ} + Ff, 608 (pot + &), 
y = ΟἹ, cos (p,t + ει} + G, cos (pat + €), 


where F/G, and F,/G, are determinate. It appears that when the 
potential energy in the equilibrium position is less than in any neigh- 
bouring position, a slight disturbance will merely cause the system to 
oscillate about the equilibrium position, which is therefore stable. 


The two roots of the quadratic in A? (or in p*) have been assumed 
to be distinct. It may be proved that they cannot be equal unless 
a/A=b/B=h/H; and that if these conditions be fulfilled the solution 
is of one, or other of the two types: 


oa Bert+ Fle, y= Gert Ber, wee ceeees (28) 
ῳ = F'cos pt + ΚΓ" sin pt, y= G cos pt + G sin pt, ...... (29) 
where the four constants are in each case independent. 


Finally, we have the case where the expression (23) for the potential 
energy may be sometimes positive and sometimes negative. In this case 
ab —h? is negative, and one root of the quadratic in d? is positive, the 
other negative. The complete solution is now of the type 

a= Pert + F’e—% + F” cos pt+ 17 sin pt, 

y = Gert + Gle- + @” cos pi + ΟΠ" sin pt. 
Tt is clear that an arbitrary disturbance will in general increase indefi- 
nitely, so that the equilibrium position must be reckoned as unstable. 


* YH PT ncnnccnsvens Sjawees emsutiohe (31) 
The equations to be solved now take the form 


: dx . 
(4 +p) 77+ (a+ ph) a=0, 


dx 


+(h-+ pb) a =0. 
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_ These are both satisfied by | 


BS BON. aiertsa doc iaenectunseaseske. (33) 
A+pH H+pB_ 1 
provided atph = htpb a2 seceee Corcereccns (34) 


Hence p» is determined by the quadratic | 
(Hb — Bh) pp? + (Ab — Ba) p+ (Ah ~ Ha)=0. .........(35) 


If μι, μᾳ be the roots of this, the corresponding values of λ᾽ are given 
by (34). In this way we obtain two solutions, which, on account οὗ 
the linearity of the differential equations, we may superpose. 


If we eliminate » from (34), we get the same quadratic to deter- 
mine A® as before. Hence the condition for the reality of the roots 
of (35) must be the same as in the case of the quadratic (21). This is 
easily verified. | 

If A? be negative, the solutions are of the types 
a= F,cos(pit+«), y=", cos (pt+ ει) } 
= Κ᾽, 608 (pat + &), Y= μῳ 008 (pat + &), 


where F,, 1)» εἰ» & are arbitrary. Hither of these by itself represents 
what is called a ‘normal mode’ of vibration of the system. 


To find the forced oscillations when the extraneous forces X, Y are 
οὗ the type | 
X=acos(nt+e) Y=Psin(nt+e), ......... ...(37) 
we may assume | ; 
a=Fecos(nt+e), y=@sin (nite), .......0.. (38) . 


and determine the coefficients F, @ by substitution in (17). A case of 
failure may arise, when the expression (23) is essentially positive, owing 
to n? coinciding with one of the roots of the quadratic in p*, 


EXAMPLES. LVI. 


(Constant Coefficients.) 


1. oY, We ; [y= A+ Be} 
2 ate Y _ 10y=0. [y= Ae + Be-™] 
8, 355 3B yao, [y= Ae" + Bot] 
4 oY 6 SY, 11H — by =0, {y = Ae + Be™ + Ce*.] 


29-—2 


452 


7. 


10. 


11. 


12. 
13, 
14, 
15, 
16, 


17. 


INFINITESIMAL CALCULUS [oH. ΧΠῚ 
ἂν 


am my. [y= Ae™+ Be-™ + C cos ma + D sin ma. | 


By dy dy _ = at 
a dat? dn 550. [y= 465 + Boosa+C sina.) | 
dey | ἃ. 92 
τὰ εὐ dag + m+ +n*)y=0. 


[y=e"™ (A cos nx + Bsin nzx).] 


oy 4 42 4 13y= 0. [ψ- 6 (4 cos 3a + B sin 32). ] 
ἀν 5 


ae dg [y -- 4.5 (4 cos 2a + B sin 2x).] 


oy go!» 13y=0. [y =e (A cos 2a + B sin 22). ] 


oY a πὰ =0. 
[y= (A cosh τ + Β εἴπῃ τς cos ΤῸ WE 
+(4 ἘΠ 5) sin in τς 
oy YY yn0, [ν = Act + (B+ Ca) 6:5] 
d*y d*y dy 


—~—- 4% ~~ +y=0, [y=(4 + Ba) e+ Ce-®,] 


8 
ὧν εὧὖν dy 0. [γ-(4- Bu) 4 σο- 5] 


dat * dat 
Wy cd | = 
τῷ - iat = 0. [y= (A + Ba) e + Ce~™] 


ἢ 
-Ὁ“ -ὃ-  ,5-  ψτ-ὸ, [y=(4+ But C2’) 65} 


ay 


8. ἃ ὧν 229, — 0 
χα + (m+ ni) τ mn'y 


% 


[y =A cos (ma +a) + Boos (nx+ β) 


18. Shew that the solution of the equation 


is of the form 


αἴ . dx 
gat gg eee 


w= Ae~™ + Bett, 


where a, β are both positive (if k and yu are positive) and a> B. — 
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᾿ς ἂψ, ἂν, ἃ 
19. ee 
[ m* -- 7) sin nx + 2mn cos πῶ Seite 
yn eee 
ἀν dy ὦ - = 
20. Tea ~ Gat ~ 22 ty = cosh [y = date? + Lee + e. | 
αν d = 
21. aaa t =. = 1+ cosh a, [y=2 + 10" — 4x0" + ke. | 
3, ᾿ ay _ ans 
| . samy = cos ka: + cosh ka. 
ly = — (cos ka + cosh ke) + to. | 
23. (D‘— m*) y = cosh max + cos ma. 
| [ v= zag (Cink 2 —sin me) + de. 
24, D*(D*—1) y = cosh x. ος [y=4gesinh w+ &.] 
25. (25 + m?)? y = cosh ma + cos ma. 
| y= εἰς co8h me — 55 008 mz 
26. Find the values of x and da/dt from the equation 
adn dx, 
a + in = + nia = fsin pt, 


subject to the conditions x = 0, ἀυ(αξ τε Ο for ¢= 0. 


[-- F sain (pt —2e) + (pt +5in 20) φασὶ 


ra {cos (pt — 2) — (nt — cos 2ε) e~™}, 


where | a +7), e=tan- (p/n). | 


é EXAMPLES. LVII. 
cassis Equations.)- 
L Tat * zs -47 = |y=4424 οὐ | 


a 
2. Solve , ee 


dr? rdr | 
as a homogeneous linear equation. [V=A logr+ B.] 
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d® d. 
3 73 == 0 [y= A+ Bloga + Ca*.] 
a? 
4, αὐτὰ --ἶν τ a. [y= det +> 42. | 
αν ἂν 1 A 8 Ἰορα 
5. =— ἘΣ μεν gee pe 
«οὶ 4° gat 5 ly ot a Poe | 
6 oot aD —y=X. ΠΣ +20. | 
d . 
7. TY 39H + dy = at [y = (4+ Blog 2) αὐ τ αὐ] 
ay dy _A+Blogax 
8. 4a’ Ta + 40 = Ψ. [y= 8*. | 
qd? 
9. (- Ξέχω- 0. [ Fe) -ξ + Br + Ort + Drt | 


10. Prove that _ 
οὔκ σοξος, 
ll. Prove that 
f (2 2) a log w= 2" {/(m) log α +f" (m)} 


EXAMPLES. LVIII. 


(Simultaneous Equations.) 


1, | E+ Ta —~y= 0, SY 4 260 + By =0. 
| [a= 4 {(A + B) sin t+ (A — B) cos t} e~®, 
= (A cost + B sin t) e™.] 
dx dy . 
2. a= 3” Y; a ote | , 
[a= (A + Bt)e¥, y=(A—B+ Bt) e*.] 
dx dy 
3. yt bety=e, + 8y— y=. 


[w= (A+ Βὴ τ“ τ ἐς 6' -- κας © 


y=—(A+B + Bt) e-* + pye' + «65, 
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dx 
4, Solve ap et BY OY γον, 
_1+8B _1-8 
oA? γε ταὶ 


dtr 


α18»- —4y+3=0, oY a y+5=0. 


[a=(4 + Bt) cos t+ (4' + 8) sin ἐ-- 17, 
y=4(4+B' + Bt) cost+}(A’—B+ Bt) sint—12.] 
6. Shew that the integrals of | 


ds dy 


are C= A,emt + Aer’, y= pa Ayer! + PA es", 
where μὲ, μᾳ are the roots of 
a—b 
| h 
and | A, =athw, Ace + Λε: 
ax = ay a 
7. | Solve ap + my =9, ape 0. 
mt 
[ == ον 00s (ἢ +a) + Be con (2% + p), 
wnt __m 
= 2 ΄ ἐξ /2% ° re 
y = Ae sin (75+) — Be sin (7 +8). | 
ha ο αν 
8. Solve Gp mae thy, ἼΒ -- λα + by. 


9. Solve ibd + mz —ny = 0, 


qe nd + my— nz = 0. 


d*y 
dt? 
[5 +y =A cos ,/(m*—n*) ἐ τ A’ sin ,/(m? — πῆ) ὁ, 
a—y = Beos ,/(m? +n?) t+ B sin ,/(m? +n’) t.| 


10. Determine the constants in the solution of the simultaneous 
equations 


3 


so that, for ¢ = 0, 


m=4, y= 0, 


[a= a cosh Jpt, y= VP] Ju.sinh μὲ. 
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11. The equations of motion of electricity in a circuit of self- 
induction Z, and resistance &, which is interrupted by a condenser of 
capacity Οὐ, are | 


Ax _ gq dq _ 
| Lat he=-a, Ζ; - Ὁ 
where ὦ; is the current, and φ the charge of the condenser. Find the 
condition that the discharge should be oscillatory. [Z > 1190] 
2 2 
12. Solve “ἐδ τοὺς alt 


de” αἱ 
and shew that the solution represents a conic symmetrical with respect 
to the axis of a. 


dx d*y 
13. Solve We 0, ap = py’, . 
and prove that the curves represented by the solution include a family 
of hyperbolas. κα 
᾿ d%:  — dy αν dz 
με Solve wen "ath a” Ἢ 
[παν ρος (nt + €), y=B+Zt+asin(nt+e).| 
| d*x dy, 
15. Solve Geo ay t me =% 
d*y de, 
Ge +2n di + my = 0. 
[w= -A cos (pt +e) +A’ cos (p't + €), 
y=—Asin (pt+«)+A’' sin (pi+e), 
where A = ,/(m? + n?) +n.) 
16. Solve ae +1) 2a J y=0 
RE Ta ΡΟ Ὁ 
ax dy g ; 
ἂρ tae *gy=° 


(The equations of motion of a double pendulum, the lengths of the upper 
and lower strings being ὦ and ὦ, and μ being the ratio of the mass of 
the lower to that of the upper particle.) 


Prove that the periods of the normal vibrations are 27/p,, 2z/p,, if 
p,*, p;? be the roots of 


pt (1+) 9(=+5)pt+ (+p) =0. 


Shew that the roots of this quadratic in p’ are real, positive, and 
distinct. 


CHAPTER XIV 


DIFFERENTIATION AND INTEGRATION OF 
POWEBR-SERIES 


174. Statement of the Question. 


The main object of this Chapter is to justify, under proper 
conditions, the application of the processes of differentiation and 
integration to functions expressed by ‘ power-series, 2.¢. by series 
of the type 

Ay t Are + Ast + oo. Ant + ory ceceereccees (1) 


where the coefficients are constants. Thus, if S(#) denote the 
sum of this series, assumed to be convergent for all values of « 
extending over a certain range, we have to examine under what 
conditions it can be asserted that S() is ἃ continuous and differ- 
entiable function of z, and that, moreover, 


S’ (#7) =A, + QA + 3A 02+... + nAge” +..., (2) 
and | 


[7 S(@)do= Ag+ A+ be... +o Aya" +..., (3) 
‘ | 


respectively. 


If the number of terms in (1) were finite, the statements in 
- question would need no proof, beyond what has already been indi- 
cated in the course of this work (see Arts. 29, 74), but 1t must be 
remembered that the word ‘sum’ as applied to an infinite series 
bears an artificial sense, and that we are not entitled to assume 
without examination that statements which are true when the word 
has one meaning remain true when it is used in another. 


. It is convenient to have a notation for the sum of the first n 
terms of the series (1). We write 


Bi, (we) = Ag+ Aye t Agt* + ... + Anat, vreeveee (4) 


a rational integral function of degree n—1. This is called a ‘ partial 
sum,’ and its graphical representation is called an ‘ approximation 
curve.” An example of such curves is given in Fig. 136, p. 485. If, 


further, we put- 
S (@Y= Sy (Ω) + Bey (B), cosccrercccecvceeeees (5) 
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the quantity R,, («) is called the ‘remainder after n terms, It is 
of course the sum of the series 


| ΓΝ (θ) 
By hypothesis, the sequence 
Si (a), Si(@), S,(@), ..«Δ,Ὁννννννννννννννννον (7) 


has, for any value of ὦ for which the series is convergent, the limiting 
value S(z). It follows that the sequerice | | 


R, (a), BRy(a), Ry (a), coe coccccessecceceee, (8) 


has the limiting value zero. 


It is to be noted that in each of the questions above propounded 
we have to deal with what is known as a ‘double limit,’ Thus, to 
establish the continuity of S(x) for «=a we have to shew that 


| limy »  limz»¢ Sp (Ω) =lim,.» 4 lim, + » Sn (a). ......(9) 
Again, the formule (2) and (3) may be written 


a. ek at ΡΩΝ | 
da lim,» ea Sn (#) = limes de Sh (a), ctaw wow ee (10) 


and’. J Gim, 28, (@)} de=lim, ες [" 8, (@) de (11) 
0 0 


respectively. Since a derived function is the limit of a quotient, 
and a definite integral is the limit of a sum, these forms also come 
under the description of a double limit. It is not to be assumed, 
and it is not necessarily true, that the result is independent of the 
order in which the two operations of proceeding to a limit are 
performed *, 


175. Derivation of the Logarithmie Series, 

There are one or two cases where the questions above raised 
can be answered without difficulty, the form of R,, (x) being known; 
and the results are of great importance. 

By actual division we have, as in the theory of the Geometric 
Progression, 3 | 

pytintte- tom tor, 
.1-ὸ ων. | l+t? τ" 
provided ἐφ -- 1, We will suppose that @ is positive. We have, 
then, from (1), ‘ 


_ [5 dt a κα 
log (1 +a)= [°F πος ες | 
aa vn [ἢ det 
+ (—) τ ἘΜ) oil+t’ “5.9... (2) 


* For an example see Art. 193. 
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The value of the integral in the last term is increased if we replace 
the denominator in the integrand by its least value, viz. unity. 
The integral is therefore less than — 


ont 


2 ‘ 
{ t"dt, or e 
0 n+1 


If « be less than unity, or even equal to unity, this tends with 
tncreasing n to the limit 0. ᾿ β 


Hen¢e if x be positive and +1 we have 
οὐ ee a aja τ᾿ 
log (1 +2)=2 5 5 + (—) atte vooeee(B) 
the series extending to infinity. 
In particular, putting ¢= 1, 
log 2-Ξ] -- ξ ἘΣ - ἘΠ... cecesseceeeereeeneers (4) 


This result, though exact, is not suited for numerical calculation, on 
account of the slow convergence of the series. It may be shewn that 
about 105 terms would be required to obtain a result accurate to n 
places of decimals. A more practical formula is given by (12) below. 


Again, we have 


1 ou 2 n—1 ieee 
=e ce +...t78 ΕΣ πε ον ρον ρα (5) 
provided ἐξ 1. Hence if « be positive and less than unity, 
2 dt oe oe a” & indi 
[τ ποτφεξεο St [ice eeevace (6) 


The integral on the right-hand side is increased if we replace the 
denominator by the least value which it has within the range of 
integration, 1.6. by l—a# Hence 


“αὶ 1 [*,, νι 
ΡΝ at< G@+1)d—a) déeveevese (7) 


Since ὦ is by hypothesis less than unity, this tends with increasing 
n to the limit 0. Moreover, since 


| — |- log ( -- |" —log (1— a), esses (8) 
o+7~ 0 
we have | 
a at ah | 
log (1 —@)=—-@-— το ee MT ee eocncccee (9) 


to infinity. | ; 
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The results (3) and (9) are combined in the statement that 


me ..- 2" 
log (1+ α) τε -- Ἐπὶ -- .-.. Ἐ(Π) att .-.(10) 


for values of « ranging from —1 exclusively to +1 inclusively. 
The series on the right is known as the ‘logarithmic series *.’ 


᾿ If x be positive and less than unity, we have from (3) and (10), by 
subtraction, 


log τ “τ =2(a+ τ εξ ὁ... ste eeeseeneees (11) 


If in this formula we put x=1/(2m+1), we obtain 


m+1 


log (m + 1) — log m = log a | 


] 1 1 | 
- 2 feed + 3 (2m + 1)" + δ (2m +1)" + ἘΠ; ...(1Ἅ2) 
This series is very convergent, even form=1. Putting m=1, 2, 8, ..., 
we obtain the values of 
log 2, log 3—log 2, Jog 4 —log 3, ... 


in succession, and thence the values of the logarithms (to base e) of the 
natural numbers 2, 3, .... When log 10 has been found, its reciprocal 
gives the modulus μ᾿ by which logarithms to base 6 must be multiplied 
in order to convert them into logarithms to base 10f. 


He 1. ITfin>1, we have 


log “ΤΊ = Jog (142) =i — sag ve ERAS) 


n ~ m 9. 3nt ae 


Since the terms are alternately positive and negative, and tend to the 
limit 0, the sum is less than 1/n, by Art. 5. | 


oe 1 11 1 
γι 
log τ τ = — log (1--)- τ τα 3 st. C9 cevecse (14) 
which is obviously greater than 1/n. 
1 nm+1 | τ" 
Hence red log ao > Para | . Trrrr yr ree rr er ee (15) 


* It was apparently first given by N. Mercator in 1668. 
t+ The most rapid way of determining μ is by means of the identity 
log 10=8 log 2+ log §. 
The two logarithms on the right hand are found by putting m=1, m=4, in (12). 
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Ex. 2, Let us write 


4“ ΞΡ ee Pe ] 
n— 5 ἢ Τὸ τὴν og 7, 


| S ategestabaes (16) 
=] ee + 1 10 1 
v, = tg δ see (n+ ) | 


n being now of course ἃ positive integer. We have 


+1 1 
thy ~ tye = log ~~ — — 7 > 0, diecast) 
by (15). Again, | 


Ve. — Ven = ——~ — log — 
"Ἢ ΠΝ abl on+1 


also by (15). Moreover 


tig — vy = log ***, ἜΤ aie: (19) 
which lies between 0 and 1/n. Hence the quantities 
Uy, Ug, Ugy cooy Uny coe soeccecercccceececers (20) 
form a descending sequence, and 
D1, Vay Ugy ...)γ). Upp cee ceevcecereeerereeeens (21) 


an ascending sequence. Since each member of (20) is, by (19), greater 
than the corresponding member of (21), the sequence (20) has a lower 
limit: (Art. 2), and the sequence (21) an upper limit. And since 
| d 
Litmy, m co (Un — Un) =O, ceeeeereerececeeeeees (22) 
these limits must be the same. Hence ; 


1 1 1 
limp ὦ (145+ 5:1.  Ἐ loge a santas (23) 


where y is a certain constant (known as ‘Euler’s constant’). Since 
v, = 1 —log 2, which is > 0, y is positive. Its value has been ascertained 
to be -57721566...*. | 


176. Gregory’s Series. 


Since , | 
1 ™ | 
——_——_ = 1 -- — see -)Ὅ. 1865. aa) ree 
pepsin ett tO etl ige (1) 

we have 
. dt a αϑ ... αὔπ- = ym 
ape ὦ Bao tC) oh ise 
οὐδινὶ (2) 


* The method of calculation is beyond our scope. 
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If « is positive and >} 1, the latter integral is less than 


1 1 | 
27, 
[δά ow αι μόρρως (3) 
and therefore tends with increasing n to the limit 0. Hence 
gh on 
Pd pe sigue a —_\n—1 
tan Μη Ff of ZTE woe + ( ig δης.-1 ἢ} ..«.«(4Ὁ 


that value of tan-'z being understood which starts from zero with 
«. This is known as ‘Gregory’s series*.’ Since both sides of (4) 
change sign with «, the equality holds for values of « ranging from 
—1 to +1, inclusively. . 
Putting «= 1, we have | 
RAL ABA BF bee ceeccceecssnseseseec(B) 


This series converges very slowly, and has been superseded for the 
calculation of π᾿ by others. Euler used the identity 


dor = tan} 4 tanh, 2.00 νυ νννοννυνενννννονον (6). 
which gives 
1 1 1 1 1 ] | | 
t= (G-gnt ge) + (6 το BH coe Jooce (7) 
Machin had previously employed the formula ° 
dr = 4 tan} — tanh, oe νον ννν ees (8) 
which, like (6), is proved in most elementary books on Trigonometry. 
This leads to 4 
a ] 1 1 ) am 1 1. 
ee (δ ~3.58 Bee) 7 (s35- 8. 2399 ὃ. 2395 τ 
ΝΕ τ (9) 


- On account of the importance of the matter, it is worth while to 
give the details of the calculation of + from Machin’s formula. To 
calculate tan™’4, we first draw up the following table: . 


ΓΞ 


200 000 000 0 200 000 000 0 
8 000 000 0 2 666 666 7 
320 000 0 64 000 0 

12 800 0 1 828 6 

512 0 56 9 

20 5 19 

8 1 


* After the discoverer, James Gregory (1671). 
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The sum of the positive terms in the last column is 
+ 200 064 057 0, 
and that of the negative terms is | 
— 002 668 497 2. 
Hence tan“11=°197 395 559 8. 
Again to calculate ἐδ σὲ we have the table : 


.1 :Ε ee 
239" n. 2805 


| 


004 184 100 4 |. +004 184 100 4 


73 2 - 24 4 
This makes tan“4,1,='004 184 076 0. 
Hence lo = 4 tan-}—tan shy 


=+4+'789 582 239 2 
— +004 184 076 0 
- 785 398 163 2, 
w= 3.141 592 652 8. 


The last figures are of course liable to error. ‘To estimate the possible 
error of the final result, we remark that in the calculation of ὑδη ἢ 
there were five errors, each not exceeding half a unit in the last place, 
and that there are two such errors in the computation of tan™’;35. 
- The errors, therefore, in the inferred value of π, even if cumulative, 


cannot exceed 

4x(4x5x$+2x $), = 44 
times the unit of the last place. The first seven decimal places cannot 
therefore be affected, and we can assert that the last three must le 
within the limits 484 and 572. Asa matter of fact the errors are not 
all in the same direction, and the correct value of w to ten places is 


w = 314] 592 653 6. 


177. Convergence of Power-Series. 


Proceeding now to the discussion of the general questions raised 
in Art. 174, we have first to consider the matter of convergence. 


If the terms of an infinite series are functions of a variable a, 
it may happen that the series is convergent for all values of x 
without restriction, as in the case of the exponential series (Art. 37), 
or it may be convergent only for values of ὦ belonging to a certain 
continuous range. If this range extends from #=a to a= ὃ, m- 
clusively, it is said to be ‘closed,’ and is denoted by (a, δ). If both 
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terminal points a, ὃ are excluded from the statement, the range is 
said to be ‘open’ at both ends, and is denoted by [a, δ]. If the 
first or second terminal point alone is excluded, this is indicated by 
the notation [a, δ) or (a, ὃ], as the case may be*. For example, the 
logarithmic series has been shewn to be convergent over the range 
[-- 1,1}. whilst Gregory’s series is convergent over the range (— 1, 1). 


The most generally useful test of convergence, in the case of a 
power-series . 

Ay t+ Aye + Aga? +... + Ant + oo. cece cee c ees (1) 
is the ‘ ratio-test.’ It is obvious that if, after some finite number 
of terms, the ratio of each term tp the preceding is less in absolute 
value than some quantity & which is itself less than unity, the 
series is essentially convergent. For the successive terms then 
diminish more rapidly than those of a geometric progression whose 
common ratio is k. 


In particular, the series (1) will be essentially convergent if 
A nts | 


A Gt ae ee ee ee (2)+ 


For if this condition be fulfilled, and the limit in question be &’, 
we can by taking n sufficiently great ensure that for this and for 
all greater values of n the ratio 


ω 


Ans 
——— © 
An 


shall be less than any assigned quantity k which lies between k’ 
and 1. | 


If the condition (2) is satisfied, it follows that the series 


A, + 2A,e + 3Asa7 τοις. + NA nw + Ld, eee ce es (3) 
4.5 Aa Anant 
and A,vt+ 5) τς Pee gt ee siasa eaawe( 4) 


— the terms of which are derived from those of (1) by differentiation 
and integration, respectively, will also be essentially convergent. 
For in the case of (3) we have 


(n +1) Ansa = lim,» (1 +=) 


Nil g 


x 


| “» 00 


x lim, +e 


Ant 
ἊΣ | πλρννυυ (δ) 


The case of (4) is still more obvious. 


* These notations are due to Prof. F. 8. Carey. 
+ This form of test is known as d’Alembert’s. 
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Again, leaving aside any particular test, let us suppose merely 
that the series (1) is known to be convergent for a particular value 
a of x. Since the terms must diminish indefinitely, we must have 


Vimy ὦ And™| =O. sescssseeceeeeee .....(6) 


It follows that the series will be essentially convergent for all 
values of ὦ such that |a|<|a|. For, writing the series in the form 


A+ Aa (2) + Ag (=) + see Ant (ZY vee ool) 


and denoting by M the greatest value of |A,a”"|, we see that the 
several terms of (7) are in absolute value less than the corresponding 
terms of the convergent geometrical series 


. MLE PHA EH ne), ceceeeeeeeeeees (8) 
where t=|2/a|. | 
The series (7) is therefore itself essentially convergent. 


Hence if the series (1) be convergent for any one value (a) of 2, 
other than 0, it will be convergent over the range [—a,a), and 
essentially convergent over the range [— a, a]. 


It follows also from (6) that the series (8) and (4) will be | 
essentially convergent over the range [—a,a]. For if @ be any 
quantity less in absolute value than a, we have in the case of (3) 


el’. (9) 


The former of the two limits on the right-hand side vanishes by 
hypothesis, and the second in virtue of Art. 43 (3). 


lim, » ο[ πΆ,β5-} = rg] lista no] Ane x lim, on 


In the case of (4) we have 
A,art| ; Ana | 
lim, -» ὦ =e ie |a| lim, IG με Οὐ νύῤονν (0) 
a fortiori. 
Κα. 1. Theseries — 
1 1.3 1.3.5 
ες Ἐπ geet Seer ccccesecers (11) 


is convergent for x=—1, by Art. 5. It is therefore essentially con- 
vergent if [ὦ “1. It may be shewn to be divergent for =1. It is 
therefore convergent over the range (— 1, 1], but essentially convergent. ᾿ 
only over the range [ — 1, 1]. | 


1.10; ΗΝ 
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Κα. 2. The series 


15 convergent, in virtue of the test (2), for |a|<1. It is also easily 
seen to be convergent for «=+ 1, and is therefore convergent over the - 

range (—1, 1). | 
But the argument above given only entitles us to assert that the 
series . 
. a 
Σ Ἐπ aa Wasnt ἐκελλελλε λον κλλκέκοετνν (13) 


which is derived from (12) by differentiation, is convergent over the 
range [-- 1, 1]. It is, however, obviously convergent for e=—1, by 
Art. 5. For #=1 it is divergent (Art. 175). 
178. Continuity of a Power-Series. 
We will now assume that the series 
S (£2) = Apt Ayet Agt? + ... + An@™ + ce ceccceees (1) 


is known to be essentially convergent over a range[—a,a]. If 
a and α΄ be any two points of this range we have, by Art. 5, 1°, 3°, 


, Ig 
S (a) — ϑ ξ — 22) {As +24, 24% 4 g4, ter τ} 2 
n—l —2 . n—1 a3 
+nAp fifa 2 abe (2) 

If ὦ and a have the same sign, the fraction 

ad +4. gol +... + afr 

n 
lies between αὖτ and αὐτὶ, The several terms in { } are therefore 


τς intermediate'in absolute value to the corresponding terms in the 


two series . 
A, + 24.» + 8Age* +...4 NAga™ +...,  202.-.(8) " 
and 4,24,0. + 3A af? + 0. +A ge OO + 0... ceeeee (4) 


It has been shewn that on the above hypothesis these series are 
essentially convergent. It follows that the expression in {} in (2) 


is finite. Hence 
: limy x {S (2’) — S'(ax)} 0, «νονννννοοονννννον (5) 
S (), is continuous for all values of # belonging to the range 
—a, α]". | 
We can infer also that the power-series (3) and (4) are con- 
tinuous over the range [—a, a]. 
* It may happen that the series (1) and (3) are known to be essentially conver- 


gent when z is a terminal point of the range of convergence of (1). In that case 
we can assert the continuity of S (x) up to this value of x inclusively. 
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17 9. Differentiation of a Power-Series. 


With the same notation as in the preceding Art., and on the 
same assumption, we have 


2 
S@)- 5) aA oA. ee Ἐδ'ς Ν 
—1 nl 
pee, τ 
Since a is to be made ultimately equal to ὦ, we may suppose that 
it has the same sign. 


Let us first suppose that all the eocnisiens A,, are positive, 
and that 2 is also positive. The series on the right-hand side of 
(1) is then intermediate in value between the series (3) and (4) of - 
the preceding Art., and since the sum of (3) is a continuous function 
of w, it follows that 


Κ΄ (a) = limy np 8) 
-- 4, Ἐ 2A + BAA + 20. ἘΠΑ Γι woes νος (2) 


This holds for all points of the range [—a, a]. 


The same result would obviously follow if the coefficients A, 
were all negative. 


Let us next suppose that δ is negative, the coefficients A, being 7 
still assumed to be positive. The preceding argument will then 
apply separately to the two series formed by taking alternate terms 
in S(@), viz, 

Ay + Agi? + A tt + nce + Ag B™ 4 ones ceccccccccccees (3) 
and A, @ + Agi? + Agi ἘΠ... + Aan prt + ees cccceeees (4) 


since the terms of (3) are all positive, and those of f (4) all negative. 
Their derived functions are therefore equal to the sums of the series . 
obtained by differentiating them respectively term by term. The 
result (2) then follows by addition, since the series are essentially 
convergent. 


Finally, if the coefficients A, are not all of the same sign, we 
can resolve S (x) into the sum of two series, the coefficients in one 
of which are all positive, and in the other all negative. The fore- 
going argument applies to each of these, and therefore to the 
combination. 


It will be observed that the assumption that the series with 
which we are concerned are all seueneetyy convergent is vital to 
the whole argument. 


30—2 
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Hz, It is known that if || <1 


popal+erate.. Se” Ea οὶ vosices ξυῤν νι ἐὺ (5) 
Differentiating both sides, we obtain 
ΒΝ τ | 
Gage ee ἘΠ + ceoe οὐ ϑθγονννο (8) 
A second differentiation gives 
aan tl 242.804... 43.4084. 4 (η-- 1) na +.) 
| ued) 
180. Integration of a Power-Series. 
Using the same notation as in Arts, 177-179, let 
I (0) =Ag+A,Z +A A, 1 
(a) = Age + (5 Ὁ- ἘΝ s+ Agra tee «ὦ 


On the present assumption that S() is essentially convergent 
over the range [—a, a], this will also be essentially convergent over 
the eame range. Hence, by Art. 179 we have 


1 (@) =A, +Awe+ Ag+... + Ant®+...=S (a). ...(2) 


Hence [ Sars 1 ω ΞΡ 8) 
ἫΝ 0 
Ho. 1. If|a|<1, we have by the Binomial Theorem (Art. 182) 
1 ᾿.. ane ee τ" 
Ja αξΞ "8 + σ᾽ Zeta a gute ....“....(4) 


Hence, integrating term by term between the limits 0 and Ω, 


a Stra 1.8. ὅ αἵ 
sin“ e=e+sa+9G5+9.4.67 


This series is due to Newton. 


Ἔ ssee cosccccncees (5) 


If we put au = 5 we get 


1 1 1.3 ἜΝ 
t= 6 3 {5+ ΡΝ ὃ. 8. δὲ δὲ 4974.5." ...} 9 bsiscsaceaes(O) 
from which 7 can be calculated without much trouble. 
He, 2. If |x|<1, 


a ot 
log (1 +2)=a— > Ἐπ sete tev eeeeeeeeseees (7) 
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Integrating this between the limits 0 and 2, 
_ ot α΄ ot 
7 (1 +a) ἰορ (1 τ ὦ) τῶξττο 5.53 5.4 °°" ΡΝ -(8) 
It follows from a remark made in Art. 178 (footnote) that the function 
on the right-hand is continuous up to the limit «= 1. We infer that 


/ 1 1 1 ‘ 
Te πε τὺ cs Sol 38629.... 


181. Integration of Differential Equations by Series.. 


Given a linear differential equation, with coefficients which are 
rational integral functions of the independent variable (x), it 18 
often possible to obtain a solution in the form of an ascending 
power-series, thus ~ 


y= Ag+ Aye t Agi? + cet Ana? t voce ceeeeeeee (1) 


If we assume, provisionally, that this series is convergent for a 
certain range of ὦ, it can be differentiated once, twice, ... with 
respect to 2, by the theorem of Art. 179. Substituting in the 
differential equation, we find that this can be satisfied if certain 
relations between the coefficients A,, A:, Ag, ... are tulfilled. In 
this way we obtain a series involving one or more arbitrary con- 
stants ; and if this series proves to be in fact essentially convergent, 
we have obtained a-solution of the proposed differential equation. 
Whether it is the complete solution, or how far it may require to 
be supplemented, are of course distinct questions, which remain 
to be discussed independently. 


- The following is an important example. 
Let the equation be 
| dty 


qt Y= 9. Kalin euewaateawesidtestessees (a) 


Assuming the form (1), and substituting, we find 
(1. 2A,+ Ay) +(2.8As+ A: 2+(3.44,+ A.) a+... 

+ {(n—1)nAg + Ana} a™7+...=0, ...(8) 
which is satisfied identically, provided 

1 1 


Bag As=— 57g 4 
ἡ τς ΠΟ. _ it, _! 
Aya gg him gide Aim gg Asm γᾶν, 
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and, generally, 


1 eal 
Qn—1)in A= Og Ae 


Asw=— 
1 ae | 
Ἄκαστος On ti) τ Gaye 
We thus obtain the solution 


ΟΣ. κα | : a ον 
y=A(1-5 + — 9}, (.- 5. .Ὁ- af); (5) 


The series in brackets are easily seen to be essentially convergent, 
and their sums therefore continuous, for all values of a, 


It has been shewn in Art. 163 that the compléte solution of 
᾿ (2) is 
7 y=Acosx+ 8Β 51} ἃ. ....... πο ξυρὸν ..(6) 


Hence, given A, and A,, it must be possible to determine A and 
B so that the expressions (5) and (6) shall be identical. | 


For example, putting A,=1, A, =0, we must have 


a oat : 
1 το] + a0 =A cosa+ Bsina, 
and, changing the sign of ὦ, 


a κα ; 
l—-S tg ΞΑ cosa— Bsinaw. - 


Hence we must have B=0, and putting «= 0, we find Ad=1. We 
thus obtain the formula 


a? att | 
, 6086) Ξ- } -- σὴ Ἐπ -- pea: τοὶ ἐλοφω δ ἐδαϑατὶ (7) 


In the same way, if we put A,=0, 4,=1, we find A=0, B=1, 
and therefore ΩΝ 
nas a a 
| BIN == ὦ — τ Ἔ ΕῚ — wenn seeeerrenreeecenes (8) 

The foregoing method is, for various reasons, not always prac- 
ticable. It may also lead to a solution which is incomplete; thus 
in the case of the linear equation of the second order, the method 
may yield only one series, with one arbitrary constant. This occurs 
not infrequently in the physical applications of the subject. The 
solution may, in this case, be completed, at least symbolically, by 
the method of Art. 166, 3°. 
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182. Expansions by means of Differential Equations. | 

The method of the preceding Art. may sometimes be utilized 
to obtain the expansion of a given function in a power-series, pro- 
vided we can form a linear differential equation, with rational 
integral coefficients, which the function satisfies *. 

For example, let ΠΝ (1) 


where m may be integral or fractional, positive or negative. Taking 
logarithms of both sides, ayd then differentiating, we have 


Ldy- πὸ : 
| yde 1+2’ 
or (1 +2) ΩΣ. my =0. a seaecgeaceescecoeces (2) 
Assuming: | “3 
: y = Ayt Ayet Agi + coe t+ Ant? + coos coseeree (3) 


and substituting, we have 
(1+) (A, + QAw+... +nAne™ +...) 

—m(A,+A,e + Ag+... + Ant™ +...) =0, 
or (A,—mA,) +{243—(m—1) Aj} @ + {84, —(m — 2) Ay} a? + ... 


+ {nAy—(m—n+ 1) An_y} απτὶ + ... = 0, ......(4) 
which is satisfied identically provided : 
A, = τ Ay, | 
=, ΟΝ --Ἰ 
Aa? Ay TG Ae 
A= 2 a gg mn De) 


1.2.3 
and, generally, aoe ; 
ἃ) -5.} m(m—1)...(m—n+1) | 
ΩΣ eae μΝ 
We thus obtain 
y=4,j1+ Te mm Dat... 
poe Sees) OE) amt ooh (8) 
n! i 


as a solution of (2); and it is easily verified that the series is con- 
vergent so long as |#|< 1. | 


Ἂν This method was first employed by Newton, to whom the series for cos 4 and 
sins are also due. The manner of obtaining these series was, however, different. 
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Now if we retrace the steps by which the differential equation 
(2) was formed, we see that its complete solution is 
y=C(1l+a)™, 2.0.0... νἀ κε υ νιον τως ον (7) 


where C is arbitrary. Hence (6) must be equivalent to (7), and 
putting «=0 in both, we see that C= A,. Hence 


(1+a)"=14 2 —4 MMOD gay ; 
4 m(m—1)...(m—n+1) ee (8) 
n! 


‘Binomial Expansion *.’ 
Ex, Asa further example, we take the function 


for all values of x such that |z|<1. This is the well-known 


sin” 2 | 
y= JV — ae ©. RnieeeneS ee ee idccesecwassccis ( 9) 
Multiplying up by ,/(1~2*), and then differentiating, we find 


di x 1 
να τοῦ αν το χττ τὴν τ γα τεῦ’ | 
or (Lm at) Yay aD. eeceeccccccccesssnseee (10) 


Assuming Y=A,+ Ayo t Ag+... + Age $000, νοννννννννν (11) 
we find (1 — 2°) (4, + 2A + 3Aget + 0. + Age +...) 
- ποαο(4, τΑπτε)ιαρ δι. τ ΑᾺ,αδα..) ΞῚ, ...(12) 
or (4,—1)+(24,—A4,)%+(34,—24,) 9+... | 
᾿ + {nA,—(n—-1) A,_}2* 2+... ΞΌ,...(.3) 
which is satisfied identically, provided 


4=1, Arm gn 
, 4,.-ξΆ,- 5, ee ee a ἢ (14) 
A= 4,- 59, Aen glen στρα 
πο" 
yant eter he eae, 
dy (14 atest ate so ate..), (15) 


* Newton (1676). The cases of c= +1 would require special investigation. 
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Now if we retrace the steps by which the linear equation (10) was 
formed, we see that its general solution is 


Wie ghar BAe scisthie ees (16)* 
sina A ae 
or ¥= Ti — a) * Jd —2)’ ΝΥΝ (17) 


and, by the nature of the case, (15) must be included in this form. If 
we put 2=0 in (15) and (17), we see that A= A,. The identity of the 
two expressions for y then requires that 


sin~! a 2 2.4 | 
Wi a)** ge taut eeey εὐξυνονενς 18} 
and 0/6 a Ὁ Ἐπάδεν |G Ot... ods teesacece (19) 


These series are both of them convergent for |x| <1. 


The result (19) is a mere reproduction of the binomial expansion of 
(1 — αὐ}. | 
If we put w=sin 6, the former series may be written 
6 = sin 6 cos 6 (A + Ξ sin? 6 + Ἐν sin‘ 6+... ) Steal 20) 


in, if we put tan 0=2, we obtain the form 
; Ρ 


ie ee jaa de 55 (Tea) | 

tan πα {+3 at 53 (rea) tf OD 

This series has been made the basis of several ingenious methods of 

calculating 7. It may be shewn, for example, that 
fo =5 tan} +2 tan? 4, 

whence 


ΠΕ Gd) + ES (B) +} 
10 3\100/ 3.5\100/ ~~ 
i 30336 {143 ( 144 2:8 144 “Ἢ | (22) 
100000 3\100000/ 3.5 \1000007 "jy ᾿ 
_ These series are rapidly convergent, and are otherwise very convenient 
for computation, owing to the powers of 10 in the denominators f.. 


Another remarkable series follows by integration from (18), viz. 
a 2a 2.428 
ont ee a το. 
ξ(βἰπ τ α)τε Ἐ 5 πα 8 ὁ" βὰς ὐνοδῳ του uss (25) 


* See also Art. 158, Ex. 2. Ἂ 
᾿ + For the history of these series, see Glaisher, Mess. of Math., t. ii, p. 119 
(1873). 
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EXAMPLES. LIX. 
(Logarithmic Series.) 


1. If m, n be positive quantities such that 2n>m>n, prove 
that log (m/n) lies between (πε — )/m and (m—n)/n. 


2. Obtain the following results by calculation from the series: 
of Art. 175: 


log 2= 698 147 181 log 7=1-945 910 149 
log 3=1-098 612 289 log 8=2°079 441 542 
log 4= 1-386 294 361 log 9=2°197 224 577 
log 5= 1-609 437 912 ~ log 10 - 23.302 585 093 
log 6 = 1:791 759 469 p= 484 294 482, 


8. Prove that log 2= Ta—26+ 3c, 
log 3=l1la—35b+ 5e, 
log 5=16a—4b6+ Te, 


and thence log 10 = 23a — 6b + 106, 
where a=i+ στο τ δ + ... = 1053605157, 
me a5 +5 + τς ἐξ ——_ +... = 0408219945, 
a στο — ~ ... = 0124225200. 
Apply this to find log 10. (Adams.) 


4 Provethat log 2= 7P+ 5Q+ 3R, 
log 3=11P+ 80+ 5R, 
log 56=16P+12Q+ 7R, 

and thence log 10 = 23P + os + 10R, 


1 
where Ρε-8 (s+ -- ἀπ τ τ. i+ .)= 0645385211, 
1 1 


1 a ς 
“ἘΞ dies 5. 1615 Ὁ 6.161: 


Apply this to find log 10. | '  (Glaisher.) 


i 2) = 0124225200. 
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δ. If|@|<1, prove that 
tanh-!¢ =a + ξαδ- la +... 
6. Prove that 


| 1 
lim ἐφξεξειν ει; το flog n) = hy + log 2. | 


RO 


7. If p, ¢ are positive integers, prove that | 


Pe 1 1 1 4 
αν (ari + om ἃ +... +=) = log (2). 
8. Prove that if x be large, and positive, 


, log cosh w= a -- log 2 + e-™, 
approximately. 


9, Also that log tanh ὦ = — 2e-™, 
approximately. | 


EXAMPLES. LX. 
(Differentiation and Integration of Series.) 
1, Prove by repeated differentiation of the identity 
= leaotat+ar+ oy 
where | a|<1, that, if m be a positive integer 
ᾳ Laas 1 mas OMEN ga mint OT) ry ΠΡ 


ἃ. If|2|<1, prove that 


oot αΡ : nae 
1.37 3.745.677 TU ten 14 —4 log (1 + x"). 


Hence shew that 
1—4—$4+4+4+4-—... = 43882... 
3. Prove that if |#|<1 
οδ αὖ a »" 
37 aot eT TEL +o) tan 1e— λα, 
+4 Prove that the sum of the series 
a i Se 
1.3.6°5.7.9'7.9.11°™ 
is 071349.... ᾿ ᾿ 


Φ 
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Prove that | 
] 1. 1 | 
ΓΙ ἃ 5 8.4 5 56.7 μὰ 193147..., . 
1 1 1 
[3.3 6:45 5.6.0 oe 
Prove that - 
Ae ed ὦ Ἵ 1, 
οἱ τῶ  m min mt+2n m+3n " 
Prove that 
-(* sine a at 
[ : ΡΞ ες τ Bet 
@ sinh x αὖ 
Ι get ea be 
Prove that 
1 dz 1 1 11.3 1,1.3.5 ἴω 
Κ.-π|ξ- τα 0 15. 
Prove that 


ὃ pt b 5? — a? 5 — a? 
[ Sae=log2+ 0-0) + oat 5. 81} 


10. Prove that 


1. 
culating approximately the length of a circular arc, viz.: From eight 
times the chord of half the arc subtract the chord of the whole are, 
and divide the result by three. , 


| 1 1 1 
w= 2,/3 ( 8.8} 8.53: 7 at Ἢ): 


EXAMPLES. LXI. 
(Integration of Differential Equations by Series.) 


Assuming the series for sin, prove Huyghens’ rule for cal- 


‘Prove that in an arc of 45° the proportional error is less than 
1 in 20000. 


2. Obtain a particular solution of the equation 


dy ἂν 


in the (sai 


oaat de t mY =O 
me miu mx* 
se ie (-ἢτ Ὁ roan α΄ δι. te) 
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8. Obtain a particular solution of the equation | 
| ap | 1 ἀφ 


qat > ἢ, +kh*¢=0 
futhe form. g=4 (1-54 a ae 
4. Integrate ( -- at) SY oY = 0, 


by series, and deduce the expansion of βίῃ "ὦ (Art. 180 (5)). 


5. Prove that y= sinh-! x 
satisfies the differential ae | 
( τ αὖ 24 0H - 0, 
Hence shew that, for [ὦ] < 1, 
le 1.32 
log {a + ,/(1 + 2*)} =“@—s +a g BT "5" 
6. Obtain a solution of the equation 
le Pe JT 
σι (a α) τς -y=0 
‘in the form y= Cu, where 
w=1 of τ eens + 
Ἐς ata(et+l) adat+lj(ata) 
- Prove that the equation 
d : 
a Sus (a+ aye (1 —a)y=9 


is satisfied by y=Ce-*u. 
7. Obtain a solution of the equation 
ad | 3 du = 
7 [α-ρῦ τι} +n(n+1)u=0 
in the form 


(wad (1-249) 2 CWP OTD θα. 


+B(p- Oot a =) (η -- inten +) a ye 
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8. Obtain a solution, by a series, of 
(1-2) £4 ¢n(n—1)y=0, 
and give the symbolical expression of the complete solution. 


8. Obtain a solution of the equation 


| wm (12) τ + {y—(a+ B+ 1) a} & — apy =0 
_in the form | 

ἐν αβ “(4 Ὁ])β(β ΕἸ) κα 
ὑπλι τε ee Tage τι. 1 


, 2(at 1) (a+ 2) β(β εἸ)(β +2), a 
1.2.3.y(y+1) (γ 2) 


10. Obtain a solution of the equation 
3 
ἌΝ : a + (Roa) #n0 
in the form 
are a Kr4 . 
$= de ( 1 - 7 (In+2) * 5. ἀ (n+ 3) ὅπ τ 4) .) ἔ 
χ. Obtain the solution of 
@R 2 (n+1) dR 
Gr + Νὰ ap ἀπο 


in the form 


R= 4(1- Kr? ify ) 


2(2n + 8) 2.4 (2π τ 8) ὅπ τ) 
Kh*r* IAr4 
—an-1 (1. se i ee St “ὁ ΞΕ ΙΝ ἢ 
sad (2 2(1—In) * ὃ. 4 — In) (8 — I) ) 
12. If y=sin (m sin 2), 
2 
prove that . 1-2) S48 L + my =0. 
Hence shew that ᾿ 


sinmd 1 m1, la) Ee 


πε τι Been era ες 4 mm? 4 
mand” 31 s1D 6+ sin 6 ooog - 


a ts τε (m2 — 25) ain 
003 m6 = 1 we in? 0 + qq 
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13. If logy=asin~a, prove that | | | 
d 
(1 — αὐ PY ον ays 


and expand y in a series of ascending powers of m. 


ara? α (a? + 15) Ὁ a? (a? + 25) ] 
|y= 1 +an+——- ΤΩΝ ΤΣ. eee τὰ 4 αὐ .... 


log (1 + x) 
14, If Y=? 
prove that (1+ xp +(1 +2) y= L 


Hence shew that 
y=o— (1+ part (1+ $4 pa — oe 
Shew that the series is convergent if | «| «1. 
16. Prove that if || <1, 
Soli αὐ-- (1 Ὁ gate (L+d +g) OP ove 


CHAPTER XV 
TAYLOR'S THEOREM 


183. Form of the Expansion. 


Let (2) be any function of « which admits of expansion in a 
convergent power-series for all values of « within certain limits 
+a. It has been proved, in Art. 179, that the derived function 
J (a) will be given by a similar series, obtained b differentiating 

_ the original series term by term, for all values of a between + a. 
By a second application of the theorem cited, the value of J’ (2) 
will be obtained, for values of « between the above limits, by 
differentiating the series for /’(«) term by term. And so on. 
Hence, writing | 


JF (@)=Ay+ Ayet Ag® +... Ant + .cc,  ceccescesceecesecs (1) 
- we have 

7 (@= A,+2Aget...+nAga™ 4+ ..., | 

7“ (a) = 2.14,+...42(n—1) Aa"? +..., 

Sting as Sousetnaalaaes Wiha tadie is uetbe teeth see sauder wea! acadudneanae’ Mace) 
f™ (a) = n(n—1)...2.1A,+..., 


POOH Hee mem eM eee eee eH SEEDER ELE EEE SSE HOEESE ESE DE DEC er EOE EOE EEE EOLESO® © 


Putting # = 0 in these equations, we find 
| , 1 ΧΑ 1 ᾿ 
4,-- 7(0), 4, - 7" (0), A, = 517 (0),...».4,.5- fm (0), ...,...(8) 


where the symbols /(0), f’ (0), /” (0),... are used to express that « 
is put = 0 after the differentiations have been performed. 


_ The original expansion may now be written 
/ a “ a” in 
S (a) =f (0) + af +f (0) +..4+25 f' ) (0) +... ...(4) 
This investigation was given by Maclaurin*. 


__.* Treatise on Fluxions (1742). The theorem had been previously noticed by . 
Stirling. 


% 
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It will be noticed that the proof depends entirely on the initial 
assumption that the function f(x) admits of being expanded In a 
convergent power-series. The question as to when, and under 
what limitations, such an expansion is possible will be discussed 
presently (Arts. 185—187). 


If we write φ (a+ 2) =f (a), .----0+ πο ναὸ βο ες τὰ (δ) 


we can deduce the form of the expansion of ¢(@ +) in a power- 
series, when such expansion 1s possible. For if we write, for a 
moment, : 


Uw=at 2, 


wehave ~° f(x)=¢(w), : 
"ω- φως ow. Z=6 


4 fn d / d / du “aw” 
i") =F = 7,6 OG? O 
and so on (Art. 32, 1°), Hence, putting ὦ Ξε 0, u=a, we find 


£0) = $(@), 7 (0) Ξ- φ' @ fF" O) =P" (ὦ), or F™ (0)=6™ τὴ; 


| $(a+2) = $(a) + af (a) +35" (a) +. + GMa) (7) 


This is known'as Taylor’s Theorem*. We have deduced it from 
Maclaurin’s Theorem, but the two theorems are only slightly 
different expressions of the same result. Thus assuming (7), we 
deduce Maclaurin’s expansion if we put a= ΟἿ. 


184. Particular Cases. 

Before proceeding to a more fundamental treatment of the 
problem suggested in the preceding Art., the student will do well 
to make himself familiar with the mode of formation of the series. 
In the following examples the possibility of the expansion 18 
assumed to begin with ; and the results obtained are therefore not 
to be considered as established, at all events by this method. 


1°. If φ (α) = AM, rscresecececserenevereeees (1) 
we have 


φ' (a) =ma™, $” (a) =m(m—1)a™™,..., 
o” (a) =m(m—1)...(m—n +1) a"™, ... (Ὁ) 


* Given (under a slightly different form) asa corollary from a theorem in Finite 
Differences, Methodus Incrementorum (1716). 

+ The virtual identity of (4) with Taylor’s Theorem was clearly recognized by 
Maclaurin. 


1,. 1. 6. ; 31. 


ce ἀρ phelanscm ον Sdn inn,” κ 
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Taylor’s formula then gives 


—1)...(m— 1 , 


which is the well-known Binomial Expansion. 


That Taylor's Theorem cannot hold in all cases, without quali- 
fication, is shewn by the fact that the series on the right-hand is 
divergent if|w|>|a|. For |#|<|a| the series is convergent, but 
it is not legitimate to affirm on the basis of the investigation of 
Art. 183 that its sum is then equal to (a+a)™*, A valid proof of 
_ the equality has been given in Art. 182. 


2°, The exponential function #(a#) was defined in Art. 36 x 
that solution of the equation 


τ τ tas ssp ee cteniaeeiessebies (4) 
which is equal to unity for2=0. From this we have at once 
7}, () τ (λ....«οὐρονννννννννννννννον (5) 
Hence Ζ (Ο)ΞΞῚ, fF (0) τὰ 1......ὅὃ0ὁἐνυνονονεν νον (6) 
Maclaurin’s expansion is therefore 
oo ar an 
Ge a iad sna ψόφον (7) 
3°, Let FG) = COS. «0. «νν νον νον να θὰ β μὴ (8) 


It was shewn in Art. 64 that this makes 
| Ff (w) = cos (w+ 3ηπ), 
so that FO)=1, ff ™ (0)=cos dn. ....cececeeeees (9) 


Hence f™ (0) vanishes when n is odd, and is equal to + 1 when n 
is even, according as $n is even or odd. Substituting in Maclaurin’s 
_ formula, we get 7 


ea _jp 
cosz=1 ait gi7 τί Porites euneceenee (10) 
4°. Let JF (SSN. sececceceaciesencdeerece (11) 


This makes f™ (a) =sin («+ 4nz), 
so that = 
f(0)=0,° f™ (0) = sin 4n7 = sin {[$ (n—1) 7 + hr}. ...(12) 


_* There are in fact cases where Taylor’s expansion is convergent, whilst the 
gum is not equal to ¢(a+2). | 7 7 
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Hence f™ (0) vanishes when n 18 even, and is equal to +1 when ἢ 
is odd, according as ${n —1) is even or odd. Maclaurin’s formula 
then gives ; 


; ow. of gent : 
51} ὦ Ξξ ὦ -- 31 TER sae ἘΠ τ" Ξ ...(18) 


The results (10) and (13) have been established rigorously in 
Art. 181. : | 


5°. Let Fe) Sloe OA Rs. «οοο νον sessetedeseeks (14) 
This makes | | 
Hence /(0) =0, f’ (0) = 1, and, for n >1, 

| FOO (Ξ "5Ἴ!)}  -α 19᾽1, μουν οννυνοινονο σόοι (15) 


Substituting in Maclaurin’s formula, we get 


ὩΣ, ὦ ait 
log (1 + 2) =a Ὁ 8 + (—) ate ...(16) 
Cf Art. 175. | 

When a general formula for the nth derivative of the given 
function is not known, the only plan is to calculate the derivatives 
in succession as far as may be considered necessary. The later 
stages of the work may sometimes be contracted by omitting 


terms which will contribute nothing to the final result, so far as it 
is proposed to carry it. | 


Ex. To expand tan 2 as far as a’. 
Putting | J (x) = tan ὦ, 
we find in succession | | 
S' (x) =sec?x=1+ tan* a, 
SJ” (x) =2 tan x sec? x= 2 tan x + 2 tan’ a, 
7“ (%) =(2 + 6 tan? x) sec? ὦ = 2+ 8 tan? + 6 tan‘z, 
7" (a) =(16 tan a + 24 tan’ x) sec* x 
= 16 tan z+ 40 tan’ a + 24 tan® a, 
7" (x) =(16 + 120 tan? + 120 tan‘ x) sec? x 
= 16+ 136 tan?a + 240 tan‘ «+ 120 tan®a, 
J” (x) = 272 tan a sec’ ὦ + ἄο,, 
Ὁ" () = 272 sect a + ἀο,, 
31—2 


f 
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where, in the last two lines, terms have been omitted which will con- 
tribute nothing to the value of f/™ (0). Hence 


F (9)=9, 7 (0) =1, 

: J” (0) =9, I (0) = 2, 
7" (0) =9, J* (0) = 16, 
f£%(0)=0, (0) = 272, 


and the expansion is 


bane a 2ι 4 LO , 22a 
το Bt Tt 


SHEED gr at a + cee cee seeeeee (17) 


That odd powers, only, of ὦ would appear in this ee might 
have been anticipated from the fact that tan x changes sign with 2. 


185. Proof of Maclaurin’s and Taylor’s Theorems. Re- 
mainder after nm Terms. 


Let f(#) be a function of « which, together with its first n —1 
derivatives, is continuous for values of # ranging from 0 to ἢ, 
inclusively ; and let us write 


F (@) = By (@) + ρα), eeeeseseeseeeeeeeees (1) 


where 
®, (2) =f (0) + af’ (0) εξ’). Bet pw (0);...(2) 


1.6. ®,, (x) is the sum of the first n terms of Maclaurin’s expansion, 
and 1, (#) is at present merely a symbol for the difference, what- 
ever it 1s, between f(x) and ®, (5). The object aimed at, in any 
rigorous investigation of Maclaurin’s Theorem, is to find (if possible) 
limits to the value of A, (2); in other words, to find limits to the 
error committed when f (2) 1s replaced by the sum of the first n 
terms of Maclaurin’s formula. If we can, in any given case, shew 
that, by taking n great enough, a point can always be reached after 
which the values of f,,(z) will all be less than any assigned 
magnitude, however small, then Maclaurin’s series is necessarily 
convergent, and its sum to infinity is f(x). It is evident that the 
argument cannot be pushed to this conclusion if f(@) or any of its 
derivatives be discontinuous for any value of ὦ belonging to the 
range considered. 


The notion of representing a function f(a) approximately by a 
rational integral function of assigned degree, say 
Ay tA we + Agel + ee Ag OP, νον ννννοννννννοοσον (3) 


has already been utilized in Art. 114. The plan there adopted was to 
determine the m coefficients Ay, A,, Ag, ... d,_, 80 that the function (3) 
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should be equal to f(a) for m assigned values of x, which were dis- 
tributed at equal intervals over a certain range. In the present case, 
the values of z are taken to be ultimately coincident with 0; in 
other words, the coefficients are chosen so as to make the function (3) 
and its first n—1 derivatives coincide respectively with /(x) and its 
first ἢ — 1 derivatives for the particular value «= 0. The result of this 
determination is, by Art. 183, the function ©, (2). 


In the graphical representation, the parabolic curve y=®, (a) is 
determined so as to have contact of the (n—1)th order (see Art. 189) 
with a given curve y=/(z) at the point # = 0; and the problem is, to 
find limits to the possible deviation of one curve from the other, as 
_ measured by the difference of the ordinates, for values of x lying within 
a certain range. This is illustrated by Fig. 136, which shews the curve 


re 


y=log(1+2), sacaaescoconssseescssoneeeo(&) 
: 8 
: ΐ 
| 
" . 
x jo x 
' 


ἐμ τ δα κα πα ταν περὶ τσ στα “πὸ ΟΌ ὅπι [Ὁ ee eee eee Cee eee meee en ae 


Fig. 186. 
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and (by thinner lines) the ‘approximation curves’ 
Y=R, Y=U—FU, Y= B— Fa + FM, ory ceeceeeee eee (5) 


obtained by taking 1, 2, 3,... terms of the ‘logarithmic series’ (Art. 
184(16)). The dotted lines correspond to x = + 1, and so mark out the 
range of convergence of the latter series. 


It appears, from the conditions which ®, (a) has been made 
to satisfy, that R,(#) and its first n—1 derivatives will be con- 
tinuous from «= 0 tow=h, and will all vanish for «=0. Now we 
can shew that any function which satisfies these conditions, and 
has a finite nth derivative, must lie between 


A— and B—, 
n! n! 


where A and B are the lower and upper limits to the values which 
the nth derivative assumes in the interval from 0 to A. 
For, let 1" (x) be such a function. By hypothesis, we have 
F(0)=0, F’(0)=0, F’(0)=0, ..., F(0)=0,...(6) 
and | Pan (eel | eee ee ee AT) 


the latter condition holding from a=0 tov=h, It follows from 
(7), by Art. 91, 4°, that , 


[ "Ada < i "F (a) da< i ” Bda*, 
0 0 0 
or, since /'™—» (0) =0, . | 
Poe eee) eae ΠΑ Re re ee eee (8) 
By a second application ofthe theorem referred to, we have 
| “Aw dx < i Γυνὴ (a) da< i “Ba dx, 
0 0 Oo 

or, since #'"—) (0) = 0, 

ΑΞ < Fe (2) < B® 9 

51“ (2) < Boye vrsesseeseeeeeeen, (9) 

A similar argument applies to shew that 


xv x 
A 31< fe) (2) < B 51’ “77 6ππλλλλενν (10) 
and so on, until we arrive at the result 


a” a” 
4 <F@)< 8B. er ahinesveiouees (11) 


hed 


* Provided z be positive. If 2 be negative the inequalities must be reversed, 
but the final conclusion is unaffected. 


᾿ 


1 
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Hence we may write : 
F(2)=C—, ποῦν ἐδ σιν αἐπημ φύ (12) 


where (Οὗ is some quantity between A and B. 


In the present application, since ®, (2) is a rational integral 
function of degree n—1, its nth derivative is zero (Art. 64); and 
the nth derivative of R,, (x) is therefore, by (1), equal to f (4), if 
this latter derivative exists. Weinfer, then, that ᾿ 


where Ο is some quantity intermediate to the greatest and least 

values which 709) (2) assumes in the interval from 0 toh. And if, 
as we will suppose, this latter derivative is continuous from Ξε 
to «=h, there will be some value of x, between 0 and A, for which © 
f™ (a) is equal to OC. Denoting this value by 0h, we have 


a” 
| R,, (@) = = FOO)... cistearenvesses: (14) 
where all we know as to the value of θ is that it lies between 0 
and 1. | 


The formula (14) holds from 2=0 to «=A, inclusively 
Putting «= ὦ, and substituting in (1), we obtain 


Ar 


FM=SO+MY O+ HS” Otter? Ο) 


+ ua fm (Gh). igracie: (15) 


In this form Maclaurin’s Theorem is exact, subject to the 
hypothesis that /(«) and its derivatives up to the order 1, inclu- 
sively, are continuous over the range from 0 to ἢ. The conditions, 
however, that 7) (1) is to exist, and to be continuous over the 
above range, include the rest. 


If we write | | 
| FB) =P(GH AL), ceccrercreeeceeevees (16) 
we deduce 
d(ath)=¢ yt hd’ (a) + ua φ΄ (a)+...+ ay: D! φῦ (a) 
ἢ = $i (a+ Oh), .........(11} 


where as before, 1>é@>0. 
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This is an accurate form of Taylor's Theorem. It holds on the 
assumption that ¢” (#) exists and is continuous from z=a to 
az =a-+h, inclusively. 


The last terms in (15) and (17) διὸ known as Lagrange’s forms 
of the ‘remainder’ in the respective theorems. 


The formula (17) is a generalization of some results obtained in 
the course of this treatisé. For example, putting n= 1, we get 


b(ath)= h(a) + hd! (G+ ΘΔ); ccocccecesseees (18) 
and, putting n = 2, : 


$ (a+ h)= $ (a) +p (a) + ξλλφ' (α Ὁ Ob). .........(19)ς 
These agree with Art. 56 (9) and Art. 70 (23), respectively. 


186. Another Proof. 


The proof of Taylor's (or Maclaurin’s) theorem which is most 
frequently given follows the lines of Art. 70, 2°. 


Considering any given curve | : 

ἀρ ΞΟ (ΟΝ οὐούοςιιουνοῦεοξε ee (1) 

we compare with it the curve | 
y= A,t+ Aye + Aga? +... + Ap a" + Ayo”, ...... (2) 


in which the n+ 1 coefficients are assumed to be determined so as 
to make the two curves intersect at «= 0 and κα =A, and, further. 
so as to make the values of 


dy ὧν ay 
dx’? da?" da 


respectively the same in the two curves at the point z=0. These 
conditions give 


Av=F(O) A,=f' (0), 4,-- τ᾿ ΠΣ 


7 a @oI 7 στὸ (0), «οννννννννον (3) 


as before, and 
F(h) = Ay + Ash + Agh? + ie δώτο. hn, ...(4) 
this latter equation determining A,. 


Denoting by J’ (x) the difference of the ordinates of the two 
curves, it appears that 


F(0)=0, #’(0)=0, F” (0) =0,.... HF" (0) =0, ...(5) 
and B NYO Masse csesecesuoteapemevzages (6) 
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Since F’(#) vanishes for =0 and #=h, it follows, under the 
usual conditions, that F’ (x) vanishes for some value of « between 
Ὁ and ὦ, say for e=4,h, where 1>6,>0. Again, since 8" (a) 
vanishes for = 0 and «= 6,h, F'” (x) will vanish for some value of 
a between 0 and 6,h, say for αἱ = 0,h, where 6, >0,>0. Proceeding , 
in this way we find that 7 στὸ (a) vanishes for x= 0 and £=6,_,h, 
where 1 > 6,_, > 0, and hence that 


ΨΥ SO. ἀρ τθο ον wees ean ρων (7) 
where 1>0@>0. Now, on reference to (1) and (2), we see that 
FO (2) =f (@) — 21 Ag. cccccccocscsecnees (8) 
It follows from (7) that | 
P 1 : 
Ay= a FOP CON): ccuncedenwcaseusonayye (9) 


Hence, ace from (3) and @) in ey we obtain 
f(b) =f) +f 0) + Ff" O)+- aco it"? © 


+2 ff (Oh), «ὐννννννννις (10) 


as before. The conditions of validity are as stated in Art. 185, 
after equation (15)*. - 


187. CGauchy’s Form of Remainder. 


Another form for the remainder after n terms may be obtained 
as follows. 


If F(a) be subject to the conditions 
F(0)=0, F’(0)=0, 75 (0) =0,..., Κ (0) =9, ...(1) 
we have, integration by parts, 


[ {τῷ F (4) ἀκ = |(1-§) ie Fr (a) | 


GEL AP cose GEL (ἢ ro 


since the integrated term vanishes at both limits. Performing this 
process n — 1 times, we obtain 


β( - τῇ πώω-δρθι rosea M ra 


δὲ F(h) = fe an Ἶ [ 7 (1 - Re Ae eae (3) 


* The foregoing proof is substantially that ore by Homersham Cox, Camb. 
and Dub. Math. Journ. , 1851. 
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Since the function under the f sign is conunnoue we infer, by 
Art. 91, 3°, that 


F(h)= Cea ΙΞ ore (Oh), scesesesvees (4) 


ay 
. where 1>@>0. 


It appears, then, that the last term in Art. 185 (15) may be 
replaced by 


i an .( -- θ)γ5 1 70 (J) eee ees (5) 
and the last term in (17) by | 
a μὰ α-ττί OPEB (α Ἐ ΘΆλ...ὐτονησσ (6) 


These forms of remainder are due to Cauchy. 


188. Derivation of Certain Expansions. 


We proceed to consider the value of the remainder for various 
forms of f(x), or φ (2); and in particular to examine under what 
circumstances it tends, with increasing n, to the limit 0. In this 
way we are enabled to demonstrate several very important ex- 
pansions; but it is right to warn the student that the method has 
a somewhat restricted application, since the general form of the 
_ nth derivative of a given function can be ascertained in only a few 
eases. Moreover, even when the method is successful, it 1s often 
far from being the most instructive way of arriving at the final 
result. 


15. = | δ FAG) COBO) οὐορουςος ον ς δι ον ρος (1) 
we have $0 (O0)= 5 il 008 (θα +4NT). .....υνννοννου, (2) 


The limiting value "of the Εν x”/n!1s zero, and the cosine lies 
always between +1. Hence the expansion (10) of Art. 184 holds 
for all values of a. 


The same reasoning applies in the case 5 of sin &. 


2°, If. pC) Oe kD eee eee es err re (3) 
we find 
a ny _ m(m—1)...(m—n+1) a” es 
a ke (μι, 1.2...n (1+ daypnn (9) 
This may be regarded as the product of (1 + @x)™ into n factors of 
the type 
ὶ m—r+l1 x 
r 1462 


or (- 1.5} x 


τας" “Ὁ 
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If 1 > 4: 0, the fraction 2/(1 + Oz) lies between 0 and zg, and since 
the first factor in (5) tends with increasing r to the limiting value 
- 1, it appears that by taking n great enough the value of the © 
_ expression (4) can be made less than any assignable magnitude. 
Hence, for 1 > # > 0, we may write _ 


(l+a)"=1+ ma em Dg ek ἐών σετωί 9) 


ad infinitum. 

We cannot make the same inference when = is negative, even 
if |a|<1. For if we put c= -- αι, the fraction 2,/(1 — @m,) is less 
than 1 only if 9<(1—4,)/2,. Andif x, >4, we have no warrant for 
assuming that @ lies below this value. 

Cauchy’s form of remainder (Art. 187 (5)) is now of service. 
We have, in place of (4), 


m(m—1)...(m—n+1) (1 — 8)" 2" 


τιὰ.- -) Ὁ τ θαῦῖτε 5 (7) 
This is equal to ma (1+ 02)" multiplied into n—1 factors of 
the type | | 
ὯΔ ὦ — θα 
(- 1+ =) Ta τς ceeneeeeeeeeeeesoste (8) 


If « be positive this expression tends to a limit between 0 and — a. 
Hence if 2 < 1, the remainder tends to the limit 0, as before. 


If = — x,, where 1>, > 0, the expression (8) becomes 


m\ 1-86 | ᾿ | 
(1 -=) T= 6n. Din pasdloweusessececesive (9) 


which tends to a limit between 0 and a. We conclude that the 
remainder (7) tends to the limit 0 for all values of « between — 1 
and 1, | 


3°, If 7 (οὐ = log (ἃ 4 &), -ccceeeeseeeeeneeeees (10) 
wetnd =f (62) = S ἘΣ (a π΄ (11) 


The limiting value of the first factor is 0, and, if # be positive 
and +1, a#/(1+6x)+1. Hence the limiting value of (11), for 
n-» oo, is zero, and the expansion (16) of Art. 184 is valid from 
a =0 to #=1, inclusively. Cf. Fig. 136. 


The above form of remainder does not enable us to determine 


the case of « negative, even when |#|<1. In Cauchy’s form, we 
have, in place of (11) | 


..Ἵ 2 (@— Oa\" 
EP Ts Pa 5n(aa as Τ 7a) ἘΥ cee (12) 
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Ifa=— %,, where 1 > a, > 0, this becomes 
Ly a,— O2,\" 
Ses el Gear) .πρρρνως (13) 


Since (x, — 02,)/(1 — 6x,) < #,, this tends with increasing n to the 
limit 0. 


189. Applications of Taylor’s Theorem. Order of Contact 
of Curves. | 


If two curves intersect in two points, and if, by continuous 
modification of one curve, these two points be made to coalesce 
into a single point P, then the two curves are said ultimately to 
have contact ‘of the first order’ at P. An instance is the contact 
of a curve with its tangent line. And whenever two curves have 
contact of the first order, they have a common tangent line. 

Again, if two curves intersect in three points, and if by con- 
tinuous modification of one curve these three points are made to 
coalesce into a single point P, then the two curves are said ultimately 
to have contact ‘of the second order’ at P. An instance is the con- 
tact of a curve with its osculating circle (Art. 187). 


Let us suppose that the two curves | 


Y= DL), YHW(L) ..-«««νοννονονον oe (1) 
intersect at the points for which «=a, 2,, a, respectively. The 
function | 

F (@) = φ (ὦ) — Yr (a), «-««ονννννννννννννννον (2) 


which represents the difference of the ordinates of the two curves, 
will vanish for a = 2), ὧι, #. Hence, on the usual assumptions as 
to the continuity of Κ΄ (2) and F’ (a), the derived function F’ (2) 
will, by the theorem of Art. 49, vanish for some value of a between 
ἂρ and 2,, say for «= z,, and again for some value of « between a, 
and a, say for «= a,'. Hence, by another application of the theorem 
referred to, if #” (5) be continuous in the interval from a,’ to «γ΄, it 
will vanish for some value of 2 between a,’ and x, say for «=«,". 
Hence if, by continuous modification of one of the curves (1), the 
three points «=a, 7,2, be made to coalesce into the one point 
ὦ = ἂν, the values of F' (2), F’’ (a), .΄ (a) will all be zero; 36. we 
shall have 
$(o)=4(2), $(@)=¥' (a), $" (a) =H" (@), (8) 

simultaneously, for x= a. 


In other words, if two curves have contact of the second order 
at any point, the values of | ? 


will at that point be respectively identical for the two curves, 
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Ex. To determine the circle having contact of the second order 
with the curve 


at a given point. 


The equation of a circle with centre (£, 7) and radius p is 


(2 —E)?  (ψ --᾿η)5 HP. wee reeceeeeceeererenenes (5) 
If we differentiate this twice with respect to 2, we find 
α 
w— E+ (y—7) 232:Ξ:9..«ὐλτύνννννν, scteene (6) 
dy\? dq? | 
1+ (3) ee) ee ee (7) 


In these results, y is regarded as a function of ὦ determined by the 
equation (5). But if the circle have contact of the second order with 
the curve (4) at the point (x, y), the values of y, ἀν αἴ, and d’y/da? will 
be the same for the circle as for the curve. We may therefore suppose 
that in (5), (6), (7) the values of a, y, ἐν ἄχ, d*y/da* refer to the curve 
(4). These equations then determine the circle uniquely, viz. we find that 
the coordinates of the centre are 


pre οὦ 


EY eee (8) 


dy δ oy 
dx ες aa’ 
2 
μεν 
and that the radius is gear rea ΟΝ ο οεΣΣ δε ξέβθμιθει (9) 
dat 


of. Art. 135, 


The above considerations may be extended, and we may say 
that if two curves intersect in n+1 consecutive points, or have 
contact ‘of the nth order,’ the values of 

dy vy ὧδ 
Y da’? dat?” da 
must be respectively identical for the two curves at the point in 
question. 


The investigations of Arts. 185, 186 give a measure of the 
degree of closeness of two curves in the neighbourhood of a contact 
of the nth order. By hypothesis we have at the point ὦ τ α (say) 


b(a)=¥(a), o(a)=¥ (a) eer 6 (@) =H (a), --(10) 
and therefore, with F(x) defined by (2), 
F(a)=0, F’(a)=0, F’(a)=0, ..., FM (a)=0. ... (11) 
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It follows that, under the usual conditions, 


Arti 
(n+1)! 
where 1>@>0. Hence, if h be infinitely small, the difference of 
the ordinates is in general a small quantity of the order n+1. 
Moreover, it will or will not change sign with ὦ, according as n is 
even or odd. 


F(a+h)= POW) (44 Oh), «ννννννννννι (12) 


For example, the deviation of a curve from a tangent line, in the 
neighbourhood of the point of contact, is in general a small quantity of 
the second order, and the curve does not in general cross the tangent 
at the point. Again, the deviation of a curve from the osculating circle 
is a small quantity of the third order, and the curve’in general crosses 
the circle. See Fig. 116, p. 350. But if the contact with the circle be 
of the fourth order, as at the vertex of a conic, the curve does not cross 
the circle, The same thing is further illustrated in Fig. 136, p. 485, 
where the curves numbered 1, 3, 5 do not cross the curve y = log (1 +a) 
at the origin, whilst the curves numbered 2, 4, 6 do cross it. 


190. Maxima and Minima. 

If φί(ω) be a function of « which with its first and second 
‘derivatives is finite and continuous for all values of the variable 
considered, we have | 


$(a+h)—¢ (a) =e’ (a) + 56" (a+ Oh), ΤΥ (1), 


where 1>6@>0. By taking ὦ sufficiently small, the second term 
on the right-hand can in general be made smaller in absolute value 
than the first, and ¢ (a+) — φ (α) will then have the same sign 
as hq’ (a), and will therefore change sign with ἢ. | 


Now if ᾧ (α) 1s ἃ maximum or a minimum value of ¢(@), the 


difference | 
¢(a+h)— (a) 


must have the same sign for sufficiently small values of h, whether 
h be positive or negative. Hence we cannot, under the present 
conditions, have a maximum or a minimum unless φ' (a) = 0. 


Let us now suppose that ¢’ (a)=0, so that (1) reduces to 


$(a+h)—¢(a)= xe" CE) ee (2) 


When A is sufficiently small, the sign of the right-hand will be that 
of φ΄ (a). Hence if this be positive we shall have ¢(a+h)> ¢ (a), 
whether h be positive or negative; «.e.¢(a)isa minimum. Similarly, 
if φ΄ (a) be negative we have a maaimum. 
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If ” (α) vanish simultaneously with ¢’ (a), it 18 necessary to 
ebntinue the expansion in (1) further. To take at once the general 
case, if we have 


φ' (a)=0, 6’ (a)=9, ...; fp (a) = 0, .........(8) 
simultaneously, but Pe C) ΞΟ, ee (4) 


| hn 
then 6(a+h)—$(a)= a Dh (AOR). veosesseeees (5) 
If h be small enough, the sign is that of A"6™ (a). If n be odd, 


this changes sign with h, and we have neither a maximum nor a 
minimum. But if n be even, we have a maximum or minimum, 
according as @™ (a) 1s negative or ‘positive. ἢ 


In words, (2) is either ἃ maximum or a minimum for a given - 
value of a if the first derivative which does not vanish for this value 
of a be of even order, but not otherwise. And the function 18 8 
maximum or a minimum acéording as this derivative is negative 
or positive. 

Hu. l. - φ (a) = COSh ἃ; + COB M. .. 6.66 seeseesseroeroores (6) 
This makes | | 

φ' (α) -- 5' πὴ ὦ -- βίῃ ῷ, φ΄ (@)=cosha#—cosa, 
φ΄" (v)=sinhat+sina, Pl" (%)= cosh x + cos x, , 
“The first derivative which does not vanish for z=0 is φ'" (x). And 
since '(0) is positive, we infer that ¢ (0) is a minimum value of ¢ (2). 
This is also obvious from the expansion 


of of 
a $ (x)=2(1 ἐΦ 1875... Shag tistee() 
Ex. 2. Let V =} coSO—C 608 20. ......-eeeeeveees ἐεῳβ νῶι (8) 
‘This makes | | 
av b sin 6 + 2csin 20 =sin θ (46 cos 6 -- ὃ) 
τὸ =O sin + 2c sin 20 =sin 6 (46 5) 
av at 
C7 - --ὖ 008 8 + Ae cos 26 = cos 8 (4ο cos θ.-- ὁ) -- ἐσ sin 0, 
αὐ 7 ‘ πὰ 
a b sin 0 -- 8c sin 26, 
d‘V 
aK = ὃ cos 6 — 16¢ cos 26. 


For brevity, consider only angles in the first quadrant. If ὃ» 4c, 
the only stationary value of V is when @=0, and since this makes 
ἀξ γ ,αθὶ <0, V is then a maximum. | 
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If 6<4c, V is a minimum when 6 = 0, and there is a maximum for 
6 = cos-! (b/4c). : 

If b= 46, dV/d6, d?V/d6’, d*V/d6* all vanish for 6 = 0, whilst d# V/des 
is negative. Hence V is then a maximum. : 

This example occurs in the discussion of the possible positions of 
equilibrium of a square plate resting in a vertical plane between two 
smooth pegs at the same level. If ὃ be the length of the diagonal of the 
square, c the distance between the pegs, V is proportional to the potential 
energy when the diagonal which crosses the line of the pegs makes an 
angle 6 with the vertical. For equilibrium V must be stationary, and 
for stability it must be a minimum. 


191. Infinitesimal Geometry of Plane Curves. 


Let the tangent and normal at any point Ὁ of a plane curve 
be taken as axes of coordinates ; it is required to express the coordi- 
_nates of a neighbouring point P of the curve in terms of the arc 
OP, - 8, say. 

If, for brevity, we use accents to denote differentiations with 
respect to s, we have, as in Art. 111, 


| w=cosp, Y=SINW, oc. ceeceeeeeeeee (1) 
and thence 


ο΄ =—siny.y’, a” =—cosy.y?—siny. wv’, “I (2) 
y= coep.y, γ᾽ =—sinyp.y*+cosp.w’,..J 7” 
and so on. 
Now, by Maclaurin’s Theorem, 
| 8 4 83 “ἤ 
ὦ τ ὡς + Ὁ Mo + 1.9% + ue, 

a ee eee (3) 
ὶ Y=Yory yo Ty 9Y¥% + .., 
where the suffix is used to mark the values which the respective 


quantities assume fors=0. But, putting y= 0 in (1) and (2), we 
have : 


“a= 1, Ly = 0, ty” = -5 ᾽) vee 
Pa | 7 ldo fut (4) 
Yo = 0, κ᾽ Ὁ Yo ~~ 53 ds’ 
where 1/p has been written for dy/ds. Hence 
8 8. 58 dp 
ὑπ Ὁ Tala I~ ρ Gpids + °°” ΠΝ (5) 


where p and dp/ds refer to the origin. 


These formule: are useful in various questions of ‘infinitesimal 
geometry.’ | 
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Ex. 1. Thus the second formula in (5) shews that the deviation of 
the curve from the osculating circle at Ο is ultimately 


.οφΦφοιουυνυνοοοοοοονοθθοοθοδθοοθσοθοθοο 


since dp/ds = 0 for the circle. 


And, generally, for all purposes where s? can be neglected, the curve 
may be replaced by its osculating circle. 


‘Hg. 2. Again, the normal at P meets the normal at Ο ina point 
whose distance from O'is y+acoty. If we neglect terms of the second 
order in 8, this 


p "pide 
Hence the distance of the intersection from the centre of curvature at 
8 is ultimately 


When p is ἃ maximum or minimum we have (in general) dp/ds = 0, and 
the distance is of a higher order, the evolute having then a cusp at tho 
point corresponding to 0. © ὟΝ 


EXAMPLES. L&XIL 


(Expansions.) 
: ye 


95. 254.10 


sinh x sin ὡ = αὐ ~—a + Hy os 


: . 2, 
2. cosh ὦ sin x= 2% +o τρῶς — ον, 
9.38 23. 


sinh x cos x= ῷ -πτ ἜΤ Sere 


8. fcost=l+a-s7-qy, arta te 
δον 2 QoS 2... Dah 2535 
Pain gaa + e+ a7 ἜΤ 6] ἜΤ eens 
612° 
4. : coc w= 145, Ὁ ΤΥ tage ten 
: og sec ὅτε τῷ + Τὸ + Gp tess 
. log cosh a = $27— yyat + τί γα το... 


LLa 39 
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7. tanh 2 = x -- ξαβ + a? -- w+... 
98 : 95 
8. cost = 1— at UT 
9. . costar 1 at DORI) a 
sinz\*" . n n (ὅπ — 2) 
10. ( »" ) ΞΙ-ξηαλε- τς π΄ tt eae 
2 x? 4a 
1. sing 81. 61 ; 
x .1 a? 1 4a4 
sinh ὦ; St 6h ἐὐοι 
x a at 
12 Ps a δὼ + ὃ σ᾽ — βὺ rea oe 
13. tan (ἀπ. a”) = 1+ 2 + 2.5.1 8a3 + 1,9 + sees 
14. log tan (1a + 2) = Qa + 4a3 + do τ... 
15. = log (1 + sin 2) = ς — a®+ fo? — Lat + Dod ..., 
16. log (1 + 65) =log 2+ a+ 307— toate... 
3 sin x 
17. δα ρα  ~ 180° ΠῚ 
1510 1. 381π00 1.3.5sin*@ 
4 ἐῶντος ἐξ τὰν A Ped fy ee a εις SEOs senile Sea 
18. log sec? $0 = 5 πῶ πῶ 9 4 6 ὩΣ 


19. If D=d/dz, prove that 
Der 084 608 (a sin a) = e% 84 cog (xsin a + na). 


- Hence shew that 


e° 08 cos (win a)=1+ a cosa += 608 3α + = cosa + on 


20. Draw graphs of the functions 


a? a? οὖ 
Br 31 By 


respectively, and compare them with the graph of sin a, 


v, α 


21. Draw graphs of the functions 
| a xt of 
1— ΟΣ ’ 1— 5] + 4 ᾽ 
respectively, and compare them with the graph of cos x. 


22. Prove that, in the formula (17) of Art. 185, the limiting 
value of 6, when & is indefinitely diminished, is in general 1 (1. 1}. 
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23. Prove that when ἦ is sufficiently small the error in Simpson's 
formula (Art. 114 (8)) of approximate integration is 


nearly. 


94. Prove that the mean value of a function ¢ (x) over the range 
extending from ὦ τε ὦ -- ὦ to x=a+this 


ἿΝ h* 
(a) + 358" (a) + 5 HH (a) + ones 


Shew that this falls short of the arithmetic mean of the values at 
the extremities of the range by 


, | ὉΣ 
13? (2) + 575 PY (a) + ---- 


25. Shew that if, from a given curve, another curve be constructed 
whose ordinate, for any value a of 2, is the mean of the ordinates of 
the first curve over the range bounded by a=a+h, where ὦ is a given 
small constant, the ordinate of the second curve exceeds that of the 
first by one-third the sagitta of the arc whose extremities arex=a+th. 


EXAMPLES. LA&AIII. 
(Geometrical Applications.) 


‘Ls Prove that if the expansions (4) of Art. 191 be carried to the 
order s*, the results are | 


3° dp sf dp\3 ap 
aut og OR = fa 8 Ja Ot ΣΕ il 
y=% δ᾽ “2 de #5! 2(f + P 3 + ..00 
9.~ If the values of a, y, referred to the tangent and normal ata 
point O of a curve, be developed in terms of y, the inclination of th 
tangent to the axis of x, the results are 


w= tb ψ' τ (0 Ga) Yt 


εἶ 
νΞ bP +B TV to 


3. Prove that, with the same axes, the coordinates of the centre 
of curvature are 


dp js _1%P 
ay’ ~ 84 YP + soos 
d*p 


dp 
wept Ge Ta gay tis 


é=-} 


32—2 
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4. If 0, P be two adjacent points on ἃ curve, and, PQ be drawn 
perpendicular to the chord OP, to meet the normal at O in Q, then 
ultimately OQ = 2p. | 


δ. If equal small lengths OP, O7' be measured along the arc of a 
curve, and along the tangent at the point O, and if & be the limiting 
position of the intersection of PZ’ produced with the normal at O, then 
OR = 3p. ᾿ | 


6. If P, Q be adjacent points on a curve, and a point 7 be taken 
on the tangent at P such that P7'is equal to the chord PQ, and if αὶ 
be the intersection of ΤῸ with the normal at P, prove that the limiting 
value of P£ is 4p. . 


7. The perpendicular to a chord OP at its middle point meets the | 
normal at O at a distance from the centre of curvature ultimately equal 
to 1sdp/ds, where s = OP. 


8. The tangents at two adjacent points P, Q of a curve meet in 7, | 
and V is the middle point of the chord PQ. Prove that 7’V makes 
with the normal to the curve an angle tan™ ($dp/ds). 


9. Prove that if PQ be a small arc’(s) of a curve, the arc exceeds 
the chord by ;},s*/p, and the sum of the tangents at P and @ exceeds 
the arc by 58°/p?. 


10. Prove that the form of a curve near a cusp is given by 
| ay? = x, 
approximately, where a = 3dp/dy. 
11. Prove that the form of a curve near a point of inflexion is 
given by 
᾿ς de 
-...- 
Y= 8 as τὰ 
approximately, where ὁ is the curvature, 

12. If P be any point on a curve, the form of the evolute of the 
part near P, referred to the centre of curvature at P as origin, is in 
general given by i= 

ay = x", 
where @ = 2dp/dyp. 

13. Prove that if P be a point of maximum or minimum curvature, 
the form of the evolute is 

ay” = x", 
approximately, where a = ξα ρ[ἀψ". 


CHAPTER XVI 


FUNCTIONS OF SEVERAL INDEPENDENT VARIABLES 


192. Partial Derivatives of Various Orders. 


If ὦ be a function of two or more independent variables 2, y, ..., 
the partial derivatives | | 


8 Bye Fyre “ππππππππηθήθον (1) 


will themselves in general be functions of a, y,..., and be sus- 
ceptible of differentiation with respect to these several variables. 


Thus, if ΠΕ iia ane (2) 


we can form the second derivatives 


Sa (50) ὃν (δε); Se By)” ὃν (δ) 


or, as they are usually written, 


fu tu Ou δι - 
eee Ga een 


It will be noticed that there is (primarily) a distinction of meaning 
between the second and third of these symbols, the operations indi- 
cated being performed in inverse orders in the two cases. It will 
be shewn, however, in Art. 193 that under certain conditions, which 
are generally satisfied in practice, the results are identical. 


The first derivatives of ¢ (ὦ, y) are sometimes denoted by 


ha(B, Yr Py (Hy Y)y seccesersccesccscvers (4) 

and the second derivatives (3) by 
hea", ¥), Pyx(&, ¥), Pay (a, 3), φων(ω, ψ). ...... (5) 

These are often abbreviated into 
Digs: -Dyic, eazerrancsessupameneaeess (6) 


and Dw, Pywr Puyr Pyyr “5555 55 525 556 6π5κ5 6. (7) 
respectively. 
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Hx. 1. If u= Aamy", ἐξ νεύος δε οὐ teeea entice) 

we have | = mAa™—y", τ - πα, 0.0 ἀἐοοοονοονον (9) 
fe = m(m— 1) Aa®-*y", io τε αὶ (π -- 1) αν", 

| nts = mnAx™ly"-) Ν = sreatucdeeucs ie (10) 

Eu. 2. τῷ . e=atan-Z, ἐφολθο ον: sans ἐριορερα  ὑδὺ (11) 

we find nog A pe ee (12) 


δὸ tary Ps α()- ἢ 8: Fe _ Bary 15) 
Sa" Gay tye” ayy Bay’ OP ev 


'193. Proof of the Commutative Property. 
Let τ = (ὦ, Y), vcccecccceccecescescccoeees (1) 
and let us suppose that the functions | 
δι. du Ou Oe 
> Oa’ Oy’ Gydx’ Oxdy — 
are continuous (Art. 34) over a finite range of the variables, in- 


cluding the values considered. We proceed to shew that, under 
these conditions, 


U 


atu. Ou 
Oyox Οθαον᾽ 
To this end, we consider the fraction 


yy _ (th ythy— φ(α ἘΝ, φ)-- φία, ν Ὁ ἦ) Ὁ Φ (ὦ, υ) 
χ(, k)= ii 


in which a, y are regarded as fixed, whilst h, & will (finally) be made 


infinitely small. , 
Let us write, for a moment, 


F («)=¢(@, y +k) — > (α, WJ: eedwauawsesiews (5) 
By the mean-value theorem of Art. 56 (9), we have 
F(ath)—F (ω)Ξ ἈΠ΄ (@+ Oh), -ccccevesees (6) 


or, in full, 


‘b(oth, yt+h)—h(ath, y}—-{o@ yt+h)-b@ Wh 
=hide(et Oh, ytk)—de(@tOh, Yh eres (7) 


a 
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where 1 > 6,>0, the value of y not being varied in this process. 


Hence ; 
. φ,(α τ Oh, y+ k)—be(e+ Oh, 
χ (ὦ, k) = CE Baa AE ere (8) 
If we now write a 2 
Fy) a= ha(Gt+ Oh, Y), ..cccccccssccesseeees (9) 
we have, by a second application of the theorem referred to, 
FY AK - (y) =U! (YA Oph), ὐννννννννς (10) 
or 
he(e+O,h, ν τ 1) —be(at+Oh, y)=kbye (a+ Oh, y+ 6k). 
| ΠΕ. er (11) 
Hence χ (ὦ, 1) = dye (@t+ Oh, y+), «ννόνννένονς (12) 


where 6,, 9, lie between Ὁ and 1. 
By a similar process we could shew that 
X(h, [) τε φων(α Ὁ Oh, y+ Ok), ............(18) 
where 0@,’, θ. also lie between 0 and 1, 


These results are exact, provided «+h, y+ lie within the 
range of the variables for which the conditions above postulated 
hold. If we now diminish A and & indefinitely, it follows from the 
comparison of (12) and (13), and from the continuity of the de- 
rivatives, that 


Ca) ne Ce) ae (14) 


as was to be proved*. © 


It follows from the above theorem that in the case of a function 
of any number of independent variables ὦ», y, 2,... the operations 


Ὁ 00 ὃ 
| Qn’ dy’ dz’°*° 
or, as we may denote them for shortness, 
Dz, Dy, Dz, 0. 


are in general commutative, 1.6. the result of any number of them. 
is independent of the order in which they are performed. 


For example, 


D,D,D,w= D,(D,D,) = D,(D,D,) «= D,D, (D,s) = D,D,D,pu = ete. 


* This proof appears to be due to Ossian Bonnet. An alternative proof is 
- indicated in Art, 194. 


4 
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It appears from (4) that 
Linn, +0 x (ὧν &)= Σ lim og CN sl ak a 


~ Fling op ΘΈΑ Ὁ ΞΘ y) 


= St ey) ΠΈΣ (15) 

Hence limy»o limp—»o x (2, Δ) = Pye (%, y). .--.........(16) 
Similarly, we find 

lima, 0 limp, »o x (Ay 1) = bay (ῶ, ψ). ..«({νννν ἀρ {17} 


If, then, we could assume that the limiting value of the fraction (4), 
when A and ἢ are indefinitely diminished, is unique, and independent ᾿ 
of the order in which these quantities are made to vanish, the theorem 
(3) would follow at once. A simple example shews, however, that the 
assumption is not legitimate without further examination. If 


f(b, =e *, 


we have 
limy +o limpa»o f(r, k)=—1,  lima+o limy»o S(A, k)=+1. 
_ Ea. A necessary condition that | 


Mdu+ Ndy ......Ψ... ewseaeenieeeeaars (18) 
should be an exact differential (Art. 155) is 
om aN 
eg ee ere (19) 
For if the expression (18) be equal to du, we have 
ou Ow 
MU = oe 9 N= oy 9 POM eee rr verses veeeee (20) 


and therefore each of the partial.derivatives in (19) is equal to δ᾽ ον θα 
or @u/dxdy. 


Conversely, we can fie that, if the condition (19) hold, (18) will 
be an exact differential. Let υ denote the function fA da, obtained by 
integrating as if y were constant. We have, then, 


ov 
ae ἢ PHP HS eseressenccnsesecs stvens( 21) . 
oN oN vu 
and therefore = ὃν ΞΞ andy ᾽ 


or 
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This shews (Art. 56) that the function V -- ϑυίδῳ is constant so far as 
aw is concerned and is therefore a function of y only. Denoting its 
value by 7’ (y), we have | | 


op | 

᾿Ξ ΟΠ (8) 

| ay "7 ὦ) (25) 

Hence, if we write UAVS (Y), ccorseceecsereereecseseeres (24) 
we have, by (21) and (23), 

aus ou : 
| 3, 7 el sae Sderueewupamaneaease (25) 
and therefore Meee + Ndy = ἀμ. ..cccsceeceesesseeseeeee(26) 


194. Extension of Taylor’s Theorem. 


Let φία, y) be 8 function of # and y which, with its derivatives 
up to a certain order, is continuous for all values of the variables 
considered. It may be required to find the expansion of 


φία +h, DAK) ccrccscesscesseeeeeeeees (1) 


in ascending powers of h and, We shall in the first place give 
a direct investigation of the expansion as far as the terms of the 
second degree in ὦ and k. 

First expanding in powers of h, we have, by Taylor's Theorem, 
φία εἰ, b+h)=$(a, b+h) Ἐλφοία, b+k) 
+ EN bre (A, D4K) + wee cree (2) 
Again, by the same theorem, : 

f(a, b+ k) =p (a, b) + key (a, b) + dh py (α, δ) + .-. 
by (a, b-+k) = bz (a, 6) + ky (a, ὃ) Ἔ ... ...(9) 

hae (a, ὃ +k) = baa (α, 0) + .... 

Substituting in (2), we find 


p(a+h, b+k)=¢ (a, b)+ {hoz (a, 6) + ke, (a, 6)} 
+4 {h?dex (a, b) + 2hkdye (a, 6) + ἔφυν (a, D)} + cee .6....(4}" 
If we regard the forms of the several ‘remainders’ (Art. 185) 


in the preliminary expansions, it appears that the remainder in (4) 
will be of the form 
1 
8! 


where R, S, Τὶ U are functions of a, ὃ, ἢ, k which remain finite 
when h, k are indefinitely diminished. The remainder is therefore 
of the third order in A, k. 


(RAY + BSc + BTHK + Ul}, ἐννννοννννννονς (5) 
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The conditions for the validity of the foregoing result are that 
o(#, y) and its derivatives up to the third order should be con- 
a for all values of the variable considered. 


With a slight change of notation we may write (4) in the form 
$(e-+h, νεθ σφιν). (1 +e) 
| op Pb od 
2 
ἘΣ (we y+ hk a ΤῈ a) Hoses 0) 
where, on the right hand, @ stands for (a, y). A still more 
compact form is 
Path, ν Ὁ ἀ) Ξε φία, ν)- (ἀφ. Ὁ τῴ) 
τ  ῤφ,α + ΛΈ Φφων + ἔφυν) + .... ...) 


Again, if u be any function of the independent variables 2, y, 
and if, as in Art. 57, du denote the increment of u due to given 
increments dx, dy of these variables, the formula is equivalent to 


Su =o ~ 3x + : ὃν +4 ἘΞ (82)! +2 a ba Sy ie ay! “ayy τ 
ssbeas (8)* 
It may be remarked that in the proof of (4) it was not neces- 
sary to assume that 
Dj (4, δ = Ding (ἃς δ)ειωυο κοι εν viens (9) 


_ If we had begun by expanding (1) in powers of & (instead of h) we 
should have arrived at a result similar to (4), but with dz, (a, δ) in 
place of ¢yz(a, ὃ). From a comparison of the two forms we can 
obtain an independent proof of the theorem of Art. 193. 


195. General Term of the Expansion. 


An independent investigation, giving the Lie term of the 
expansion (7), is as follows. We write h=at, k= βέ, and | 


FO=o(a+h, y+h=d(at+at, y+ Bt). ....... (1) 


Regarded as a function of ¢, this can be expanded By Maclaurin’s 
theorem, and the general term is 


Fe (Oli eneicien naa sedatens. (2) 


* The extension of the investigations of this Art. to cases where there are three 
or more independent variables will be obvious. 
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Now if we put for ἃ moment #+at=u, y+ Bt=v, we have 


ab ahdu dh db ϑῴθυ a 8) 


— Ee ee πὰ —_ -- 
παν —! — — 


Ox dude ou’ oy ov oy ov’ eececvercace 
where ¢ is written for ¢ (u,v). Hence 


Opdu apov_ Aad 


ap 
Gah * Oe ew ἃ 


ὃν 
-(αϑ 1 8.) b(t) οθθύύόου cr (4) 


The result is evidently a function of ὦ and v, hence, by a repe- 
tition of the argument, 


F” (t) = («xn +85) (a2 +02) p (u, Ὁ) 


F’()= 


=(e2 +02) ou ty πτοπμηβοημ (5) 


and, generally, 
a o\" 
Frm (t) = (a An + B δι) φ (ει, υ), eeecaccecece (6) 


where the operator admits of expansion by the Binomial Theorem, 
in virtue of the commutative -property of the operators d/d# and 
d/ay. Since t only occurs in the combinations #+ at, y + At, 1b is 
evidently immaterial in (6) whether we put t=0 before or after 
the differentiations indicated on the right-hand side. The general 
term of our expansion is therefore | 


ἐδ ” 0 0 \" 1 0. . 2λ5 
Ὁ πρὴ (0) =—-la— σ ΤἿ1η68.,ὃ 
=F (0) H(an+85) d@y=a(herke) φῶ) 
1 (5 Ob “ας O°? n(n—1),, 372 2" ) 
-τιῦ aan ἡ Ἢ i ba—0y ὦ 1.2 κε; δ" 30 γ" +..-), 


where φ is now written for ¢ (a, ¥). 


Ex. To prove that if φ (α, y) be a homogeneous function of αἱ, y, 
of degree m, we have 
αφ, + Y Py = NG, ... Ὑοο λον κο νον ἐκε σεν νόστον (8) 


2 vee + LLY Day + Y*Pyy = 0 (πὶ - 1) he cseerereereeers (9) 


The general definition of a homogeneous function of degree m is 
that if 2 and y be altered in any ratio p, the function is altered in the 


ratio μὲν or 
φ (μα, py) = p™ ᾧ (ὦ, Y)- sccccccccccscccsveees (10) 
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In this equality, let us put h=1+¢. Since 


(at at, y+ yt)= p(x, y) Ὁ ἐ(αφ, Ὁ ¥ty) : 
+ ἐδ ("haz + 2LY pay + Y hy) + oo 
by (8), and | 


(1 - ὃ" φ (α, y)= ( +mé + min) + i) φ, 
by the Binomial Theorem, the results (9) and (10) will follow, on equating 
coefficients of ¢ and #, More generally, equating coefficients of ἐν, and 
making use of (7), we find 


- 1) ας 
a” on + ΠΩ" ΣΝ 1.3 x ata το 
- =m(m—1)(m— 2) ... (m—n4+1)¢. ...... (11) 


This ‘is ‘Euler’s Theorem of Homogeneous Functions,’ for the case 
of two independent variables. The extension to three or more inde- 
pendent variables will be obvious. | 


196. Maxima and Minima of a Function of Two Vari- 
ables. Geometrical Interpretation. 


We may utilize the  anahrsaies form of Taylor's Theorem to 
carry a step further the discussion (see Art. 53) of the maxima and 
minima of a function.(u) of two independent variables (2, y). 


It appears from Art. 194 (8) that when da, Sy are continually 
diminished in absolute value, preserving any given ratio to one 
another, the sign of dw is ultimately that of 

Ou ou 
| Op oy oy. δ οἰ τιῶνδο seen aah διὸ δι νυ (1) 
Unless 0u/da and du/dy both vanish, the sign of (1) is reversed by 
reversing the signs of δῷ and dy. Hence for some variations du 
will be positive, and for others negative. In other words, u cannot 
be ἃ maximum or minimum unless we have 


simultaneously. 


Let us now suppose the conditions (2) to be fulfilled. We 
have, then, 


ou! Ou « ὅνμ 
δὰ -- ᾧ fa (Ba) + 2 Buby +55 (yy feces ν..(8) 


* It is assumed in the investigation of Art. 194 that these derivatives are con- 
tinuous and therefore finite. That is, we exclude ab initio the two-dimensional 
analogues of the cases considered in Art. 51. 
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When δὼ and Sy are sufficiently small, the sign of δὼ will be that 
of the terms written. Now it is known from Algebra that the 
. sign of a homogeneous quadratic function 


AE*+ 2H En + Bar cccscececsereeeeeeees (4) 
is invariable, if (and only if) 


ABS, + -saseaven re δντι ἀν (5) 


. 


and that the sign is then that of A (or 8). We infer that when 
the conditions (2) are satisfied du will have the same sign for all 
values of | Sz| and | Sy | not exceeding certain limits, provided 

ou ou , (Pu \ 

das oy?” \dxdys/? ~~ 
and that the sign will then be that of δι δα and d'u/dy. And u 


will be a maximum or minimum according as this sign 1s negative 
or positive. 


If 


uu _ (Puy 
0x2 dy? — \dxdy/ ’ 
then for some values of the ratio 5y/dx the increment of w will be 


positive, for others negative, and the value of u, though ‘sta- 
tionary’ (cf. Art. 51) is neither a maximum nor a minimum. 


Btu Ou , Ou \? | 
If at Oy (samy) sa teauuergee αν δ τον ἢ (8) 


the terms which appear on the right-hand side of (3) are equal 
to + the square of a linear function of dx and dy, and therefore 
vanish for a particular value of the ratio dy/éa. Since δὲν is then 
of the third order it appears that there is in general neither a 
maximum nor a minimum, but the question cannot be absolutely 
decided without continuing the expansion further. The same 
remark applies when the second derivatives 0°u/da*, Ou/oxoy, 
d°u/dy? all vanish. 


The preceding investigation has an interesting geometrical interpre- 
tation. If, as in Art. 34, z be the vertical ordinate of a surface, and 
x,y rectangular coordinates in a horizontal plane, the first condition 
for a point of maximum or minimum altitude is that 

oz oz 

ae = 0, ay ξε ee ene ἐϑν ΝΣ (9) 
simultaneously. Since these equations ensure that dz shall be of the 
second order in 82, Sy, it follows that at the point (P, say,) in question 
the tangent line to every vertical section through P will be horizontal ; © 
in other words, we have 8 horizontal tangent plane. | 


We have next to examine whether the surface cuts the tangent 
plane at P. Along the line of intersection (if any), we shall have 
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éz=0, and therefore from (3), if we put ὃν = mda, and finally make dx 
vanish, the directions of the tangent lines at P to the curve of inter- 
section are determined by 
Pz 42 ez ΕΗ Pz 
| Oa? = Oey oy? 
This quadratic in m will have imaginary roots if 
Pz Pz cs Hz \? 
doc? Oy? ia) : 
the surface then, in the immediate neighbourhood of P, will lie wholly 
on one side of the tangent plane, and the contour-line at P reduces to 
a point. Hence P will be a point of maximum or minimum altitude 
according as @z/ds and 3*z/dy* are negative or positive, 1.6. (Art. 67) 
according as the vertical sections parallel to the planes zx and zy are 
convex or concave ‘upwards. If we imagine the axes of a, y to be rotated 
in their own plane, we can infer that every vertical section through P 
is in this case convex upwards, or concave upwards, respectively. 
Pz Pz Oz ; 
δῦ ay? ~ {3 ᾿ 
the roots οὗ (10) are real and distinct. The contour-line has a node 
at P, the two branches separating the parts of the surface which lie 
above the tangent plane from those which lie below. 
- ὅδ᾽. ΟΣ / #z ) 
doc? Oy? (ὡς; ᾽ 
the roots οὗ (10) are real and coincident. The contour-line has in 


general a cusp at P, and the question as to whether the altitude at P 
is ἃ Maximum or minimum cannot be determined without further 


£ 


But if 


If 


investigation. 


Eu. 1. Let = οὗ — 3a? —4ay?+C. ........ sages: (14) 
: dz dz 
This makes a 3a (sc — 2a), ay SAYy εοθυςοςυονοθεα νὸς (15) 
Ox az x 
— = - ---ς.- = ee IO: ἐξωρυνε νοις 6 
aa 6 (w—a), aay 0, δρᾷ 8a (16) 


The conditions (9) are satisfied by 2=0, y=0, and also by x= 2a, y=0. 
The former solution satisfies the inequality (11), and since @z/dy’ is 
negative, z is a maximum. The latter solution comes under (12); z is 
then neither a maximum nor a minimum. The contour-lines for this 
case are shewn in Fig. 69, p. 286. | 


Eu. ἃ. Let) = (a+ y)'— 20a y) Ὁ. ceecccseeseeeee(17) 
We find 2 = do(a+¥°—0), 5 = hy (δε y+), ae (18) 


δ 
Fant (Bet + ota) πῆ, ταν, Fam (δε 87+ a4). (19) 
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The real solutions of (9) are, in this case, x=0, y=0, and #=+ta, 
-y=0. The former values fulfil the relation (12), so that 2 is neither 
a maximum nora minimum. The solutions e=+a, y=0 satisfy (11), 
and, sitice they make @z/dx7 positive, z is then a minimum. The con- 
tour-lines of the surface (17) are shewn in Fig. 106, p. 321. The 
surface has two symmetrical hollows with the ‘bar’ between them. 
If we reverse the sign of the right-hand side of (17), we get two peaks, 
with the ‘pass’ between them. 


197. Conditional Maxima and Minima. 


The problem is to find the maxima and minima, or rather the 
stationary, values of a given function of τὸ variables which are not 
all independent, but are connected by m given relations (n > m). 
The question whether these correspond to maxima or minima, as 
well as the discrimination, is usually decided on grounds inde- 
pendent of the present investigation. 


Theoretically, we might eliminate m of the variables by means 
of the given relations, and so express the given function in terms of 
n —m really independent variables. This procedure would how- 
ever often prove cumbrous, if not impracticable. To meet this 
difficulty, the method of (in the first instance) ‘undetermined ’ 
multipliers was devised by Lagrange. In cases where the given 
function, and the given relations, possess a more or less symmetrical 
character, this method is especially convenient. 


The following cases will sufficiently elucidate the method. 
1°. Suppose that we have a function 


v w= D(H, Y, 2), scccoasere seeateVedenss (1) 
where a, y, z are subject to the relation | 
FG, ey HO. sete δου ιν (2) 
Expressing that du = 0, we have : 
| δφ. ὃῴ. ὃῴς. | 
be oe ae ἘΠ ved (3) 


The infinitesimal variations $2, dy, 6z are not independent, but 
are connected by the relation | ; 


af Fy , Fo _ 
ἃς δα +5, ὃν +5, 82 = 0, NT ree (4) 


since f= 0. From these we might eliminate 5z; and since δώ, dy 
may then be regarded as independent, we might, in the result, 
equate their coefficients separately to zero. A more symmetrical 
procedure is to form from (3) and (4) the equation 


(ξ ᾿ 2) one (5 ἢ 7) ὃν ἐ(-ϑ]) dz -Ξ 0. ...(5) 


512 INFINITESIMAL CALCULUS, [cH. XVI 


So far, ἃ may have any value, but we now suppose it to be deter- 
mined so as to make the coefficient of one of the variations, say 82, 
vanish. Since there is no necessary relation between δὼ and 
Sy, their coefficients must also vanish. We are thus led to the 


equations _ : ᾿ f 
o6_, of O_o ὃφ . δῇ 
ap ae? by Noy? an Σ᾿ rege: (6) 


These, together with (2), constitute a system of four equations 
determining the four unknowns ὦ, y, 2, d. 7 


2°, Let the function be 


| UDR, ἢ). seasesidecsseneeiasecsas (7) 
where the variables are subject to the éwo relations 


F(a, y, 2)=0, f (GY, 2) HO. ccrcsercseeeees (8) 
Proceeding as before, we form the equation | : 


( - om — wee) δ + (SF aS — 2) ay 


02 Ox oy oy oy 
ob Ὁ δ. 
+ (soa — pe) b2=0, ΤΥ (9) 


where A, » are at present undetermined multipliers. We may 
suppose these chosen so as to make the coefficients of dy and 6z to 
vanish. The coefficient of ὃς must then also vanish. We thus 
obtain the equations 

ab OK , af 06 _ OF 


ad 


These, together with (8), determine the five unknowns 4, y, 2, A, μ. 


of ὃφ OF 


fa. 1. To find the stationary values of 


subject to the condition 
3 | Ast + 2H ay + ByF = 1. ....ἀνννεννννννννννον (12) 


This is the problem of finding the principal axes of a conic whose centre 
is at the origin. a 


The method gives 
x=r(An+ Hy) ψν- (Πα τ By). ........00.. (13) 


Multiplying these by x, y, respectively, and adding, we have 
| | RD EE Ds ioe cae cicde aan ongetuein ks ae eek (14) 
Hence (Au—-l)a+Huy=0, Hux+(Bu—1)y=0. ......(15) 
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Eliminating the ratio a:y, we have 


(AB— Ηλι --(Α + But Lad. vercereerereees (16) 
Again, eliminating εὐ, | 
H (a? — y*) =(A —B) ay, -.ceee eee reeesenere (17) 
Ex. 2. To find the stationary values of | 
εἰ τ αὐ Ὁ YH RY, ccccceeee ect ec ersten ner σεν (18) 


under the conditions | 
Ax? + By +C2=1, ἴα τ my + τ τὸ Ὁ. «6. νλλλλτλνν (19) 


The problem is that of finding the principal axes of a central section of 
a quadric surface. 


We find 
w=d\Antpl, y= ABy+ pm, 2=ACz+ pn. dssievave (20) 
Multiplying by =, y, z, respectively, and adding, we find 


ἀν SX. τον εὐ τε ἀνδὴ ον ὐρδι ἀφ ονα ἀπιν (21) 
Hence , ᾿ 


i m 
z+ =0, y+ p= 0 2+ 


If we multiply these by ὦ, m, n, respectively, and add, we find 
ἴ m γι 
Ὧι-ἰ Βω-ἶ *Cu-1 


which is, virtually, a quadratic in u. If w be either root of this, the 
corresponding values of the ratios 7: y: ὦ are given by (22); thus 


0, ceececceeseees-(23) 


ἶ m n 


Oy Be 4” 1 Cue 1" eeccccenes ..(24) 


198. Envelopes. 


A similar treatment applies to the finding of the envelope οὗ ἃ 
curve whose equation imvolves n parameters connected by n—1 
relations. | 


For instance, suppose that it is required to find the envelope of 


| (8, Y, % B) =O, clevcrecerereereees ....() 
where the parameters a, 6 are connected by the relation 
FAC) ook 0. ...ννεννννκ κε κεν κε εενκόσον (2) 
At the intersection of (1) with a consecutive curve we have 
(a, y, a+ δα, B+ 88)— Φ (a, y, % B)=9, err (3) 
Op 5 ὁ sa = 
or πα δὰ ὁ 58 BB me Ose cade Ghawnwvan (4) 


LL 33 
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ultimately. The variations δα, 58 are connected by the relation 


T δα 4 5, 8B = 0. teat: ΠΟ (5) 
Hence ab of δα + Lae ro ὁ 9 =O) i nnehiwod (6) 
δα δα OB ey ce 


If we determine ἃ so that the coefficient of 68 shall vanish, that of 
δα must also vanish. We have then 


o> ,F_9 %_ δ | 

da rae 0, 0B edie rr Ge 
The locus of ultimate intersections is found by eliminating a, 8, 2, 
between (1), (2), and (7). 


Ex. 1. To find the envelope of the line 


x 
tguh γα δον tea neoe etareeees (8) 
where a, β are subject to the condition 
| Ὁ ΡΞ Ν᾽. ober asaaiaciee aes (9) 
The method gives 
“=e, a Ye ae ee er (10) 
x 
Hence A(a? + Bi) =— +31 
or | NEDO. cassie wiedciass aS diva aie (11) 
Hence ἃ ΞΟ fF = OY, ρερξυυενννυ ὁ ὀρεὺς ὐδάδα (12) 
and, substituting in (9), we find . 
at + γῇ = al. 
Cf. Art. 145, Ex. 2. 
ἕω. 2. To find the envelope of 
| ; att By HL cccccecscscccssseteeeeecee(18) 
under the condition aB+Aat BB+ C=O. oo. ccccscceeeeeseeees (14) 
We have to eliminate a, B, \ between these and : 
B=A(B+A), γτλί(ατ 3). creccccsecseceeres (15) 


Eliminating λ, we have 
ax— By=Ay— Ba, 


which, combined with (13), gives 


ax=}(dy—Bu+1), By=}(Bo-Ayt1). ......(16) 
Substituting in (14), we find | | 
(Ba — Ay) + 4Cay + 2 (Ay + Ba) +1=0,  oeeeeeeee (17) 


which is the equation of the required envelope. 
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199. Applications of Partial Differentiation. 

Numerous problems of partial differentiation present themselves 
in geometrical and physical questions. As a rule, they are best 
dealt with as they arise ; but we give one or two simple cases which 
may serve to elucidate the chief points to be attended to. 


1°, Let | u=(v), 


where Ὁ is a function of the independent variables 2, y; and let it 
be required to form the successive partial derivatives of ὦ with 
“respect to these variables, 


By Art. 32 we have 


0 1,\00 ὃ ΠΕ: 
| ἐς TH δ." ὃν" B (OD Be τττηθον (2) 
Again, 
ὃν 8 ὃυ,,, 85 ay fov\8 a, 
das = 55 (3, + ¥ (Daas =o" (W)(52) +H δα, Ὁ) 
Ou ὃ, ov ; Oy oan , \ OU OU ; Cty 
dady dy? ag Pe) crag © ae ay +P © Seay’ 


ou ὃ, av 17.0% oy, . (Ov\ τ; Oi 
διττὰ Ost 8 sao (5) + HC) Fa +5) 


and so on. 


. «2% «Let t= ᾧ (ὦ, Y), «νον νον ενενοννννοννννννεννν (6) 


where 4, y are given functions of the independent variable ἐ; and 
let it be required to.culculate the derivatives of u with respect to 
t. We have, by Art. 59, 1°, 


du _opda δῴ dy (7) 
di “de det by apt 


Differentiating again, we find 


qu tb oe, ΟΝ κοὐ (06) de, ol (08 
di? ax dé? dy αἴ αἱ 


Oa: oy 
Now, by the theorem referred to, 


dy 
at, Ἵν...) 


dC) -2 θη δι 60. 
ot ἀῤθ- βοός, 3 CY. 


$3.--9 
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Substituting in (8), and recalling the commutative property 
established in Art. 193, we have ; 
du 6 de Ob dy | 76 (γ᾽, Op de dy δῷ (dy 
α dx dt * by di 0a" (a andy dt dt oy? \dt/ "ἡ 
nee eee (9) 


The process might be continued, but it is seldom necessary to 
proceed beyond this stage. 


This process is sometimes required when we transform the 
coordinates in a dynamical problem. Thus, to change from rect- 
angular to polar coordinates in two dimensions, we have 


e=rcos), y=rsind, 
and the above method enables us to express d*x/d¢? and d?y/dé in 
terms of the differentia! coefficients of r and @ with respect to ἐς 
Ex. Let %= φ (5 -- Ct)t XK (GAC), «.νννννννννονεόνον νον (10) 
where the variables x and ¢ are independent. 
Putting w-ct=u, x+ct=2, 
for shortness, we find 


az , , Oz , , 
on ΞΞ φ (ω) + Χ (tu), δὲ ΞΣ σ- ch (x) + cx (u), aeseve - (1) 
Fz vf " Oz tf ZA 
aaa? (u) +x" (u), sp =o? (U) + 07x” (). .«««νννονς (12) 
Hz Pz ' 
Hence . afi Ξ ase eenesemenonuseeitcataae (13) 


200. Differentiation of Implicit Functions. 
Let y be a function of «, defined ‘implicitly’ by the equation | 


h(a, ψ) Ξε 0: .... 0.000 Shean hineoeua ions (1) 


it is required to calculate the successive derivatives of y with 
respect to a, 


We have, as in Art. 59, 


Op , Ob dy _ 
Ae ἘΣ ay as Os Mica acai εν τινος υτδτς (2) 
If we differentiate this with respect to a, we find 
ὦ (ag) ἃ (0b) dy δῴ ἄν _o 
ie as) Ὁ ἀρ (ay) get by an eeu (8) 
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Now, by Art. 59, 

Oa 
)-2 200 
| ~ Oa\ dy) © dy \dy/ da" 

Hence (83) becomes 

a Op dy Ad (dy\? op dy _ 

tla get aap (3°) ἂν dt 7 esse (4) 


If we “τ the value of dy/dx from (2), we find 
vy —— Paz Py’ πο bey φεῷν + Puy pz (5) 
dy 8 ; . 


is) * ay (a) ad 
ag 


@eeatovece 


Again, by differentiation of (4), and substitution, we could find 
d? ide ἃ : 
'y/dx* and so on. 


The formula (5) leads to an expression for the curvature of a 
curve whose equation in rectangular coordinates is given by (1), viz. 


A _ φευφν' " ἐφεγφοῴν + φν ὁ ὁ ὁ ΠΖἝ. (6) 
᾿ P | (bi? + $,7)? 


The condition for a point of inflexion is obtained by equating the 
numerator to zero. ἡ 


It may be noticed that (4) 1s included in Art. 199 (9) by putting 
t=a2,u=0. 
201. Change of Variable. 


1°. Let it be required to interchange the dependent and inde- 
pendent variables in the case of a function of a single variable. 


We have (Art. 38). 


dy  (dx\> 
= (ae) eer τις (1) 
dy ἃ (dx\“_ d /da\> dy 

Hence : d= de (a) = an (ay) ΝΣ 

da\—* da - 

--(5) 1.2} cocreeceeeeeeeeseeeeesc seen (2) 
and so on. 

2°, Let U=h(E, 7), 2.000 Oe 2) 


/ 


where &, 7 are given functions of the independent variables x and 
y, and let it be required to calculate the second partial derivatives 
of u with respect to a and y. 
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~ 


We have | 
Ou du 0& 4 ou dudn ὃ. duok 4 ou Ou On (4) 
dx Of 0% Onde’ dy δξ By One 
| Ou = Oude (du ag 8% On\ oF 
Hence Sat” DE aa (aA ae + apts Ὡ ΩΣ ae 


Ou dn (= eu oF δ 2a) 3 θη 
On Oa® | \OEOn Oa θη θα ow | 
ou 3) Gu dF On ὃ 3ι (ἢ) 
“δ: Om O£0n Ox ὃς § On? \0u. 
dude dud 
DE dat t θη dae ee (5) 
In like manner we should find © 
Ou δμθξοξ δι (2 on On , 0& 5 Ou On On 
Oxdy OF dx dy dFdn\Ox dy dy du) θη" Ox Oy 
Ou PE du On 
aE θαδῃ + δὴ ‘aby ὁ τῷ νον δ eau antler (6) 
Ou Ou (0ξλ. Bu d& On eu (dn 
Oy? 0 (=) ἐμ ϑξθη dy ὃν με" On? = (3) 
Quote, Oud 
DE Dye t By Gye ee teteeeseaeee: (7) 


Ez.1. In the case of a particle moving under a resistance pro- 
portional to the cube of the velocity, we have 


= =e (G)- rene δὴ 


It follows at once from (2), with a mere difference in the notation, that 


+ 


αι 
᾿ς ae ρα ἀφωδνε (9) 
Hence = Fh + AG +B. eccccecccccecesee eee ens (10) 
Hx. 2, To change from rectangular to polar φουτοιδδύοα in the 
expression 
Pui dw 
δὰ Ἔ δρᾷ . ὺ δα νόνι ον eee ( 1) 
Putting =T COSA, γ τιν βίῃ θ, ...cecececcccccceees (12) 
Ou Oude Ou dy — dusts, 
we find δὲ Gap ay rn ae Pn” ay? " 
ae τὼ sear sin 6 + cos 6) ὅδ ᾿ 
ὃθ aa 80 * dy ὅθ᾽ 7 dat ἂν}; 
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whence | 
ou Ou . οὔ 6 ὁ. οὃμ Ou 
ay 008 9 = — ain θ τ, Be ae FORE aoe «--(14) 
Hence | : ‘ 
᾿ς Py δ᾽. ὃ δ... , ae 
sa = cos ΘῈ -- sin d =| (cos — sin 9:50) : i 
oY . (sind +c0s0-,) (sing +cos9@) | 6 i 
ὃ) ΞΞ (sin ar cos =a) (s n ar cos 59) ° 


It is not necessary to perform all the operations indicated, as several of 
the terms will cancel when we form the sum (11), The remaining 
terms give 

Bact + aya = eat Fae ὁ γῆ AGET “55 575 


EXAMPLES. LXIV. 


(Partial Differentiation; Exact Differentials.) 


1, If eo. 
co+y 
oes δι ὃ 
verify me relations aa ty yo Uy 
aus δι δ 
ἀν αν που ἐν "Ὁ 
es = Ν | 1% 
2. If 8 =a" tan Ἂ: tan 7 
fz ai yt 
prove that andy = aha ye 
8. If | B= P(x) 7) 
e 
_ prove that | ae = 0, 


Conversely shew that, if Fz/dxey = 0, z must have the above form. 


4 Prove that the equation 


Pp 126 1 δφ 
art ἐν δε * oa age Ὁ 


B 
is satisfied by φ = (4r* + =) cos 7 (0 ~a), 
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δ. Prove that any differential equation of the type 
F (a? + y?) (udu + ydy) +f(%) (ady — ydx) =0 
becomes exact on division by x* + γῆ, | | 


sinh yda — sin xdy 


6. Prove that 
| cosh y — cos x 


is an exact differential of a function τὸ; and find τὸ. 


Fh Hh 
7 Tf | at Hi? 0, 
prove that a function y exists such that 
ne Ad 
Oey’) ὃν ae” 
Py Fy 
and that | aaa t ano 0. 
8. If ares aren ας 


rae Fe ᾿ 
prove that a function y exists such that 


i A A ΒΞ ς, 
or γθ᾽ 00 or’ 
and that wy satisfies the same partial differential equation as ¢. 


δῷ δᾷ τρῷς 
prove that a function Ψ exists such that 
2p lay a 1 ὃῳ 
ὃ; νῦν’ yy Ga” 
and that Δ Mn 2G 


δὰ ὃν" By 


EXAMPLES. LXV. 
(Maxima and Minima.) 


1. Prove that in the surface 
az = αἌ -- ὃ, 


the ordinate (2) is stationary, but not a maximum or minimum, when 
a=0,y=0. Sketch the contour-lines of the surface. | 


2. Prove by means of the rule of Art. 196 that the parallelepiped 
of least surface for a given volume is a cube. ἢ, | 
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3. If A, B,C be the vertices of a triangle, and P a variable point, 


the sum 
PA* + PB + PC? 


is a minimum when P coincides with the mean centre of A, B,C. 


4. With the same notation, the sum 
m,.PA® + m,. PB? + m,. PC? 


_ is a minimum when P coincides with the mass-centre of three particles 


1%, Mg, mM, situate at A, 8, C. 
5. Ifind for what values of x, y the ordinate of the surface 
᾿ φ τι απ y— Zany 
is stationary. 
[The values are a, a, and 0,0. The latter do not make za maximum 
or minimum. | . 
6. Prove that the ordinate of the surface 
ez -- αγῇ -- αὐ 


is stationary, but not a maximum or minimum, when 2=0, y =0. 
Sketch the contour-lines. 


7. Find for what values of 2, y the function 
ah + γ'--Ὦ (w—y)? 


~ 


is stationary. 
[There is a stationary value when «=0, y=0, and two minima 
when «=+ ,/2, y=F,/2.] 
8. Prove that the function 
(2? + ν᾽) οὐ τυ" 


has a minimum value when ὦ τε Ο, ψ τ 0, and a stationary value which is 
neither ἃ maximum nor a minimum when «= 0, y=+1. 


9. Prove that the ordinate of the surface 
| 2=f (aa + ων + by?) 


is in general stationary when «=0, y=0, and examine whether it is a 
maximum or minimum. Sketch the contour-lines in the several cases. 


10. Find the stationary points of the function 
(a? — a?) + (0? ~ a?) (y? — δ) + ν᾽ — ὁ», 


and examine their nature. 


Sketch the contour-lines of the function, 
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11. If a, a, ..., % be m positive quantities subject to the relation 
ὧι + Xqt ... + Ly, = const, 
their product is greatest when they are all equal. 


_ Hence shew that the arithmetic mean of πὸ positive quantities 
exceeds their geometric mean unless they are all equal. 


12. Prove that the rectangular parallelepiped of greatest volume 
for a given surface is a cube. 


13. Prove that the greatest rectangular parallelepiped which can 
be inscribed in a given sphere is a cube. 


EXAMPLES. LXVI. 
(Change of Variable, &c.) 
1. If x=sin 9, the equation 
α- — at) Yes at -0 


transforms into oy +a*y=0, 


2. If a?=4, the equation 


ay \ldy | 
ἘΞ age 8" 
: αν dy 
transforms into t wtaty= 0. 
3. If ax? + 2hay + by? + 2gx + 2fy+e=0, 
=f _ (ab—h?) y + af— gh 
prove that »- = (ab) a bg ἡ 
where p= ile gq=@y/de?, r= dy/do, 
4. If | w= (5) ’ 
prove that ἘΞ a td ὃν = 0, 
Pu δος ἣ ; 
ane a3 + ee ἐν (Z) + 2xyf () . 
5. If a= f (x +y’), 
prove that 
ie | 


Buen ST” (a + ν) + 4f" (a? + y’). 
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6. If u=f(r), 
where r= , ψ(ω + γ᾽), prove that 
ΠΣ saat” ὌΖΟΝ 


7. If V,? stand for the operator 830." + @/dy*, prove that ‘ 


V;? log r =0, 
where σι, (ὦ -- a)? + (y— B)*}. 
8. If w=f (a+ γ᾽ +2’), 
prove that | | | 
ae + i + TM ak (arty te) f" (x? + y? + 27) θ΄ (αὐ + 9" + 2’). 
9 If waf(r) 
where r= ,/(x? + γ᾽ + 27), prove that 


oat gat gat +s. 


10. If V? stand for the operator #/d? + #/ay? + @/d2*, prove tha 


vr=2, vino, | 
r r 
where - r= J/{(a—a) + (y—B) + (@— Ὑ}} 


11. With the same meaning of V2, prove that i€ 
V4z=0, Ve=0, Viw=0, 

Mage ela ga 

Oc Oy 0% 

then V3 (au + yot2w)=0. ᾿ ᾿ 


and 


= 0, 


12. Τέω, » be two functions of ὦ, y, 2 satisfying the equations 
V?u=0, V2v = 0, and if νυ be a function of u, then v must be of the form 
Au + 8. | 


13. If a=rcosd, y=rsin 8, 


where 7, θ are functions of ¢, prove that 
| a? dy . er dO\* 
“7a 008 0+ <4 sin θ = τ -+ (5) ; 


. δ άπ θ. aE ee 


1 αν. αθ 
~—({r 
dé d? -=5,( 


dt e 


524 _ INFINITESIMAL CALCULUS [0Π. Xv1 


14, If unio (ot—r) +2 x(t +1) 
Ou (Pu 2 du 
prove that ae τ (:: tox): 
15. If w = t-4 e~Xi/4xt, 
| δι = Pe 
prove that δὲ ΞΕ κ at e 
16. If ε--ἰ το 
᾿ ou Gu 2 du 
prove that rai (ss ἘΞ Ξ ᾿ 
17. - waar (2) : 
: du eu 
verify that | aa ty a NU, 
Ou Ou in) ae 
οὐ 3 + 2ny δρδν ὁ ἢ aye 
18. If | y — nz =f (x — mz), 
ae Oz dz 
prove that Me ae I 
19, If %—y=(x—a)f v1) 
° i e—-a/’ 
ve that ( ie (y -- B) = -ς -- 
_ pro e—a)— +ly ay — ἈυἉὥ 
20. If w=ecoshécosy, y=csinh ésiny, 
prove that | | 
ο Oe Me Pu Fu 
ἀν τ ἐξ ἴδ = ead reactors 
ae + ye 4c? (cosh 2£ — cos 27) (= + 55°) 
21. Prove that if at a point on the curve 
p (x, y) =0 
we have φ,-- 0, φ,- 0, 


simultaneously, then two (real or imaginary) branches of the curve pass 
through that point, whose directions are given by the quadratic 


οι, 4 dy? 
ben + bay oe + bn (2) 20: 


τ 


Hence shew that the point is a node, a cusp, or an isolated point, 


according as Ν 
᾿ (Pay)” Ξ Pan Py 


APPENDIX 


NUMERIOAL TABLES 


A. ‘Squares of Numbers from 10 to 100. 


—_—_——~ rere | | | | oe 


121 144 | 169] 196, 225 | 256 | 289 | 324) 361 
441 | 484} 529) 576; 625) 676] 729) 784 841 
961 | 1024 | 1089 | 1156 | 1225 | 1296 | 1369 | 1444 | 1521 
1681 | 1764 | 1849 | 1936 | 2025 | 2116 | 2209 | 2304 | 2401 
2916 |; 3025 | 3136 | 3249 | 3364 | 3481 
3721 | 3844 | 3969 | 4096 | 4225 | 4356 | 4489 | 4624 | 4761 
5041 | 5184 | 5329 | 5476 | 5625 | 5776 | 5929.| 6084 | 6241 
6561 | 6724 | 6889 | 7056 | 7225 | 7396 | 7569 | 7744 | 7921] 
8281 | 8464 | 8649 | 8836 | 9025 | 9216 | 9409 | 9604 | 9801 


CO 00 “ Gd ὧι HH OO BO Pet 
τ 
pout 
to 
.1 
com) 
ΠΝ 
9 
ζο 
ΦΘ 
ζῶ 


Bl. Square-Roots of Numbers from 0 to 10, 
at Intervals of 1. 


| Ὁ 1 2 3 ‘4 5 6 7 ‘8 Ὁ. 


Ϊ 
eee: | re | eS | ὦ... | A | A | ES | Niece | SNS | RR 


Ὁ | 316] -447| -548| 682, -707| -775| -837| -894| -949 
1-000 | 1°049 | 1-095 | 1-140 | 1.188 | 1-295 | 1-265 | 1-304 | 1-342 | 1-378 
1.414 1.449] 1-483 1.617 | 1-549 | 1°581 | 1-612 | 1-643 | 1-673 | 1-708 
1-732 | 1°761 | 1°789 | 1°817 | 1-844 | 1°871 | 1-897 | 1-924 | 1-949 | 1-975 
2-000 | 2-025 | 2-049 | 2-074 | 2-098 | 2-121 | 2-145 | 2-168 | 2-191 | 2-214 
2-936 | 2-258 | 2-280 | 2-302 | 2-324 | 2-345 | 2-366 | 2387 | 2-408 | 2-429 
2-449 | 9.470] 2-490 | 2°510 | 2-530 | 2-550 | 2-569 | 2-588 | 2-608 | 2-627 
2-646 | 2°665 | 2°683 | 2-702 | 2°720 | 2°739 | 9.767 9.775 2-793 | 2811 
2-398 | 2°846 | 2°864 | 2°881 | 2-898 | 2-915 | 2-933 | 2-950 | 2-966 | 5.988 
3-000 | 3°017 | 3-033 3-050 | 3-066 | 3-082 | 3-098 | 3-114 | 3-130 | 3-146 
3°162 | | | | L 


“ae Ὁ 
Φ ὦ Οὗ “200 Om CON rH} 
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B 2. Square-Roots of Numbers from 10 to 100, 
| at Intervals of 1. 


TE S  S | S τ, .-----Π 1 TS 0 1...........ὍὍὕὍὕὌὍὕὌ0ᾳΘὍὌ.5|ι|....Θν7Δὔ0ὦὕὥΘὌὺῴὕῴᾺΨὲψᾧΦὲΔ0...ὃ0ὕὅ0ὕὃ0.0 


7°746 | 7°810 | 7°874 | 7-937 | 8000 | 8-062 | 8-124 | 8188 | 8-246 | 8-307 
8°367 | 8°426 | 8485 | 8:544 | 8-602 | 8-660 | 8°718 | 8°775 | 8-832 | 8°888 
8-944 | 9°000 | 9°055 | 9°110 | 9°165 | 9-220 | 9°274 | 9°327 | 9.381 | 9-434 
9°487 | 9639 | 9°592 | 9°644 | 9°695 | 9747 9798 | 9°849 | 9-899 | 9-950 
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o> 
[9 9) 
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C. Reciprocals of Numbers from 10 to 100, 
at Intervals of "1. 


SR | |S | I | | ea | TL | .....  55ς....΄ἥ.................. 


1 
2 
3 
4 
5 | 200 1196 
6 
7 
8 
9 


1:000 | ‘909 | .888 | ‘769 | 714 | ‘667 | °625 | °588 | °556 | “696 
500 | °476 | 455 | -485 | 417 | “400 | ‘385 | 1370 | °357 | -345 
°333 | °323 | °313 | ‘303 | "294 | “286 | 2718 | 270 | -263 | -256 
"250 | 244 | 238 | ‘233 | "227 | -222 | ‘217 | 218 | “508 | -204 

"192 | 189 | °185 | 182 | 179 | -175 | 172 | -169 

"167 | 164 | 116] | 1689 | °156 | °154 | +152 | 1149 | -147 | +145 

148] 141 1.159 | +1387 | 1835. 1133. | °132 | 180 | "128 | -127 

"125 | °123 | 122 | °120 | *119 | 118 | 116 | 115 | 114 | 1119 

1111 °110 | 109 | ‘108 | °106 | 105 | 104 | 108 | :102 | ‘101 


D. Circular Functions at Intervals of One-T'wentieth 
of the Quadrant. 


6/40 sin 9 cosec 0 tan 9 cot θ sec 9 cos 6 | 
Ὁ 0 re 0 rr 1-000 1:000 | 1°00 
"05 ‘078 12°745 ‘079 12°706 1°003 997 95 
10 866 6°392 "1588 6°314 1°012 ‘988 90 
18 8 4284 40 4°165 —-1°028 ‘972 85 
20 309 3°236 *325 3°078 1°051 ‘951 | ‘80 
“25 88 -| 2.618 "414 2°414 1.082 “924 ‘75 
30 "454 2°203 510 1.968 1.122 .89] 70 
35 "622 1,914 613 1°632 1°173 °853 "65 
“40 °588 1.701] "727 1.276 1 1:°236 “809 60 
"45 649 1°540 "884 1.171 1°315 "760 55 


"50 ‘707 1°414 | 1°000 1-000 1°414 “107 “50 


--» --ΟἍ,ἕ α--.... 


cos 6 8609 cot θ tan θ ΘΟΒ66 9 sin 0 Ole 
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E. Exponential and Hyperbolic Functions of Numbers 
from O to 2°'5, at Intervals of "1. 


F 7 e* e~* cosh x sinh x tanh x 

0 1:000 1:000 1-000 0 0 
1 1108 Ὁ0ὅ 1:005 °100 100 ι 

2 1°221 819 1°020 201 107 
Ν 3 1.350 "741 1°045 *305 291 
4 1.409 670 1.8] “411 380 
8. 1.649 607 1°128 “521 "462 

6 1°822 “649 1°185 627 537 © 

“7 9.014 “407 1°255 "759 «604 J 

8 2°226 ‘449 1°337 *888 664 
9 2°460 “407 1.488 127 ‘716 
10 42.718 968 1843 1°175 "762 
11 3°004 333 1°669 1°336 801 
1.2 3°320 301 1°811 1°509 "894 
19 3.669 78 107] .1.698 “862 
1.4 4°055 “247 9.15] 1°904 "885 
1°5 4°482 223 2°352 2-129 *905 
16 - 4:953 "202 2°577 2°376 22 
17 5.474 "183 2°828 2,°646 935 
1:8 6°050 "165 2.107 2°942 947 
1°9 6686 1860 9.418 3°268 956 
20 7.389. "18 9.762 3°627 964 
21 8.166 199 4144 4°022 ‘970 
2.2 9°025 11 4868 4.457 Ὁ76 
2°3 9.974 4100 δ᾽ Ὁ 7 4927 Ὅ80 
2°4 11°023 ‘O91 §°557 5°466 "984 
2.8 12°182 082 6°132 6°050 987 


F. Logarithms to Base 6. 


l . 
2 . 
: ° 
5 | 1:609 | 1°629 | 1°649 | 1°668 | 1°686 | 1°705 | 1°723 | 1°740 | 1 758 | 1°775 
6 e 
7 e 
8 . 
9 . 


log 10=2°303, log 10? =4:605, log 105 -- 6908. 


.».....--....»............-. ....---. 
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INDEX 


[The numerals refer to the pages.] 


Accidental convergence, 10 
Algebraic functions, continuity of, 22, 24 
Amsler’s planimeter, 240 
Anchor-ring, 246, 256 
Approximate integration, 257 
Are of a curve, formule for, 249, 250, 
᾿ 253 
Archimedes, spiral of, 300, 308 
Area, 201, 232 

sign of, 235 

swept over by a moving line, 239 
Areas of plane curves, formuls for, 232, 

237 

mechanical measurement of, 240 

Astroid, 303, 359 


Bernoulli, lemniscate of, 310, 313 
Binomial theorem, 471, 490 
Bipolar coordinates, 319 


Calculation of 6, 78 
of wr, 260, 462 
Cardioid, 301, 367 
Cartesian ovals, 320 
Cassini, ovals of, 320 
Catenary, 250, 290, 336, 339 
parabolic, 387 
Centrodes, 884 ΄ 


_ Change of variable, 517 


in integration, 172, 217 
Circle, perimeter of, 31 
involute of, 800, 355 
Circular Functions, 27, 28, 51, 56, 175 
Clairaut’s differential equation, 399 
a eae | function, 391, 421, 429, 
37 


Ooncavity and convexity, 146 

Cone, right circular, 248, 255, 265 

Conjugate point, 285 

Contact of curves, order of, 492 

Continuous functions defined, 15 
properties of, 16, 32 

Continuous variation, 1 

Contour lines, 65, 510 

Convergence of infinite series, 5, 6, 463 
essential and accidental, 10 

Convergence of a definite integral, 207 

Corrections, calculation of small, 109, 

115 


Cotes’ method of approximate integra- 
tion, 258 

Crossed parallelogram, 315 

Cubic curves, 285 

Curvature, 333, 339, 342, 493, 517 

Cusp-locus, 349 

Cusps, circle of, 364 

Cycloid, 294, 336, 351, 354, 861, 863, 
364 


Definite integral, see ‘ Integrals’ 
Degree of a differential equation, 384 
Derived Function, definition of, 46 
geometrical meaning, 45 
properties, 95, 98, 99, 101 
Differential coefficients, 45, 64, 141 
Differential Equations, 381 
exact, 387 
homogeneous, 389 
integration by series, 469 
linear, 391, 393 
of first order and first degree, 384 
of first order and higher ceere Ὁ 398 
of second order, 410, 429 
simultaneous, 445 
Differentials, ee 115 
Differentiation, , 50, 52, 53, 54, 57, 
59, 65 
of a definite integral, 211 
of power-series, 467 
partial, see ‘Partial differentiation’ - 
successive, 141 
Discontinuity, 19 
Displacement of a plane figure, 356, 364 


Elimination of arbitrary constants, 381 
Ellipse, 233, 239, 252, 312, 313, 336, 
339, 341, 350, 354, 358, 365 

Ellipsoid, 246, 266 

of revolution, surface of, 257 
Elliptic integrals, 253 
Envelopes, 343, 347, 399, 513 
Epicyclics, 304, 365 
cai 297, 336, 352, 361, 363, 364, 

36 

Epitrochoid, 300 
Equations, theory of, 99, 149 
Equiangular spiral, 307, 337 
Even and odd functions, 19 


- INDEX 


Evolute, 849, 353. 

Exact differential, condition for, 504 

Exact differential equations, 387 

Expansions by differential equations, 471 
by Maclaurin’s theorem, 481, 490 

Exponential function, 72, 77 


Function, definition of, 13 
| graphical representation of, 14 
Functions, algebraic and transcendental, 
22 


implicit, 64 
inverse, 29, 59 


Geometrical representation of magni- 
tudes, 2 

Goniometric functions, 30, 59, 60, 61, 62 

Gradient of a curve, 46 

Graph of a function, 18 

Gregory’s series, 461 

Guldin, see ‘Pappus’ 


Hart's linkage, 315 

Homogeneous differential equations, 
389, 448 

Homogeneous functions, Euler’ s theo- 
rem, 508 

Hyperbola, 233, 312, 818. 

Hyperbolic functions, 79, 80, 81, 88 

inverse, 88, 89 
Hypocycloid, 298 
Hypotrochoid, 300 


Implicit functions, 64, 65, 116, 516 
Infinite series, 5, 10 

Infinitesimal geometry, 496 
Infinitesimals, 39 

Inflexion, points of, 146, 517 
Instantaneous centre, 356, 360 
nee definite, 206, 207, 210, 212, 


ΠΟ ΣΒΕΥ calculation of, 257 
Integrals, multiple, 269 
Integration, 161 
by parts, 178 
by substitution, 172, 175, 177 
of irrational functions, 170, 189 
of power-series, 468 
; ee fractions, 166, 183, 185, 
86 
of trigonometrical functions, 175, 218 
Interpolation by proportional parts, 153 
Intrinsic equation of a curve, 335 
Inverse functions, 29, 59 
Inversion, 313, 314 : 
Involutes, 354 


Leibnitz’ theorem, 143 
Lemniscate of Bernoulli, 310, 321 
Limacon, 302, 309, 888 ᾿ 
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re eee and lower, of an assem- 
blage, 2, 30 
Limiting values, 7, 34, 36, 84 
Linear differential equations οὗ first 
order, 391, 393 

of second order, 420 

with constant coefficients, 428. 
Line-roulette, 868 
Lissajous’ curves, 292 
Logarithmic differentiation, 87 
Logarithmic Function, 83, 84, 86 
Logarithmic series, 458, 491 


Maclaurin’s Theorem, 480, 484, 488 
mean centre, 263 

Magnetic curves, 322 

Maxima and minima, 101, 106, 107, 148, 

494, 508, 511 

Mean values, 261 

Mean-value theorems, 111, 210 

Modulus (in logarithms), 84 

Multiple integrals, 269 

Multiple roots of equations, 149 


Newton’s treatment of curvature, 339 
Node, 285 

Node-locus, 349 

Normal, equation of, 121 


Order of a differential ἐπα ον. 381 
Orthogonal trajectories, 305° 
Osculating circle, 342 


Pappus, theorems of, 266 


‘Parabola, 202, 234, 250, 264, 312, 336, 


339, 341, 343, 349 - 

Paraboloid, 245, 246, 265 

Parallel curves, 354 A 

Partial derivatives, 64, 501 

Partial differentiation, commutative pro- 
perty of, 502, 506 

Partial Fractions, 167, 183, 185, 186 

Particular integral of a linear differential 
equation, 383, 391, 421, 431, 440 


- Pegucellier’s linkage, 314 


Pedal curves, 315 

Pericycloid, 297 

Perimeter of a circle, 31 

Planimeter, 240 

Point-roulette, 359, 361, 440 

Polars, reciprocal, 315 

Power-series, continuity of, 466 
differentiation of, 467 
integration of, 468 

Primitive of a differential equation, 

383 
Prismoid, volume of, 248 
Proportional parts, 153 


Quadrature, approximate, 257 
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Rational fractions, graphs of, 24 
- integration of, 166, 183 
Rational integral functions, 22 
Reciprocal polars, 315 
Reciprocal spiral, 308 
Rectification of curves, 249, 250, 253 
of evolutes, 353 
Reduction, formule of, 180, 181, 218- 
-Remainder in Taylor’s and Maclaurin’s 
Theorems, 484, 489 
Rolle’s theorem, 99 
Roots of algebraic equations, separation 


ol, 
Roulettes, 359, 361, 868 


Second derivative, 141 
geometrical meaning of, 149 
Semi-cubical parabola, 287 
Separation of roots of an algebraic 
equation, 99 . 
of variablesin a differential equation, 
385 
Sign of an area, 235 
Simpson’s rules, 249, 260 
Simultaneous differential equations, 445 
Sin z, expansion of, 470 | 
Sin! z, expansion of, 468 
Singular solutions, 400 
Sphere, surface of, 256 
volume of, 245 
Spherical segment, volume of, 245 


INDEX 


Spiral, equiangular, 307, 337 
of Archimedes, 300, 308 
reciprocal, 308 
Stationary point, 335 
Stationary tangent, 146, 335 
ies rred values of functions, 102, 508, 
1 


Subnormal, 118 ~~ 

Subtangent, 118 

Successive differentiation, 141, 501 

Surface of revolution, area of, 254 
mean centre of, 264 


Tangent to a curve, 45, 121 
Tangential polar equation, 311 
Taylor’s Theorem, 152, 480 
extension of, 505 
Tetrahedron, volume of a, 244 
Theory of equations, 99, 149 
Total variation of a function, 113, 506 
Tractrix, 292 
Trajectories, orthogonal, 395 
Transcendental functions, 22 
Trochoid, 296 


Variable, change of, in integration, 172, 
177 

Variable, dependent and independent, 
13 


Variation, continuous, 1, 2 
Volumes of solids, 242, 243, 245, 270 
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